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PREFACE TO THE SECOND EDITION 


The first edition of this volume of the Course of Theoretical Physics was published 
in two parts (1971 and 1974) under the title “Relativistic Quantum Theory”. It 
contained not only the basic material on quantum electrodynamics but also chap¬ 
ters on weak interactions and certain topics in the theory of strong interactions. 
The inclusion of those chapters now seems to us inopportune. The theory of strong 
and weak interactions is undergoing a vigorous development founded on new 
physical ideas, and the situation in this field is changing very rapidly, so that the 
time for a consistent exposition of the theory has not yet arrived. In the present 
edition, therefore, we have retained only quantum electrodynamics, and accord¬ 
ingly changed the title of the volume. 

As well as a considerable number of corrections and minor changes, we have 
made in this edition several more significant additions, including the operator 
method of calculating the bremsstrahlung cross-section, the calculation of the 
probabilities of photon-induced pair production and photon decay in a magnetic 
field, the asymptotic form of the scattering amplitudes at high energies, inelastic 
scattering of electrons by hadrons, and the transformation of electron-positron 
pairs into hadrons. 

A word regarding notation. We have reverted to the use of circumflexed letters 
for operators, in line with the other volumes in the Course. No special notation is 
used for the product of a 4-vector and a matrix vector previously denoted by a 
circumflexed letter; such products are now shown explicitly. 

We have, alas, had to prepare this edition without the aid of Vladimir Berestets- 
kii,who died in 1977; but some of the added material mentioned above had been 
put together previously, by the three authors jointly. 

Our sincere thanks are offered to all readers who have given us their comments 
on the first edition of the book, and in particular to J. S. Bell, V. P. Krainov, L. B. 
Okun’, V. I. Ritus, M. I. Ryazanov and I. S. Shapiro. 


July 1979 


E. M. Lifshitz 
L. P. PlTAEVSKII 




FROM THE PREFACE TO 
THE FIRST EDITION 


In accordance with the general plan of this Course of Theoretical Physics , the 
present volume deals with relativistic quantum theory in the broad sense: the 
theory of all phenomena which depend upon the finite velocity of light, including 
the whole of the theory of radiation. 

This branch of theoretical physics is still far from completion, even as regards 
its basic physical principles, and this is particularly true of the theory of strong and 
weak interactions. But even quantum electrodynamics, despite the remarkable 
achievements of the last twenty years, still lacks a satisfactory logical structure. 

In the choice of material for this book we have considered only results which 
appear to be reasonably firmly established. In consequence, of course, the greater 
part of the book is devoted to quantum electrodynamics. We have tried to give a 
realistic exposition, with emphasis on the physical hypotheses used in the theory, 
but without going into details of justifications, which in the present state of the 
theory are in any case purely formal. 

In the discussion of specific applications of the theory, our aim has been not to 
include the whole vast range of effects but to select only the most fundamental of 
them, adding some references to original papers which contain more detailed 
studies. We have often omitted some of the intermediate steps in the calculations, 
which in this subject are usually very lengthy, but we have always sought to 
indicate any non-trivial point of technique. 

The discussion in this book demands a higher degree of previous knowledge on 
the part of the reader than do the other volumes in the Course. Our assumption has 
been that a reader whose study of theoretical physics has extended as far as the 
quantum theory of fields has no further need of predigested material. 

This book has been written without the direct assistance of our teacher, L. D. 
Landau. Yet we have striven to be guided by the spirit and the approach to 
theoretical physics which characterized his teaching of us and which he embodied 
in the other volumes. We have often asked ourselves what would be the attitude of 
Dau to this or that topic, and sought the answer prompted by our many years’ 
association with him. 

Our thanks are due to V. N. Baler, who gave great help in compiling §§90 and 
97, and to V. I. Ritus for great help in writing §101. We are grateful to B. E. 
Meierovich for assistance with calculations, and also to A. S. Kompaneets, who 
made available his notes of L. D. Landau’s lectures on quantum electrodynamics, 
given at Moscow State University in the academic year 1959-60. 


June 1967 


V. B. Berestetskii, E. M. Lifshitz, L. P. Pitaevskii 
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NOTATION 


Four-dimensional 

Four-dimensional tensor indices are denoted by Greek letters A, /x, v ,..., taking 
the values 0, 1, 2, 3. 

A 4-metric with signature (H-) is used. The metric tensor is 


g^vigOQ — L gll — g22 — g33 “ “ !)• 


Components of a 4-vector are stated in the form a* = (a 0 , a). 

To simplify the formulae, the index is often omitted in writing the components 
of a 4-vector.f The scalar products of 4-vectors are written simply as ( ab) or ab; 
ab = a^b* = a 0 b 0 - a • b. 

The 4-position-vector is x* = (t, r). The 4-volume element is d 4 x. 

The operator of differentiation with respect to the 4-coordinates is d^ = d/dx 
The antisymmetric unit 4-tensor is e K,xvp , with e 0123 = -eom = +1. 

The four-dimensional delta function S (4) (a) = S(a 0 )S(a). 

Three-dimensional 

Three-dimensional tensor indices are denoted by Latin letters i, k, /,..., taking 
the values x, y, z. 

Three-dimensional vectors are denoted by letters in bold type. 

The three-dimensional volume element is d 3 x. 

Operators 

Operators are denoted by italic letters with circumflex .$ 

Commutators or anticommutators of two operators are written {/, g}± = fg ± gf. 
The transposed operator is /. 

The Hermitian conjugate operator is / + . 


Matrix elements 

The matrix element of the operator F for a transition from initial state i to final 
state f is F fi or (f\F\i). 


t This way of writing the components is often used in recent literature. It is a compromise between 
the limited resources of the alphabet and the demands of physics, and means, of course, that the reader 
must be particularly attentive. 

t However, to simplify the formulae, the circumflex is not written over spin matrices, and it is also 
omitted when operators are shown in matrix elements. 
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XIV 


Notation 


The notation \i) is used as an abstract symbol for a state independently of any 
specific representation in which its wave function may be expressed. The notation 
(/| denotes a final (“complex conjugate”) state.f 

Correspondingly, (s\r) denotes the coefficients in the expression of a set of 
states with quantum numbers r as superpositions of states with quantum numbers 

s: | r) = ^ |s)(s|r). 

The reduced matrix elements of spherical tensors are (f||F||i). 


Dirac's equation 

The Dirac matrices are y^, with (y 0 ) 2 = 1, (y 1 ) 2 = (y 2 ) 2 = (y 3 ) 2 - -1. The matrix 
a = y°y, /3 = y°. The expressions in the spinor and standard representations are 
(21.3), (21.16) and (21.20). 

y 5 = -iy°y l y 2 y\ (y 5 ) 2 = 1; see (22.18). 

(T^ = 5(y V - y V); see (28.2). 

Dirac conjugation is expressed by i/j = i//*y°. 

The Pauli matrices are cr = (cr x , cr y , oy), defined in §20. 

The 4-spinor indices are a, j 3,.. . and d, /3,..., taking the values 1, 2 and i, 2. 
The bispinor indices are i, k, /,. .., taking the values 1, 2, 3, 4. 


Fourier expansion 
Three-dimensional: 

/(r) = J/(k)e ikr ^3, /(k) = J f(r)e- ikr d 3 x, 

and similarly for the four-dimensional expansion. 


Units 

Except where otherwise specified, relativistic units are used, with h = 1, c = 1. 
In these units, the square of the unit charge is e 2 = 1/137. 

Atomic units have e = l,ft = l,m = l. In these units, c = 137. The atomic units 
of length, time and energy are h 2 /me 2 , h 3 lme 4 and me 4 /h 2 ; the quantity Ry = 
me 4 /2h 2 is called a rydberg. 

Ordinary units are given in the absolute (Gaussian) system. 


Constants 

Velocity of light c = 2.998 x 10 10 cm/sec. 

Unit charge# |e|=4.803xl0 _1 ° CGS electrostatic units. 


t This notation is due to Dirac. 

t Throughout the book (except in Chapter XIV), e denotes the charge with the appropriate sign, so 
that e = - \e\ for an electron. 



Notation 


xv 


Electron mass m =9.11 x 10” 28 g. 

Planck’s constant h = 1.055 x 10~ 27 erg. sec. 

Fine-structure constant a = e 2 \hc ; 1/a = 137.04. 

Bohr radius h 2 /me 2 = 5.292 x 10~ 9 cm. 

Classical electron radius r e = e 2 lmc 2 = 2.818 x 10~ 13 cm. 
Compton wavelength of the electron hi me = 3.862 x 10 11 cm. 
Electron rest energy me 2 = 0.511 x 10 6 eV. 

Atomic energy unit me 4 lh 2 = 4.360 x 10~ n erg = 27.21 eV. 
Bohr magneton \e\h/2mc = 9.274 x 10~ 21 erg/G. 

Proton mass m p = 1.673 x 10~ 24 g. 

Compton wavelength of the proton h/m p c = 2.103 x 10~ 14 cm. 
Nuclear magneton \e\hl2m p c = 5.051 x 10” 24 erg/G. 

Mass ratio of muon and electron mjm = 2.068 x 10 2 . 


References to volumes in the Course of Theoretical Physics: 

Mechanics = Vol. 1 (Mechanics , third English edition, 1976). 

Fields = Vol. 2 (The Classical Theory of Fields, fourth English edition, 1975). 
QM or Quantum Mechanics = Vol. 3 (Quantum Mechanics, third English 
edition, 1977). 

ECM = Vol. 8 (Electrodynamics of Continuous Media, English edition, 1960). 
PK = Vol. 10 (Physical Kinetics, English edition, 1981). 


All are published by Pergamon Press. 




INTRODUCTION 


§ 1. The uncertainty principle in the relativistic case 

The quantum theory described in Volume 3 (Quantum Mechanics ) is essentially 
non-relativistic throughout, and is not applicable to phenomena involving motion at 
velocities comparable with that of light. At first sight, one might expect that the 
change to a relativistic theory is possible by a fairly direct generalization of the 
formalism of non-relativistic quantum mechanics. But further consideration shows 
that a logically complete relativistic theory cannot be constructed without invoking 
new physical principles. 

Let us recall some of the physical concepts forming the basis of non-relativistic 
quantum mechanics (QM, §1). We saw that one fundamental concept is that of 
measurement , by which is meant the process of interaction between a quantum 
system and a classical object or apparatus , causing the quantum system to acquire 
definite values of some particular dynamical variables (coordinates, velocities, 
etc.). We saw also that quantum mechanics greatly restricts the possibility that an 
electron! simultaneously possesses values of different dynamical variables. For 
example, the uncertainties A q and A p in simultaneously existing values of the 
coordinate and the momentum are related by the expression! AqAp~h; the 
greater the accuracy with which one of these quantities is measured, the less the 
accuracy with which the other can be measured at the same time. 

It is important to note, however, that any of the dynamical variables of the 
electron can individually be measured with arbitrarily high accuracy, and in an 
arbitrarily short period of time. This fact is of fundamental importance throughout 
non-relativistic quantum mechanics. It is the only justification for using the concept 
of the wave function, which is a basic part of the formalism. The physical 
significance of the wave function ifj(q) is that the square of its modulus gives the 
probability of finding a particular value of the electron coordinate as the result of a 
measurement made at a given instant. The concept of such a probability clearly 
requires that the coordinate can in principle be measured with any specified 
accuracy and rapidity, since otherwise this concept would be purposeless and 
devoid of physical significance. 

The existence of a limiting velocity (the velocity of light, denoted by c) leads to 
new fundamental limitations on the possible measurements of various physical 
quantities (L. D. Landau and R. E. Peierls, 1930). 


t As in QM, §1, we shall, for brevity, speak of an “electron”, meaning any quantum system. 
t In this section, ordinary units are used. 
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In QM, §44, the following relationship has been derived: 

(v' - v)ApAt — ft, (1.1) 

relating the uncertainty A p in the measurement of the electron momentum and the 
duration At of the measurement process itself; v and v' are the velocities of the 
electron before and after the measurement. From this relationship it follows that a 
momentum measurement of high accuracy made during a short time (i.e. with A p 
and At both small) can occur only if there is a large change in the velocity as a 
result of the measurement process itself. In the non-relativistic theory, this showed 
that the measurement of momentum cannot be repeated at short intervals of time, 
but it did not at all diminish the possibility, in principle, of making a single 
measurement of the momentum with arbitrarily high accuracy, since the difference 
v’ - v could take any value, no matter how large. 

The existence of a limiting velocity, however, radically alters the situation. The 
difference v f - v , like the velocities themselves, cannot now exceed c (or rather 2c). 
Replacing v f - v in (1.1) by c, we obtain 

Ap At-file, (1.2) 

which determines the highest accuracy theoretically attainable when the momen¬ 
tum is measured by a process occupying a given time At. In the relativistic theory, 
therefore, it is in principle impossible to make an arbitrarily accurate and rapid 
measurement of the momentum. An exact measurement (Ap -^0) is possible only in 
the limit as the duration of the measurement tends to infinity. 

There is reason to suppose that the concept of measurability of the electron 
coordinate itself must also undergo modification. In the mathematical formalism of 
the theory, this situation is shown by the fact that an accurate measurement of the 
coordinate is incompatible with the assertion that the energy of a free particle is 
positive. It will be seen later that the complete set of eigenfunctions of the 
relativistic wave equation of a free particle includes, as well as solutions having the 
“correct” time dependence, also solutions having a “negative frequency”. These 
functions will in general appear in the expansion of the wave packet corresponding 
to an electron localized in a small region of space. 

It will be shown that the wave functions having a “negative frequency” 
correspond to the existence of antiparticles (positrons). The appearance of these 
functions in the expansion of the wave packet expresses the (in general) inevitable 
production of electron-positron pairs in the process of measuring the coordinates 
of an electron. This formation of new particles in a way which cannot be detected 
by the process itself renders meaningless the measurement of the electron coor¬ 
dinates. 

In the rest frame of the electron, the least possible error in the measurement of 
its coordinates is 


Aq — hlmc. 


(1.3) 


This value (which purely dimensional arguments show to be the only possible one) 
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corresponds to a momentum uncertainty A p ~ me, which in turn corresponds to the 
threshold energy for pair production. 

In a frame of reference in which the electron is moving with energy e, (1.3) 
becomes 


A q — ch/e. (1.4) 

In particular, in the limiting ultra-relativistic case the energy is related to the 
momentum by e ~ cp, and 


A q~hlp, (1.5) 

i.e. the error A q is the same as the de Broglie wavelength of the particle.f 

For photons, the ultra-relativistic case always applies, and the expression (1.5) 
is therefore valid. This means that the coordinates of a photon are meaningful only 
in cases where the characteristic dimensions of the problem are large in com¬ 
parison with the wavelength. This is just the “classical” limit, corresponding to 
geometrical optics, in which radiation can be said to be propagated along definite 
paths or rays. In the quantum case, however, where the wavelength cannot be 
regarded as small, the concept of coordinates of the photon has no meaning. We 
shall see later (§4) that, in the mathematical formalism of the theory, the fact that 
the photon coordinates cannot be measured is evident because the photon wave 
function cannot be used to construct a quantity which might serve as a probability 
density satisfying the necessary conditions of relativistic invariance. 

The foregoing discussion suggests that the theory will not consider the time 
dependence of particle interaction processes. It will show that in these processes 
there are no characteristics precisely definable (even within the usual limitations of 
quantum mechanics); the description of such a process as occurring in the course 
of time is therefore just as unreal as the classical paths are in non-relativistic 
quantum mechanics. The only observable quantities are the properties (momenta, 
polarizations) of free particles: the initial particles which come into interaction, and 
the final particles which result from the process (L. D. Landau and R. E. Peierls, 
1930). 

A typical problem as formulated in relativistic quantum theory is to determine 
the probability amplitudes of transitions between specified initial and final states 
(t =f=oo) of a system of particles. The set of such amplitudes between all possible 
states constitutes the scattering matrix or S-matrix. This matrix will embody all the 
information about particle interaction processes that has an observable physical 
meaning (W. Heisenberg, 1938). 

There is as yet no logically consistent and complete relativistic quantum theory. 
We shall see that the existing theory introduces new physical features into the 
nature of the description of particle states, which acquires some of the features of 

t The measurements in question are those for which any experimental result yields a conclusion 
about the state of the electron; that is, we are not considering coordinate measurements by means of 
collisions, when the result does not occur with probability unity during the time of observation. 
Although the deflection of a measuring-particle in such cases may indicate the position of an electron, 
the absence of a deflection tells us nothing. 
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field theory (see §10). The theory is, however, largely constructed on the pattern of 
ordinary quantum mechanics. This structure of the theory has yielded good results 
in quantum electrodynamics. The lack of complete logical consistency in this 
theory is shown by the occurrence of divergent expressions when the mathematical 
formalism is directly applied, although there are quite well-defined ways of eli¬ 
minating these divergences. Nevertheless, such methods remain, to a considerable 
extent, semiempirical rules, and our confidence in the correctness of the results is 
ultimately based only on their excellent agreement with experiment, not on the 
internal consistency or logical ordering of the fundamental principles of the theory. 



CHAPTER I 


PHOTONS 


§2. Quantization of the free electromagnetic field 

With the purpose of treating the electromagnetic field as a quantum object, it is 
convenient to begin from a classical description of the field in which it is 
represented by an infinite but discrete set of variables. This description permits the 
immediate application of the customary formalism of quantum mechanics. The 
representation of the field by means of potentials specified at every point in space 
is essentially a description by means of a continuous set of variables. 

Let A(r, t ) be the vector potential of the free electromagnetic field, which 
satisfies the “transversality condition” 

divA^O. (2.1) 

The scalar potential <1> = 0, and the fields E and H are 

E = — A, H-curl A. (2.2) 

Maxwell’s equations reduce to the wave equation for A: 

AA- d 2 Aldt 2 = 0. (2.3) 

In classical electrodynamics (see Fields , §52) the change to the description by 
means of a discrete set of variables is brought about by considering the field in a 
large but finite volume V.f The following is a brief resume of the argument. 

The field in a finite volume can be expanded in terms of travelling plane waves, 
and its potential is then represented by a series 


A = E(a k e‘ k r + at <T ikr ), (2.4) 

k 

where the coefficients a k are functions of the time such that 

a k ~ o) = |k|. (2.5) 

The condition (2.1) shows that the complex vectors a k are orthogonal to the 
corresponding wave vectors: a k • k — 0. 

The summation in (2.4) is taken over an infinite discrete set of values of the 

■ We shall take V = 1, in order to reduce the number of factors in the formulae. 
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wave vector (i.e. of its components k x , k y , k z ). The change to an integral over a 
continuous distribution may be made by means of the expression d 3 k/(27r) 3 for the 
number of possible values of k belonging to the volume element d 3 k = dk x dk y dk z in 
k-space. 

If the vectors a k are specified, the field in the volume considered is completely 
determined. Thus these quantities may be regarded as a discrete set of classical 
“field variables”. In order to explain the transition to the quantum theory, however, 
a further transformation of these variables is needed, whereby the field equations 
take a form analogous to the canonical equations (Hamilton’s equations) of 
classical mechanics. The canonical field variables are defined by 


Qk V(47r) ( ak + a *)’ 

Pk = V(fe (a ^ a * ) = ^’ 


( 2 . 6 ) 


and are evidently real. The vector potential is expressed in terms of the canonical 
variables by 


A = V(47r) ^ (q r cos k • r - — P k sin k • rV (2.7) 

k \ (x) / 

To find the Hamiltonian H, we must calculate the total energy of the field, 

J (E 2 + H 2 ) d 3 x, 

and express it in terms of the Q k and P k . When A is written as the expansion (2.7), 
and E and H are found from (2.2), the result of the integration is 

H=!2(Pk + <o 2 Q£). 

k 

Each of the vectors P k and Q k is perpendicular to the wave vector k, and 
therefore has two independent components. The direction of these vectors deter¬ 
mines the direction of polarization of the corresponding wave. Denoting the two 
components of the vectors Q k and P k (in the plane perpendicular to k) by Q ka , P ka 
(a = 1, 2), we can write the Hamiltonian as 

H = Zi(PL + co 2 QL). (2.8) 

k, a 

Thus the Hamiltonian is the sum of independent terms, each of which contains 
only one pair of quantities Q ka , P ka . Each such term corresponds to a travelling 
wave with a definite wave vector and polarization, and has the form of the 
Hamiltonian for a one-dimensional harmonic oscillator. This expansion is therefore 
often referred to as an oscillator expansion of the field. 
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Let us now consider the quantization of the free electromagnetic field. The 
classical description of the field given above makes the manner of transition to the 
quantum theory obvious. We have now to use canonical variables (generalized 
coordinates Q ka and generalized momenta P ka ) as operators, with the commutation 
rule 


PkaQka ~ QkaPka ~ ~ L (2-9) 

operators with different values of k and a always commute. The potential A and, 
according to (2.2), the fields E and H likewise become (Hermitian) operators. 

The consistent determination of the Hamiltonian requires the calculation of the 
integral 


H = ~ f (E 2 + H 2 )d 3 x, (2.10) 

O 71 J 

in which E and H are expressed in terms of P ka and Q ka . However, the fact that the 
latter do not commute is actually unimportant, since the products Q ka P ka appear 
multiplied by cos k • r sin k • r, which becomes zero on integration over the whole 
volume. The resulting expression for the Hamiltonian is therefore 


H = Si(PL + c 2 QL), (2.11) 

k, a 

which is, as we might have expected, exactly the same in form as the classical 
Hamiltonian. 

The determination of the eigenvalues of this Hamiltonian involves no further 
calculation, since it is equivalent to the familiar problem of the energy levels of 
linear oscillators (QM, §23). We can therefore immediately write down the field 
energy levels: 


E = 2(N ka +|)<o, 

k, a 


( 2 . 12 ) 


where the N ka are integers. 

The further discussion of this formula will be left until §3; here we shall write 
out the matrix elements of the quantities Q ka , which can be done at once by means 
of the known formulae for the matrix elements of the coordinates of an oscillator 
(see QM, §23). The non-zero matrix elements are 

<N ka |Q ka |N ka - 1) - (N ka - l\Qka\N ka ) 

= V(N ka /2«). (2.13) 

The matrix elements of the quantities P ka = Q ka differ from those of Q ka only by a 
factor ±iw. 

In subsequent calculations, however, it will be more convenient to replace the 
quantities Q ka and P ka by the linear combinations o)Q ka ± iP ka , which have non-zero 
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matrix elements only for transitions N ka -+N ka ± 1. We therefore define the opera¬ 
tors 


Cka 

A+ — 

^ ka 


V ^(o)Q k „ + iP k J, 
y^)(wQ ka -iP k J; 


(2.14) 


the classical quantities c ka , c$ a are the same, apart from a factor V(27t/w), as the 
coefficients a ka , at a in the expansion (2.4). The matrix elements of these operators 
are 


a 11 ^ka |-^ka ) (N ka j C ka j^^ka 1) 

= VN ka . (2.15) 

The commutation rule for c ka and eta is obtained by using the definitions (2.14) and 
the rule (2.9): 

^koTka ^ka^ka 1* (2.16) 

For the vector potential, we return to an expansion of the type (2.4), but with 
operator coefficients, writing it in the form 


A = ^ (c ka A k „ + c k „A*„), (2.17) 

k, a 

where 

p («) 

A ka = V(477)^^)e ikr . (2.18) 

The symbol e (a) denotes the unit vectors in the direction of polarization of the 
oscillators; these vectors are perpendicular to the wave vector k, and for every k 
there are two independent polarizations. 

Similarly, for the operators E and H we write 


with 


E — X (c ka E ka + c ka Ejf a ), 

k, a 

H = 2 (c k «H k „ + cLHL), 

k, a 


(2.19) 


E ka ico A ka , H ka n x E ka , n k/co. 


( 2 . 20 ) 


The vectors A ka are mutually orthogonal, in the sense that 
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For, if A ka and Afv belong to different wave vectors, then their product contains a 
factor e ,(k_k) r , which gives zero on integration over the volume; if they differ only 
in polarization, e (a) • e (a ) * = 0, since the two independent directions of polarization 
are mutually orthogonal. Similar arguments apply to the vectors E ka and H ka . They 
are conveniently normalized by imposing the condition 

J (E ka • E£ v + H ka • H£ v ) d 3 x = ft>5 kk S««'. (2.22) 

Substituting the operators (2.19) in (2.10), and carrying out the integration by 
means of (2.22), we obtain the field Hamiltonian expressed in terms of the 
operators c, c + : 


H 2^^C ka C ka "1" C kc* ^ka )• (2.23) 

k, a 

This operator is diagonal in the representation considered (the matrix elements of 
the operators c and c + being given by (2.15)), and its eigenvalues are of course 
( 2 . 12 ). 

In the classical theory, the field momentum is defined as the integral 

P = ExH d 3 x. 

In changing to the quantum theory, we replace E and H by the operators (2.19), and 
thus easily find 


P = S2(PL + « 2 QL)n, (2.24) 

k, a 

in agreement with the familiar classical relationship between the energy and 
momentum of plane waves. The eigenvalues of this operator are 

P=^HN ka + k). (2.25) 

k, a 

The representation of operators by means of the matrix elements (2.15) is the 
“occupation number representation”, corresponding to the description of the state 
of a system (the field) by specifying the quantum numbers N ka (the occupation 
numbers). In this representation the field operators (2.19), and therefore the 
Hamiltonian (2.11), act on the wave function of the system, expressed in terms of 
the numbers N ka ; let this be d>(N ka , t). The field operators (2.19) are not explicit 
functions of the time. This corresponds to the customary Schrodinger represen¬ 
tation of operators in non-relativistic quantum mechanics. The state of the system, 
^(N ka , 0, does depend on the time, and this dependence is governed by 
Schrodinger’s equation, 


i d&ldt = Hd). 
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This description of the field is, by its nature, relativistically invariant, since it is 
based on the invariant Maxwell’s equations. But this invariance is not explicitly 
shown, primarily because the space coordinates and the time appear in the 
description in a highly asymmetric manner. 

In relativistic theory, it is convenient to put the description in a form which is 
more obviously invariant. To do so, we must use what is called the Heisenberg 
representation, in which the explicit time dependence is transferred to the opera¬ 
tors themselves (see QM, §13). Then the time and the coordinates will appear on an 
equal footing in the expressions for the field operators, and the state of the system, 
d>, will depend only on the occupation numbers. 

For the operator A, the change to the Heisenberg representation amounts to 
replacing the factor e lk r in each term of the sum (2.17) by e l(k ' r ~ a, °, i.e. to regarding 
the A ka as the time-dependent functions 

Ak« = V(4ir) (2.26) 

This is easily proved by noticing that the matrix element of the Heisenberg 
operator for the transition i->f must include a factor exp {-i(E, - E f )t}, where E, 
and Ef are the energies of the initial and final states (see QM, §13). For a transition 
in which N k decreases or increases by 1, this factor becomes e~ l0)t or e uot respec¬ 
tively, a condition which is satisfied by effecting the change mentioned above. 

Henceforward, in discussing both the electromagnetic field and particle fields, 
we shall always assume that the Heisenberg representation of operators is used. 


§3. Photons 

We shall now further analyse the field quantization formulae obtained in §2. 

First of all, formula (2.12) for the field energy raises the following difficulty. The 
lowest energy level of the field corresponds to the case where the quantum 
numbers N ka of all the oscillators are zero; this is called the electromagnetic field 
vacuum state. But, even in that state, each oscillator has a non-zero “zero-point 
energy” equal to iw. Summation over an infinite number of oscillators then gives an 
infinite result. Thus we meet with one of the “divergences” which are due to the 
fact that the present theory is not logically complete and consistent. 

So long as only the field energy eigenvalues are under discussion, we can 
remove this difficulty by simply striking out the zero-point oscillation energy, i.e. 
by writing the field energy and momentum ast 

E = ^N ka (i) y P = ^N ka k. ( 3 . 1 ) 

k, a k, a 

t This procedure can be formally carried out without contradiction if we agree to regard the 
products of operators in (2.10) as “normal” products, that is, as products in which the operators c + are 
always placed to the left of the operators c. Then formula (2.23) becomes 


H = £ wcLc\... 
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These formulae enable us to introduce the concept of radiation quanta or 
photons , which is fundamental throughout quantum electrodynamics.! We may 
regard the free electromagnetic field as an ensemble of particles each with energy cu 
(=hco) and momentum k ( =nha)/c ). The relationship between the photon energy 
and momentum is as it should be in relativistic mechanics for particles having zero 
rest-mass and moving with the velocity of light. The occupation numbers N ka now 
represent the numbers of photons having given momentum k and polarization e (a) . 
The polarization of the photon is analogous to the spin of other particles; the exact 
properties of the photon in this respect will be discussed in §6 below. 

It is easily seen that the whole of the mathematical formalism developed in §2 is 
fully in accordance with the representation of the electromagnetic field as an 
ensemble of photons; it is just the second quantization formalism, applied to the 
system of photons.! In this treatment (see QM, §64), the independent variables are 
the occupation numbers of the states, and the operators act on functions of these 
numbers. The particle “annihilation” and “creation” operators are of basic im¬ 
portance; they respectively decrease and increase by one the occupation numbers. 
The c ka and c£ a are operators of this kind: c ka annihilates a photon in the state k, a, 
and ci a creates a photon in that state. 

The commutation rule (2.16) corresponds to particles which obey Bose statis¬ 
tics. Photons, therefore, are bosons, as was to be expected, since the number of 
photons that can be in any one state must be unrestricted. The significance of this 
will be further discussed in §5. 

The plane waves A ka (2.26) which appear in the operator A (2.17) as coefficients 
of the photon annihilation operators may be treated as the wave functions of 
photons having given momenta k and polarizations e (a) . This corresponds to an 
expansion of the (//-operator in terms of the wave functions of stationary states of a 
particle in the non-relativistic second quantization formalism; however, unlike the 
latter, the expansion (2.17) includes both particle annihilation and particle creation 
operators. The meaning of this difference is explained in §12. 

The wave function (2.26) is normalized by the condition 

J ^(|E ka | 2 +|H k „| 2 )d 3 x = a>. (3.2) 

This is the normalization to “one photon in the volume V = 1”: the integral on the 
left is the quantum-mechanical mean value of the photon energy in the state having 
the given wave function. § The right-hand side of (3.2) is just the energy of a single 
photon. 

The “Schrodinger’s equation” for the photon is represented by Maxwell’s 
equations. In the present case (when the potential A(r, t) satisfies the condition 


t This concept is originally due to A. Einstein (1905). 

t The application of the second quantization method to the theory of radiation was first worked out 
by P. A. M. Dirac (1927). 

§ It should be noted that the factor 1/47r in the integral (3.2) is twice the usual factor l/Sir (2T0). 
This is ultimately due to the fact that the vectors E k «, H k « are complex, whereas the field operators E, H 
are Hermitian. 
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(2.1)), this leads to the wave equation: 

d 2 A/dt 2 - AA = 0. 

The “wave functions” of the photon, in the general case of arbitrary stationary 
states, are complex solutions of this equation, whose time dependence is given by 
the factor e~ mt . 

In referring to the photon wave function, we must again emphasize that this can 
not be regarded as the probability amplitude of the spatial localization of the 
photon, in contrast to the fundamental significance of the wave function in 
non-relativistic quantum mechanics. This is because, as has been shown in §1, the 
concept of the coordinates of the photon has no physical meaning. The mathema¬ 
tical aspect of this situation will be further discussed at the end of §4. 

The components of the Fourier expansion of the function A(r, t ) with respect to 
the coordinates form the wave function of the photon in the momentum represen¬ 
tation; we denote this by A(k, t) = A(k) e~ la)t . For example, in a state with a given 
momentum k and polarization e (o °, the wave function in the momentum represen¬ 
tation is given simply by the coefficient of the exponential factor in (2.26): 

A ko (k',a') = V(47r)^^6 k . k 8 a „. (3.3) 


Since the momentum of a free particle is measurable, the wave function in the 
momentum representation has a more profound physical significance than that in 
the coordinate representation: it enables us to calculate the probabilities w ka of 
various values of the momentum and polarization of a photon in a specified state. 
According to the general rules of quantum mechanics, w ka is given by the square of 
the modulus of the corresponding coefficient in the expansion of the function A(k') 
in terms of the wave functions of states with given k and e (a) : 


w ka a 


2 A ka (k', a') • A(k') 

k', a' 


2 


the proportionality coefficient depending on the way in which the functions are 
normalized. Substitution of (3.3) gives 


w ka « |e (a) • A(k)| 2 . (3.4) 

Summation over the two polarizations gives the probability that the photon 
momentum is k: 


w k oC |A(k)| 2 . 


(3.5) 


§4. Gauge invariance 

The field potential in classical electrodynamics is well known to be subject to an 
arbitrary choice: the components of the 4-potential A^ can undergo any gauge 
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transformation of the form 


A^-\- d^x, (4.1) 

where x is any function of coordinates and time (see Fields , §18). 

For a plane wave, if we consider only transformations which do not change the 
form of the potential (proportional to exp (-ik^x^)), the freedom of choice reduces 
to the possibility of adding to the wave amplitude any 4-vector proportional to k^. 

This arbitrariness in the potential persists in the quantum theory, of course, 
where it relates to the field operators or to the wave functions of photons. In order 
not to prejudice the choice of the potentials, we must replace (2.17) by the 
corresponding expansion for the operator 4-potential, 

A^ = 2(c k „AL + c k + aA£*), (4.2) 

k, a 

where the wave functions A£ a are 4-vectors of the form 

M = V(4lT) W^j e ^’ = 

or more concisely, omitting the four-dimensional vector indices, 

Ak = V(4w) V&) e ^ ee * = ~ L (4.3) 

Here the 4-momentum k fl =(a), k) (and so kx = cot - k* r), and e is the unit 
polarization 4-vector.t 

If we consider only gauge transformations which do not alter the dependence of 
the function (4.3) on the coordinates and the time, the transformation must be 

(4.4) 

where x = xik* 1 ) is an arbitrary function. Since the polarization is transverse, it is 
always possible to choose a gauge such that the 4-vector e is 

e* = (0, e), e • k = 0; (4.5) 

this will be called the three-dimensionally transverse gauge. In invariant four¬ 
dimensional form, this condition becomes the condition of four-dimensional 
transversality 

ek = 0. (4.6) 

t The expression (4.3) is not in a fully relativistic-covariant (4-vector) form; this is because the 
normalization to a finite volume V = 1, used here, is not invariant. This is, however, of no fundamental 
importance, and is entirely compensated by the advantages of the normalization used. We shall see later 
that it allows a simple and straightforward deduction of actual physical quantities in the necessary 
invariant form. 


QE4 - C 
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It should be noticed that this condition (like the normalization condition 
ee* = -1) is preserved by the transformation (4.4), since k 2 = 0. If the square of the 
4-momentum of a particle is zero, its mass must also be zero. This demonstrates 
the relationship between gauge invariance and the zero mass of the photon. Other 
aspects of the relationship will be discussed in §14. 

There can be no change in any measurable physical quantities under a gauge 
transformation of the wave functions of photons concerned in a process. In 
quantum electrodynamics this requirement of gauge invariance is of even greater 
importance than in the classical theory. We shall see many examples of the fact 
that gauge invariance is here, like relativistic invariance, a valuable heuristic 
principle. 

Gauge invariance is, in turn, closely related to the law of conservation of 
electric charge. This aspect will be discussed in §43. 

It has already been mentioned in §3 that the coordinate wave function of the 
photon cannot be interpreted as the probability amplitude of its spatial localization. 
Mathematically, this is shown by the impossibility of constructing from the wave 
function any quantity which has even the formal properties of a probability 
density. Such a quantity would have to be expressed as a positive-definite bilinear 
combination of the wave function and its complex conjugate. Moreover, it 
would have to satisfy certain conditions of relativistic covariance by being the time 
component of a 4-vector. This is because the continuity equation, which expresses 
the conservation of the number of particles, is given in four-dimensional form by 
the vanishing of tt\e divergence of the current 4-vector. The time component of the 
current is here the particle localization probability density; see Fields , §29. On the 
other hand, by the condition of gauge invariance, the 4-vector could appear in the 
current only as the antisymmetric tensor F^ v = d^A v - d v A^ = -i(k^A v - k v A tl ). Thus 
the current 4-vector would have to be a bilinear combination of F^ v and F* v (and 
the components of the 4-vector JqJ. But such a 4-vector cannot be formed, since 
every expression (such as k k F* v Fl) which satisfies the conditions stated is zero by 
the transversality condition (k\F vX = 0), and in any case could not be positive- 
definite, since it contains odd powers of the components k^. 


§5. The electromagnetic field in quantum theory 

The description of the field as an ensemble of photons is the only description 
that fully accords with the physical significance of the electromagnetic field in 
quantum theory. It replaces the classical description in terms of field strengths. 
These appear in the mathematical formalism of the photon picture as second 
quantization operators. 

The properties of a quantum system are known to be similar to the classical 
properties when the quantum numbers defining the stationary states of the system 
are large. For a free electromagnetic field (in a given volume) this means that the 
oscillator quantum numbers, i.e. the photon numbers N ka , must be large. In this 
respect the fact that photons obey Bose statistics is of great importance. In the 
mathematical formalism of the theory, the relationship of the Bose statistics to the 
properties of the classical field is shown by the commutation rules for the operators 
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c ka , c£ a . When the N ka are large, and the matrix elements of these operators are 
therefore large also, we may neglect unity on the right-hand side of the com¬ 
mutation rule (2.16), obtaining 


^ka^ka ^ka^ka 5 

these operators thus become the commuting classical quantities c ka and c£ a , which 
determine the classical field strengths. 

The condition for the field to be quasi-classical needs to be made more precise, 
however, since, if all the numbers N ka are large, the energy of the field is certainly 
infinite on summation over all the states k, a, and the condition then becomes 
meaningless. 

A physically meaningful statement of the problem as to the conditions for a 
quasi-classical field can be based on a consideration of values of the field averaged 
over some short time interval At. If the classical electric field E (or magnetic field 
H) is represented as a Fourier integral expansion with respect to the time, then, 
when it is averaged over the time interval At, only those Fourier components 
whose frequencies are such that cuAt ^ 1 will make a significant contribution to the 
mean value E, since otherwise the oscillating factor e~ mt almost vanishes on 
averaging. Thus, in determining the condition for the averaged field to be quasi- 
classical, we need consider only those quantum oscillators whose frequency 
co ^ 1/At. It is sufficient that the quantum numbers of these oscillators should be 
large. 

The number of oscillators having frequencies between zero and co ~ 1/At (for a 
volume V = 1) is, in order of magnitude^ 

(Wc) 3 ~l/(cAt) 3 . (5.1) 

The total field energy per unit volume is proportional to E 2 . Dividing this by the 
number of oscillators and by some mean value of the energy of a single photon 
(~ftcu), we find as the order of magnitude of the numbers of photons 

N k ~¥c 3 lhco\ 

With the condition that this number should be large, we obtain the inequality 

|E| > V(ftc)/(cAt) 2 . (5.2) 

This is the required condition, which allows the field averaged over time 
intervals At to be treated as classical. We see that the field must reach a certain 
strength, which increases as the averaging time At decreases. For variable fields, 
this time must not, of course, exceed the time during which the field changes 
appreciably. Thus variable fields, if sufficiently weak, can never be quasi-classical. 
Only for static (time-independent) fields can we make At -»oo, so that the right-hand 
side of the inequality (5.2) tends to zero. Thus a static field is always classical. 


t In this section, ordinary units are used. 
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It has already been mentioned that the classical expressions for the elec¬ 
tromagnetic field as a superposition of plane waves must be regarded in quantum 
theory as operator expressions. These operators, however, have only a very limited 
physical meaning. A physically meaningful field operator would have to give zero 
field values in the photon vacuum state, whereas the mean value of the squared 
field operator E 2 in the ground state, which is the same as the zero-point energy of 
the field apart from a factor, is infinite; by the “mean value” is meant the 
quantum-mechanical mean value, i.e. the corresponding diagonal matrix element of 
the operator. This infinity cannot be avoided even by any formal cancelling 
operation (as was done for the field energy), since here this would have to be 
carried out by means of some appropriate modification of the operators E and H 
themselves (not their squares), which is impossible. 


§6. The angular momentum and parity of the photon 

The photon, like any other particle, can possess a certain angular momentum. In 
order to determine the properties of this quantity for the photon, let us first recall 
the relationship between the properties of the wave function of a particle and the 
angular momentum of the particle, in the mathematical formalism of quantum 
mechanics. 

The angular momentum j of a particle consists of its orbital angular momentum 
1 and its intrinsic angular momentum or spin s. The wave function of a particle 
having spin 5 is a symmetrical spinor of rank 2s, i.e. is a set of 2s + 1 components 
which are transformed into definite combinations of one another when the coor¬ 
dinate axes are rotated. The orbital angular momentum is related to the way in 
which the wave functions depend on the coordinates: states with orbital angular 
momentum / correspond to wave functions whose components are linear com¬ 
binations of the spherical harmonic functions of order I. 

The consistent distinguishability of the spin and the orbital angular momentum 
therefore requires that the “spin” and “coordinate” properties of the wave func¬ 
tions should be independent of each other: the dependence of the spinor com¬ 
ponents on the coordinates (at a given instant) must not be subject to any 
additional restrictions. 

In the momentum representation of the wave functions, their dependence on 
the coordinates is replaced by their dependence on the momentum k. The photon 
wave function (in the three-dimensionally transverse gauge) is the vector A(k). A 
vector is equivalent to a spinor of rank 2, and in this sense the photon might be said 
to have spin 1. But this vector wave function satisfies the transversality condition, 
k • A(k) = 0, which is a further condition imposed on the function A(k). Con¬ 
sequently, this function cannot be arbitrarily specified as regards every component 
of the vector at the same time, and therefore the orbital angular momentum and the 
spin cannot be strictly distinguished. 

The definition of the spin as the angular momentum of a particle at rest is also 
inapplicable to the photon, because there is no rest frame for a photon, which 
moves with the velocity of light. 
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Thus only the total angular momentum of the photon has a meaning. It is, 
moreover, obvious that this total angular momentum must be integral, since the 
quantities describing the photon do not include any spinors of odd rank. 

The state of a photon, like that of any particle, is also described by its parity, 
which refers to the behaviour of the wave function under inversion of the 
coordinates (see QM, §30). In the momentum representation, the change of sign of 
the coordinates is replaced by the change of sign of all the components of k. The 
effect of the inversion operator P on a scalar function 4>( k) is simply to produce 
this change of sign: P$(k) = $(-k). When it is applied to a vector function A(k), we 
must also take into account the fact that the reversal of the directions of the axes 
changes the sign of all the components of the vector; hencet 


PA(k) = —A(—k). 


( 6 . 1 ) 


Although the separation of the angular momentum of the photon into the orbital 
angular momentum and the spin has no physical meaning, it is nevertheless 
convenient to define a “spin” s and an “orbital angular momentum” l as formal 
auxiliary quantities which express the transformation properties of the wave 
function under rotations: the value s = 1 corresponds to the fact that the wave 
function is a vector, and the value of l is the order of the spherical harmonics 
which occur in the wave function. Here we are considering the wave functions of 
states in which the photon angular momentum has a definite value; for a free 
particle, these are spherical waves. The number 1, in particular, defines the parity of 
the photon state, which is 


P =(-l) ,+1 . 


( 6 . 2 ) 


In the same way, the angular momentum operator j may be represented as the 
sum s +1. The operator j is related to the operator of an infinitesimal rotation of the 
coordinates, or, in the present case, to the action of this operator on a vector field. 
In the sum s +1, the operator s acts on the vector index, transforming the 
components of the vector into combinations of one another. The operator 1 acts on 
these components as functions of the momentum (or of the coordinates). 

We may count the number of states (with a given energy) which are possible for 
a given value j of the photon angular momentum, ignoring the trivial (2j + l)-fold 
degeneracy with respect to the directions of the angular momentum. 

When 1 and s are independent, this calculation is made by simply counting the 
number of ways in which the angular momenta 1 and s can be added, according to 
the rules of the vector model, so as to obtain the required value of j. For a particle 

t We shall choose to define the parity of a state according to the effect of the inversion operator on a 
polar vector, such as A (or the corresponding electric vector E= icoA). This differs in sign from the 
effect on the axial vector H = ik x A, since the direction of such a vector is unaltered by inversion: 


PH(k) = H(-k). 
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with spin s = 1, and a given non-zero value of j, this would give three states, with 
the following values of / and the parity P: 


l=j, P=(-l) ,+1 = (-iy +1 ; 

i = j±i, p = (-D ,+i = (-iy. 


If j = 0, however, only one state is obtained, with l = 1 and parity P = 4-1. 

In this calculation the condition that the vector A is transverse has not been 
taken into account; all its three components have been assumed to be in¬ 
dependent. We must therefore subtract, from the numbers of states found above, 
the numbers of states which correspond to a longitudinal vector. This vector may 
be written in the form k(/>(k), whence we see that its three components are 
equivalent, as regards their transformation properties (under rotations), to a single 
scalar </>.t We can therefore say that the extra state which is incompatible with the 
transversality condition would correspond to the state of a particle having a scalar 
wave function (spinor of rank 0), i.e. having “spin zero”.t The angular momentum j 
of this state is therefore equal to the order of the spherical harmonics which occur 
in (/>. The parity of the state as a state of the photon is determined by the action of 
the inversion operator on the vector function k(j>: 

P(k<f>) = -(-k)<M-k) - (-iyM(k), 


and is therefore (- l) j . Thus we must subtract one from the number of states found 
above which have the parity (-l) j , i.e. two for jV 0 and one for j = 0. 

The conclusion is, then, that when the photon angular momentum j is non-zero 
there is one even state and one odd state. When j = 0, no states exist. This means 
that a photon cannot have zero angular momentum; j therefore takes only the 
values 1,2,3,.... The impossibility of j = 0 is evident a priori, since the wave 
function of a state with zero angular momentum must be spherically symmetrical, 
and this cannot be true for a transverse wave. 

The following terminology is customary to denote the various states of the 
photon. A photon with angular momentum j and parity (-1) J is called an electric 
2 ] -pole (or Ej) photon ; one with parity (-1) J+1 is called a magnetic 2 } -pole (or Mj ) 
photon. For example, an odd state with j = 1 corresponds to an electric dipole 
photon, an even state with j = 2 to an electric quadrupole photon, and an even state 
with j = 1 to a magnetic dipole photon.§ 


t This is because the transformation of a quantity under rotation is a transformation at a given point, 
i.e. for a given value of k. Under such a transformation, k<f>(k ) is unchanged, i.e. it behaves as a scalar. 

$ It should be again emphasized that this does not refer to a state of an actual particle. The 
calculation given here is a formal one, and amounts mathematically to a classification of the set of 
quantities which are transformed into combinations of one another, in terms of the irreducible 
representations of the rotation group. 

§ This nomenclature corresponds to the terminology of classical radiation theory; we shall see later 
(§§46, 47) that the emission of electric and magnetic photons is governed by the electric and magnetic 
moments of a system of charges. 
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§7. Spherical waves of photons 

Having ascertained the possible values of the photon angular momentum, we 
must now determine the corresponding wave functions.! 

Let us first consider the formal problem of determining vector functions which 
are eigenfunctions of the operators j 2 and j z , without deciding as yet which of these 
functions will appear in the desired photon wave functions, and without taking 
account of the transversality condition. 

We shall look for the functions in the momentum representation. In this 
representation, the coordinate operator is r = id/d k (see QM, (15.12)). The orbital 
angular momentum operator is 

i = r x k = -ik x d/dk, 

and therefore differs from the angular momentum operator in the coordinate 
representation only in that r is replaced by k. The solution of the problem is thus 
formally identical in the two representations. 

Let the required eigenfunctions be denoted by Y jm and referred to as spherical 
harmonic vectors. They must satisfy the conditions 

j 2 Yjm = j(j + l)Yj m , JzYjm = mYj m , (7.1) 

the z-axis being in a specified direction in space. We shall show that these 
conditions are satisfied by any function of the form aY jm , where a is any vector 
formed from the unit vector n = k/co, and Y jm are the ordinary (scalar) spherical 
harmonic functions. The latter will everywhere be defined as in QM, §28: 


Y lm ( n) = (- 



(2t + l)(i-|m|>! 
4-7 r(l + |m |)! 


P', m| (cos 0) e im *. 


(7.2) 


where 0 and <f> are the spherical polar angles of the direction n.t 
The proof is based on the commutation rule 


{f, a k } = ie ik ,a, 


( QM , (29.4)). The right-hand side may be written as -Sid k , where s is the operator of 
spin 1; the effect of this operator on a vector function is in fact given by 
Sid k = -ie iW a ( (see QM, §57, Problem 2). Hence 

Ua k - aJi = - s,a k , 


t This problem was first discussed by W. Heitler (1936). The solution given here is due to V. B. 
Berestetskif (1947). 

t For future reference, the value of the function when 6 = 0 (n is along the z-axis) is 


Yi m ( n z ) = i 


121 + 1 
V 4t r 


8m 0 - 


(7.2a) 
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and therefore 


ji@k 0i "T ^i)^k ttkli' 

Consequently 

j (^ Yj m ) al Yj m , j z (aYj m ) sil z Yj m . 

Since the spherical harmonic Y jm is the eigenfunction of the operators l 2 and l z 
which corresponds to the respective eigenvalues j(j + 1) and m, we arrive at 
equations (7.1). 

The three essentially different types of spherical harmonic vectors are obtained 
by taking as the vector a the three following vectors:t 


V n n x V„ 

V[j(j +1)]’ V[j(j +1)]’ 

The spherical harmonic vectors are thus defined as 

Y<™ ) = nxY$, P=(-l) i+l ; 

Yjm = n Yjm, P =(-1)’. 


(7.3) 


(7.4) 


The parity P is also shown for each vector. The three vectors are orthogonal, Y$ 
being longitudinal and Yjm and Yjm* transverse with respect to n. 

The spherical harmonic vectors can be expressed in terms of the scalar 
spherical harmonics: Yjm* in terms of spherical harmonics of the order l = j only, 
and Yjm and Yj^ in terms of those of order l = j ± 1. This is immediately evident on 
comparing the parities shown in (7.4) with the parity (-l) i+1 of a vector field in 
terms of the order of the spherical harmonics concerned. 

The spherical harmonic vectors of any one type are orthonormal: 


/ 


• Y f m do = 8jj'8 mm 


(7.5) 


For the vectors Yjm this is obvious from the normalization condition for the 


t The operator V„ = |k|V k , and acts on functions which depend only on the direction of n. In 
spherical polar coordinates its two components are 


V„ = 


'A _J_ L\ 

K dd’ sin 6 d(j))' 


The operator denoted below by A n is the angular part of the Laplacian operator: 
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xprij / V„Y im • V n Yf m . do = -Jjjjy f Y? m .A n Y im do, 

and, since A„Yj m = -j(j + 1 )Y jm , equation (7.5) follows. The normalization for the 
vectors leads to a similar integral. 

The spherical harmonic vectors (7.4) could also be derived without the direct 
verification of equations (7.1) that has been carried out above, using only general 
arguments concerning the transformational properties of functions. In §6, these 
arguments were employed to show that a vector function n<j> corresponds to an 
angular momentum j which is the same as the order of the spherical harmonics 
occurring in (f>. If we put simply (j> = Y jm , the function n< ft will also correspond to a 
definite value m of the angular-momentum component. Thus we derive at once the 
spherical harmonic vectors Y$. But the discussion of transformational properties 
in §6 is unaffected if the factor n in the product n< p is replaced by the vector V n or 
by n x V n . This leads to the other two types of spherical harmonic vectors. 

Let us now consider the photon wave functions. For an electric photon of type 
Ej, the parity of the vector A(k) is (-1) J . The spherical harmonic vectors Y$ and 
Yfm possess this parity, but only the former satisfies the transversality condition. 
For a magnetic photon of type Mj, the parity of the vector A(k) is (-1) J+1 ; only Yj™ } 
has this parity. The wave functions of a photon having a given angular momentum 
j, component thereof m, and energy to, are therefore 

An j - 2 

Ao,j m (k) = —372 <5(|k| — <t>)Yj m (n), (7.6) 

0 ) 

where Y Jm must be taken as Y$ and Y J % ) for electric and magnetic photons 
respectively. The given value of the energy is taken into account by the factor 
8 (|k|-o>). 

The functions (7.6) are normalized by the condition 

- 7^—4 f a)(o'A*'j' m ’(k) • A wjm (k) d 3 k = co 8 ((o' - (o) 8 jr 8 mm '. (7.7) 

(Z7T) J 

For wave functions of the coordinate representation, the condition (7.7) is 
equivalent to the condition! 

^ f (E*'j' m '(r) • E wim (r) + H* Tra (r) • H^Cr)} d 3 x = a>8(a,' - <o)8 jr 8 mm .: (7.8) 

the integral on the left, when written in terms of the potentials, is 


_ 1 _ 

2tt 


/ 


A* Tm '(r) ■ 


A w jm(r){o o) d x, 


t This condition is of the same type as (2.22). The factor 5(w'-w) on the right-hand side appears 
because we are now considering a field (spherical wave) throughout infinite space instead of in the finite 
volume V = 1. 
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and with 


A„ jra (r) = f A„ JJm (k) e ik r 0^ 3 , 
A* rm <r) = f A* rm -(k')e ' v " ^~ 


(7.9) 


the integral over d 3 x gives the delta function (27r) 3 8(k' - k). This is eliminated by 
integrating over d 3 k, and the integral reduces to (7.7). 

So far, we have assumed that the potentials are in the transverse gauge, for 
which the scalar potential = 0. In certain applications, however, other gauges of 
the spherical wave may be more convenient. 

The transformation of the potentials that can be conducted in the momentum 
representation is 


A^A + n/(k), <P -»<P 4- /( k), 


where f(k) is an arbitrary function. In the present case we shall choose it so that 
the new potentials are expressed in terms of the same spherical harmonics and 
again have a definite parity. For an electric photon, these conditions limit the 
choice of potentials to the following: 


A ( J/ m (k) = ^ 5(|k| - <o)(Y% + CnY jm ), 
(0 

<Uk) = ^8(|k|-a>)CYi m , 

0 ) 


(7.10) 


where C is an arbitrary constant. For a magnetic photon, this addition to A (m) (k) 
would leave it without a definite parity, and (7.6) is therefore the only possible 
choice under these conditions. 

The probability that a photon having a definite angular momentum and parity 
will be recorded as moving in a direction n which lies in the solid-angle element do 
is, according to (3.5) and (7.6), 


w(n) do = |Yj^(n)| 2 do. (7.11) 

This is the expression for an E photon, but, since |Y^ } | 2 = |Y$| 2 , the probability 
distribution w(n) is the same for both types of photon. 

The squared modulus |Yj^| 2 is independent of the azimuthal angle (/>, since the 
factors e ±im<t> in the spherical harmonic functions cancel. The probability dis¬ 
tribution w(n) is therefore symmetrical about the z-axis. Moreover, since each of 
the spherical harmonic vectors has a definite parity, their squared moduli are 
unaffected by inversion, i.e. by the change of polar angle 6 -» it - 6; this means that 
the expansion of the function w(0) in Legendre polynomials will contain only those 
of even order. The determination of the expansion coefficients is equivalent to a 
calculation of the integrals of products of three spherical harmonic functions, 
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followed by summation over components. These processes are effected by means 
of the formulae derived in QM, §§107, 108, and the result is 

„ (#) = ( _ ir .CLt!l ! | i)( 4„ + 1 ,(i IfYi 7 5"){j jf}P»(cos«).(7.12) 


Finally, we shall give the expressions for the components of the spherical 
harmonic vectors as expansions in terms of spherical harmonic functions. To do so, 
we shall use the “spherical components” of a vector, defined as in QM, §107. These 
components / A of a vector f are 


fo = ifz, 


f+l -+ ify), 



In terms of the “spherical unit vectors”, 


(7.13) 


e <0) = ie (z) . 


»(+n - 


'V2 


(e (Jt, + ie <y) ), 


a (-i) _ 


V2 1 


( e w_ ie < y) ) , 


(7.14) 


where e ( * ,y,z) are unit vectors in the direction of x, y and z, we have 

f = 2 (“ l)'"7-Ae (A) , h = (- l)'” A f • e ( " A) * 

= f • e <A) . (7.15) 

The spherical components of the spherical harmonic vectors are expressed in 
terms of 3j-symbols and spherical harmonic functions as follows: 


(-!)<*—'(Y0, = -Vj (l + + \ _')w. + 

+ V(i + 1 >(i+A —A 
(-l)P-««(YS>),--V(2j + l)( m ' +i _l 
(-l)«'*‘*'(YS).-V(J + l)(j | + + , A J,)y,,,„„ + 

+V >(L\ _[ _')W, 


(7.16) 


These formulae are derived in the following way. Each of the three spherical 
harmonic vectors is of the form Y, m = aYj m , where a is one of the three vectors 
(7.3). Hence 


Y jm = 2 <Im'|a|jm)Yi m ’, 

l, m 1 
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and the problem is equivalent to that of finding the matrix elements of the vector a 
with respect to the eigenfunctions of the orbital angular momentum. According to 
QM, (107.6), we have 

<im'|a A |jm) = i(-D' max ' ra '(_| n , | ^)<J||a||i). 


where j max is the larger of l and j. It is therefore sufficient to know the non-zero 
reduced matrix elements (I||a||j). These are given by the formulae 


<1 - l||n||l) = <J|M|l-!>* = < Vl, 
<(||v„||/ - I) = i(i - 1 )VI, 
<l-l||V n ||l>=i(l + l)Vl, 

(I||n x V„||/> = iV[l(l + 1)(21 + 1)]. 


(7.17) 


§8. The polarization of the photon 

The polarization vector e acts for the photon as the “spin part” of the wave 
function (with the limitations stated in §6 in connection with the concept of photon 
spin). 

The various cases which can occur with regard to the polarization of the photon 
are identical with the possible types of polarization of a classical electromagnetic 
wave (see Fields, §48). 

Any polarization e can be represented as a superposition of two mutually 
orthogonal polarizations e (1) and e (2) (e (1) • e (2) * = 0), chosen in some specified manner. 
In the resolution 


e = £ie (1) 4- e 2 e (2 \ (8.1) 

the squares of the moduli of the coefficients e { and e 2 determine the probabilities 
that the photon has polarization e (I) and e (2) respectively. 

These polarizations may be taken to be two mutually perpendicular linear 
polarizations. We can also resolve any polarization into two circular polarizations 
having opposite directions of rotation. The vectors of the right-hand and left-hand 
circular polarizations will be denoted by e (+1) and e (1) respectively; in coordinates 
rj, £, with the £-axis in the direction of the photon n = k/co, 


J+D = • 


-^72 (e' 4, + ie <T "), 


„(-i) = 


V2 


(e (0 - ie (v) ). 


( 8 . 2 ) 


The possibility that the photon has two different polarizations (for a given 
momentum) is equivalent to the statement that each eigenvalue of the momentum is 
doubly degenerate. This property is closely related to the fact that the mass of the 
photon is zero. 
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A freely moving particle with non-zero mass always has a rest frame. The 
intrinsic symmetry properties of the particle, as such, will evidently appear in this 
particular frame of reference. Symmetry with respect to all possible rotations about 
the centre (i.e. with respect to the entire spherical symmetry group) must be 
considered. The property which describes the symmetry of the particle with 
respect to this group is its spin s; this determines the degree of degeneracy, the 
number of different wave functions which are transformed into linear combinations 
of one another being 2s 4- 1. In particular, a particle having a vector (three- 
component) wave function has spin 1. 

If the mass of the particle is zero, however, there is no rest frame, since it 
moves with the velocity of light in every frame of reference. For such a particle, 
there is always a distinctive direction in space, the direction of the momentum 
vector k (the £-axis). In such a case there is clearly no symmetry with respect to 
the whole group of rotations in three dimensions, but only axial symmetry about 
the preferred axis. 

When there is axial symmetry, only the helicity of the particle is conserved, i.e. 
the component of its angular momentum along the £-axis, which we denote by A.t 
If we also impose the condition of symmetry under reflections in planes passing 
through the £-axis, the states differing in the sign of A will be mutually degenerate, 
and when A^O there is therefore twofold degeneracy.t The state of a photon 
having a definite momentum in fact corresponds to one type of these doubly 
degenerate states. It is described by a “spin” wave function which is a vector e in 
the -plane; the two components of this vector are transformed into combinations 
of each other by any rotation about the £-axis and by any reflection in a plane 
passing through that axis. 

The various cases of the polarization of the photon are in a certain relationship 
to the possible values of its helicity. The relationship can be deduced from the 
formulae in QM (57.9), which connect the components of a vector wave function 
with those of the equivalent spinor of rank two.§ Vectors e with only the component 
e^ - ie v or e € 4- ie v non-zero correspond to the components A = +1 or -1 respec¬ 
tively; these are e = e (+,) and e = e (1) . In other words, the values A = 4-1 and -1 
correspond to right-hand and left-hand circular polarization of the photon. In §16 
the same result will be derived by direct calculation of the eigenfunctions of the 
spin component operator. 

Thus the component of the photon angular momentum along the direction of its 
motion can have only the two values ±1; the value zero is not possible. 

A state of the photon having a definite momentum and polarization is a pure 
state, in the sense defined in QM, §14; it is described by a wave function, and 
corresponds to a complete quantum-mechanical description of the state of the 
particle (the photon). “Mixed” photon states are also possible, which correspond to 
a less complete description by a density matrix only, not a wave function. 

t This is to be distinguished from m, the component of the angular momentum in a specified 
direction in space (the z-axis), which was used in §7. 

$ This is the method of classifying the electron terms of the diatomic molecule (QM, §78). 

§ It is the contravariant spinor components that correspond to the components of the wave function 
as the probability amplitudes of various values of the angular momentum of the particle (which are here 
considered). 
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Let us consider a state of the photon which is mixed as regards its polarization, 
but corresponds to a definite value of the momentum k. In such a state (called a 
state of partial polarization ), a “coordinate” wave function exists. 

The polarization density matrix of the photon is a tensor p afi of rank two, in a 
plane perpendicular to the vector n (the -plane; the suffixes a, /3 take only two 
values). This tensor is Hermitian: 


Pa/3 Pi 3a ? 


(8.3) 


and is normalized by the condition 

paa = Pll + P 22 = L (8.4) 

From (8.3), the diagonal components p u and P 22 are real, and either is given in terms 
of the other by (8.4). The component p u is complex, and P 2 i = pf 2 - The density 
matrix therefore involves three real parameters. 

If the polarization density matrix is known, we can find the probability that the 
photon has any given polarization e. This probability is determined by the “pro¬ 
jection” of the tensor p a/3 on the direction of the vector e, i.e. by the quantity 

Pa/3 ^ a e^. (8.5) 

For example, the components pu and p 2 2 are the probabilities of linear polarizations 
along the £ and tj axes. The probability of the two circular polarizations is given by 
taking the projections along the vectors (8.2): 

2[1 ± i(pi2 — P2l)]« (8.6) 

The properties of the tensor p afi are essentially the same as those of the tensor 
J aj3 which describes partially polarized light in the classical theory (see Fields , §50). 
Some of these properties are the following. 

For a pure state with a definite polarization e, the tensor p af3 reduces to products 
of components of the vector e: 


Pai 3 — £a£*> (8.7) 

and the determinant |p a/3 | = 0. In the opposite case of an unpolarized photon, all 
directions of polarization are equally probable, i.e. 


Pa/3 — 2 5, 


’a/3> 


( 8 . 8 ) 


and |p a(5 | = i 

In the general case, it is convenient to describe the partial polarization by means 
of three real Stokes parameters £ 1 , ij 2 , &,t in terms of which the density matrix can 


t These are not to be confused with the £-axis. 
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/ 1 + 6 

V6 + *6 


6 ~* 6 \ 
1-6 / 


(8.9) 


All three parameters take values between -1 and + 1 . In the unpolarized state, 
6 = 6=6 = 0; for a completely polarized photon, £i + £2 + £3 = 1. 

The parameter 6 describes the linear polarization along the £ or tj axis; the 
probability that the photon is linearly polarized along these axes is respectively 
2(1 + 6 ) and 1(1 ~ 6 )- The values 6 = +1 and -1 therefore correspond to complete 
polarization in these directions. 

The parameter 6 describes the linear polarization along directions at angles 
<j) = ± 47 T to the 6 ax is* The probability that the photon is linearly polarized along 
these directions is respectively 2(1 + 6 ) and 2(1 — 6 )- This is easily shown by 
projecting the tensor p a p on the directions e = ( 1 , ± 1 )/V 2 . 

Finally, the parameter 6 represents the degree of circular polarization: accord¬ 
ing to ( 8 . 6 ), the probability that the photon has right-hand or left-hand circular 
polarization is respectively 2(1 + 6 ) and 2 O “ 6 )- Since these two polarizations 
correspond to helicities A = ± 1, it is clear that 6 is the mean value of the helicity of 
the photon. Moreover, for a pure state with polarization e, 


6 = ie x e* • n. ( 8 . 10 ) 

The quantities 6 and V(^i + ^) are invariant under Lorentz transformations 
(see Fields, §50). 

We shall later encounter the problem of the behaviour of the Stokes parameters 
under the operation of time reversal. It is easily seen that they are invariant. This 
property is evidently independent of the state of polarization, and therefore need 
be proved only for a pure state. In quantum mechanics, time reversal corresponds 
to replacing the wave function by its complex conjugate (QM, §18). For a 
plane-polarized wave, this implies the changes! 


k-^-k, e-»—e* 


( 8 . 11 ) 


Under this transformation, the symmetrical part 

i(e a e$ +e p e*) 

of the density matrix is unchanged, and therefore so are 6 and 6 - The fact that 6 
is unchanged by this transformation is seen from ( 8 . 10 ), and is also evident from 
the fact that 6 is the mean value of the helicity: the helicity is the component of 
the angular momentum j in the direction of n, i.e. the product j • n, and both these 
vectors change sign under time reversal. 

t The change in the sign of e is necessary because time reversal changes the sign of the vector 
potential of the electromagnetic field. The scalar potential, however, does not change sign, and the effect 
of time reversal on the 4-vector e is therefore as follows: 


Oo, e)->(eft, -e*). 


(8.11a) 
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In later calculations, we shall need the photon density matrix written in 
four-dimensional form, i.e. as a certain 4-tensor p^ v . For a polarized photon 
described by the 4-vector e^, this tensor can naturally be defined as 

= ( 8 . 12 ) 

In the three-dimensionally transverse gauge, e = (0, e), and if one of the spatial 
coordinate axes is taken to be along n the non-zero components of this 4-tensor are 
the same as (8.7). 

For an unpolarized photon the three-dimensionally transverse gauge cor¬ 
responds to a tensor p^ v having components 

Pik = 2(8ik ~ POi “ PiO “ POO = 0*, (8.13) 

if one of the axes is in the direction of n, the result is again (8.8). It would, 
however, be inconvenient to use the tensor p^ v in this three-dimensional form. But 
a gauge transformation can be applied, which for the density matrix is 


Pfxv Pfxv + Xvkv + XvK’ (8-14) 

where the x» are arbitrary functions. Putting 

Xo = ~ l/4o), Xi = fc/4w 2 , 


we obtain instead of (8.13) the simple four-dimensional expression 

Pnv = -2gp V - (8.15) 

The four-dimensional form of the density matrix for a partially polarized photon is 
easily found by first writing the two-dimensional tensor (8.9) in three-dimensional 
form: 

p ik = i(ePeP + «P«P) + + «PeP) - 

-1 i&(«P«P- eM n ) + &(«P«P ~ eP«P), 


where e (1) and e <2) are unit vectors along the £ and tj axes. The required generaliza¬ 
tion is obtained on replacing these 3-vectors by real space-like unit 4-vectors e (1) , 
e (2) which are orthogonal to each other and to the photon 4-momentum k: 


e ( l )2 _ e ( 2)2 _ _ 1> 

e (l) e (2> = 0, 
e <v k = e (2) k = 0. 


(8.16) 


In one particular frame of reference, e m = (0, e (1) ) and e (2) = (0, e <2> ). Thus the 
four-dimensional density matrix of the photon is 


P„, = l(e<M> + e®«P) +1|,(e<M 2) + e<V») - 
- \iUeVe? - efe^) + \ 6(e< V„» - efe?). 


(8.17) 
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The convenience of any specific choice of the 4-vectors e (1 \ e (2) depends on the 
conditions of the problem concerned. 

It must be noted that the conditions (8.16) do not uniquely define the choice of 
e (1) and e (2) . If a 4-vector e^ satisfies these conditions, then so does any 4-vector 
+ xK, since k 2 = 0. This non-uniqueness occurs because the density matrix is not 
invariant under gauge transformations. 

The first term in (8.17) corresponds to the unpolarized state. According to (8.15), 
it can therefore be replaced by g^- This change is again equivalent to a certain 
gauge transformation. 

The following formal device is useful in calculations with 4-tensors of the form 
(8.17) expressed in terms of two independent 4-vectors. We write the tensor (8.17) 
in the form 


P^= 2 P (ab) e ( ?ei b \ 

a, b = l 

and the coefficients p (ab) as a two-rowed matrix: 



This, like any two-rowed Hermitian matrix, can be written in terms of four 
independent two-rowed matrices: the Pauli matrices cr x , cr y , cr z and the unit matrix 1. 
The result is 


p=\{ 1 + ^-gt), £ = (£,,£ 2 , 6 ), (8.18) 

as is easily seen by direct comparison with (8.17), using the expressions (18.5) for 
the Pauli matrices. The combination of the three quantities £ 1 , 6 into a “vector” 

£ is, of course, purely formal and is done only for convenience of notation. 


PROBLEM 


Write the photon density matrix for the case where the coordinate “axes” are the circular unit 
vectors (8.2). 

Solution. The components p' a/3 of the tensor relative to the new axes (a, /3 = ±1) are obtained by 
projecting the tensor (8.9) on the unit vectors (8.2): 


P 11 — Pa0e ( a +1) *C/3 +1) , 


p' 1,-1 — Pa/3C ( a +1) *Cp 1) , . . . ; 


n'=-( 1 + ^ 2 “£ 3+l £ 1 \ 

l“f2 / 


§9. A two-photon system 

By arguments similar to those in § 6 , we can calculate the number of possible 
states in a more complicated case, that of a system of two photons (L. Landau, 
1948). 


QE4 - D 
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We shall consider the photons in their centre-of-mass system; their momenta 
are k, = -k 2 = k.t The wave function of the two-photon system (in the momentum 
representation) can be written as a three-dimensional tensor of rank two A ik (n), 
formed by a bilinear combination of the vector wave functions of the two photons; 
each of the suffixes of this tensor corresponds to one of the photons (n being a unit 
vector in the direction of k). The transversality of each photon is expressed by the 
orthogonality of the tensor A ik to the vector n: 


AuUi — 0, Aifc/tf — 0. (9.1) 

An interchange of the photons corresponds to an interchange of the suffixes of 
the tensor A ik and a simultaneous change in the sign of n. Since photons obey Bose 
statistics, we have 


Aj k (—n) = Afcj(n). (9.2) 

The tensor A ik is not in general symmetrical with respect to its suffixes. It can 
be resolved into symmetric and antisymmetric parts: A ik = s ik + a ik . The equation 
(9.2), and the orthogonality conditions (9.1), must evidently apply to each part 
separately. Hence we have 


sut(-n) = Sjjt(n), 

(9.3) 

a,)c(-n) = -a i(t (n). 

(9.4) 


Inversion of the coordinates does not affect the sign of the components of a tensor 
of rank two, but changes the sign of n. From (9.3), therefore, the wave function s ik 
is symmetrical under inversion, i.e. it corresponds to even states of the two-photon 
system, while the wave function a ik corresponds to odd states. 

An antisymmetric tensor of rank two is equivalent (dual) to a certain axial 
vector a, whose components are given in terms of those of the tensor by 

Oi = 2 £ ikldid , 


e ik[ being the antisymmetric unit tensor; see Fields , §6. The orthogonality of the 
tensor a ki and the vector n implies that the vectors a and n are parallel.t We can 
therefore write a = n</>(n), where </> is a scalar; according to (9.4), we must have 
a(-n) = -a(n), and therefore 


<H~n) = </>(n). 

This equation signifies that the scalar <f> can be formed linearly only from spherical 
harmonic functions of even order L (including order zero). 

f This frame of reference always exists except in the case of two photons moving in the same 
direction. The total momentum ki + k 2 and the total energy coi of such photons are related in the 
same way as those of a single photon, and there is therefore no frame of reference in which ki 4- k 2 = 0. 
t For aik = eikiai, and the orthogonality condition gives aikttk = emam = (n x a), = 0. 
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We see that the transformation properties of the antisymmetric tensor a ik under 
rotations are equivalent to those of a single scalar (cf. the second footnote to §6). 
When the latter is assigned a “spin” zero, the angular momentum of the state is 
found to be J = L. Thus the tensor a ik corresponds to odd states of a photon 
system with even angular momentum J. 

Let us now consider the symmetric tensor s ik . Since this is unaltered when n 
changes sign, it corresponds to even states of the photon system. Hence all the 
components s ik can be expressed in terms of spherical harmonic functions of even 
order L (including zero). It is well known that any symmetric tensor s ik of rank two 
can be expressed as the sum of a scalar Su and a symmetric tensor s' ik with zero 
trace (s'u = 0). 

The scalar s„ can be assigned a “spin” zero, and the angular momentum of the 
corresponding states is therefore J = L, i.e. is even. The tensor has “spin” two 
(see QM, §57). Adding this “spin” to the even “orbital angular momentum” L by 
the law of addition of angular momenta, we find that for a given even JV 0 three 
states are possible (with L = J ± 2, J), and for odd JV 1 two states (with L = J ± 1). 
The exceptions are J = 0 with one state (L = 2) and J = 1 with one state (L = 2). 

In these calculations, however, we have not yet included the condition that the 
tensor s ik is orthogonal to the vector n. We must therefore subtract, from the 
numbers of states found above, the numbers of states corresponding to a sym¬ 
metric tensor of rank 2 “parallel” to the vector n. Such a tensor, which we denote 
by s^k, can be written as 


si = riib k + n k bi , 


where b is a certain vector. According to (9.3), this vector must be such that 
b(-n) = -b(n). Thus the tensor si which gives the “unwanted” states is equivalent 
to an odd vector. The latter must be expressible in terms only of spherical 
harmonics of odd order L. Moreover, the vector has a “spin” one, and therefore, 
for any even angular momentum JV 0, two states are possible (with L = J ± 1), and 
for any odd J one state (with L = J); an exception is J = 0 with one state (L = 1). 

Summarizing the results obtained, we obtain the following table giving the 
numbers of possible even and odd states of a two-photon system (with zero total 
momentum) for various values of the total angular momentum J : 


J even odd 

0 1 1 

1 0 0 

2 k 2 1 

2k+ 1 1 0 


(9.5) 


where k is any positive integer (not zero). We see that for odd J there are no odd 
states, and the value J = 1 cannot occur.t 

The wave function A ik of the two-photon system determines the correlation 
between the polarizations of the photons. The probability that both photons 


t Another way of deriving these results is given in §70, Problem 1. 
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simultaneously have definite polarizations ei and e 2 is proportional to 


A ik efief k . 


Thus, if the polarization ei of one photon is given, the polarization e 2 of the other is 

e 2 k <x A ik ef i . (9.6) 


In odd states of the system, A ik is equal to the antisymmetric tensor a ik , and 

e 2 *et * a ik efief k = 0, 

so that the polarizations of the two photons are orthogonal. For linear polarization 
this means that the directions of polarization are perpendicular; for circular 
polarization, that the directions of rotation are opposite. 

An even state with J = 0 corresponds to a symmetric tensor which reduces to a 
scalar, 


Si ic = constant x (8 ik - nin k ). 


From (9.6), therefore, we have ei = e?. For linear polarization this means that the 
directions of polarization are parallel; for circular polarization, that the directions 
of rotation are again opposite. The latter result is obvious, since when J = 0 the 
sum of the components of the photon angular momenta in the same direction k 
must always be zero, because the components in opposite directions ki and k 2 , i.e. 
the helicities, are equal. 
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§ 10. The wave equation for particles with spin zero 

It has been shown in Chapter I how a quantum description of the free elec¬ 
tromagnetic field can be constructed on the basis of the known properties of the 
field in the classical limit and the concepts of ordinary quantum mechanics. The 
resulting scheme for describing the field as a system of photons contains many 
features which occur also in the relativistic quantum theory description of parti¬ 
cles. 

The electromagnetic field is a system having an infinite number of degrees of 
freedom. For this system there is no law of conservation of number of particles 
(photons), and its possible states include states with an arbitrary number of 
particles.t In the relativistic theory, systems composed of any particles must in 
general share this property. The conservation of number of particles in the 
non-relativistic theory depends on the law of conservation of mass: the sum of the 
(rest) masses of the particles is unaffected by their interactions, and the constancy 
of the total mass in a system of electrons, say, implies that the number of electrons 
is also unchanged. In relativistic mechanics, however, there is no law of con¬ 
servation of mass; only the total energy of the system is conserved, which includes 
the rest energy of the particles. The number of particles therefore need not be 
conserved, and consequently every relativistic theory of particles must be a theory 
of systems having an infinite number of degrees of freedom. That is to say, any 
such theory of particles must be a field theory. 

The second quantization formalism (QM, §§64, 65) is a satisfactory means of 
describing systems with a variable number of particles. In the quantum description 
of the electromagnetic field, the second quantization operator is the 4-potential A. 
This is expressed in terms of the (coordinate) wave functions of the individual 
particles (photons) and their creation and annihilation operators. The quantized 
wave function operator has a similar role in the description of a system of particles. 
To derive this operator, we must first know the form of the wave function of a 
single free particle and the equation satisfied by this function. 

The concept of a field of free particles is, it must be emphasized, only an aid to 
the theory. Actual particles interact, and the task of the theory is to consider these 
interactions. But any interaction is equivalent to a collision, before and after which 
the system may be regarded as an ensemble of free particles. It has been remarked 
in §1 that the only measurable objects are of this kind. We therefore use the fields 
of free particles as a means of describing the initial and final states. 

fin reality, of course, the number of photons changes only as a result of various interaction 
processes. 
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Let us first consider the relativistic description of free particles having spin 
zero. This case is mathematically simple, and illustrates most clearly the basic ideas 
and typical features of the description. 

The state of a free particle (with spin zero) can be completely defined by 
specifying its momentum p only. The energy e of the particlet is given by 
e 2 = p 2 + m 2 (where m is the mass of the particle) or, in four-dimensional form, 

p 2 = m 2 . (10.1) 

The laws of conservation of momentum and energy are well known to be 
related to the homogeneity of space and time, i.e. to the symmetry with respect to 
any parallel displacement of the 4-coordinate system. In the quantum description, 
this requirement of symmetry means that, under such a transformation of the 
4-coordinates, the wave function of a particle having a given 4-momentum must be 
multiplied by a phase factor (of unit modulus). This can be true only for an 
exponential function, with the exponent linear in the 4-coordinates. Thus the wave 
function of the state of a free particle with a given 4-momentum p fl = (s, p) must be 
a plane wave: 

constant x e~ ipx , px = et - p • r; (10.2) 

the choice of sign of the exponent in the relativistic theory itself is arbitrary, and is 
here made in accordance with the non-relativistic case. 

The wave equation must have the functions (10.2) as particular solutions for 
any 4-vector p which satisfies the condition (10.1). It must be linear, on account of 
the principle of superposition: any linear combination of the functions (10.2) also 
describes a possible state of the particle, and must therefore also be a solution. 
Finally, the equation must be of the lowest possible order; any higher order would 
bring in redundant solutions. 

The spin is the angular momentum of the particle in a frame of reference in 
which the particle is at rest. If the spin of the particle is s, its wave function in the 
rest frame is a three-dimensional spinor of rank 2s. To describe the particle in an 
arbitrary frame of reference, its wave function must be expressed in terms of 
four-dimensional quantities. 

A particle with spin zero is described in the rest frame by a three-dimensional 
scalar. This scalar, however, can have more than one four-dimensional “origin”: 
either a four-dimensional scalar ip, or as the fourth component of a (time-like) 
4-vector ip^ of which only the component ip 0 is non-zero in the rest frame.t 

For a free particle, the only operator that can appear in the wave equation is the 
4-momentum operator p. Its components are the operators of differentiation with 
respect to coordinates and time: 

(10.3) 

fWe denote the energy of a single particle by e, to distinguish it from the energy E of a system of 
particles. 

$Or, similarly, as the time component of a 4-tensor of higher order; but this would lead to 
higher-order equations. 
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The wave equation must be a differential relationship between the quantities ijj 
and through the operator p. This relationship must, of course, be given by 
relativistically invariant expressions. Such expressions are 




(10.4) 


where m is a dimensional constant characteristic of the particle.t 

Substituting i ^ from the first equation (10.4) in the second equation, we obtain 

(p 2 -ra 2 )i// = 0 (10.5) 

(O. Klein, and V. A. Fock, 1926; W. Gordon, 1927). The explicit form of this 
equation is 

- + Ay = mfy. (10.6) 

Substitution of i \t as the plane wave (10.2) gives p 2 = m 2 , from which it is evident 
that m is the mass of the particle. We may note that the form of equation (10.5) is 
in any case obvious a priori, since p 2 is the only scalar operator which can be 
derived from p (and, for the same reason, a similar equation is satisfied by every 
component of the wave function of a particle having any spin value, as will be seen 
on several occasions below). 

Thus a particle with spin zero is essentially described by a single (four¬ 
dimensional) scalar i//, which satisfies the second-order equation (10.5). In the 
first-order equations (10.4), the wave function is represented by the set of quan¬ 
tities i \f and the 4-vector i//^ being the 4-gradient of the scalar i//. In the rest 
frame, the wave function of the particle is independent of the (space) coordinates, 
and the space components of the 4-vector ^ are therefore zero, as they should be. 

In order to continue with the second quantization procedure, it is useful to 
express the energy and momentum of the particle as the space integrals of certain 
combinations bilinear in i// and i//*, which represent a kind of space density of these 
quantities. We thus have to find an energy-momentum tensor T^ v which cor¬ 
responds to equation (10.5). In terms of this tensor the law of conservation of 
energy and momentum is expressed by the equation 

dji = 0. (10.7) 

Following the general procedure of field theory (see Fields , §32), we write down 
a variational principle which would lead to equation (10.5). This principle must be 
that the “action integral” 


S = J L d 4 x (10.8) 

t The constants m are shown in (10.4) so that i/v and if/ shall have the same dimensions. There 
would be no point in using different constants m i and m 2 in the two equations, since they could always 
be made the same by redefining 1 ft or i/v- 
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of some real 4-scalar L, the Lagrangian density of the field,! should take a 
minimum value. Using the scalar i \t (and the operator d^), we can construct a real 
bilinear scalar expression of the form 

L = d^* • - m V*</r, (10.9) 


where m is a dimensional constant. Regarding i// and i//* as independent variables 
describing the field (“generalized field coordinates” q ), we easily see that 
Lagrange’s equation 


d dL _ dL 
dx* dq tfl dq 


( 10 . 10 ) 


(where q ^ = d^q) is in fact the same as the equation (10.5) for i// and i//*, m being 
the mass of the particle. The sign of the expression (10.9) has been taken such that 
the square of the time derivative, |di///df| 2 , appears in L with a positive sign; 
otherwise, the action could not take a minimum value (cf. Fields , §27). The choice 
of the numerical factor in L is arbitrary (and affects only the normalization factor 
in i ff). 

The energy-momentum tensor can now be calculated from the formula 


= ( 10 . 11 ) 

the summation being over all q. Substitution of (10.9) gives 

= drf* ■ d v ip + d^* ■ - Lg^; (10.12) 

these quantities are real (as they should be), since L is real. In particular, 


Too = 2 


dt dt 


dip* dip 
dt dt 


+ Vi p* ■ Vi p + m 2 ip*ip. 


dip* dip dip* dip 

i0 dt ax' ax' dt' 


The 4-momentum of the field is given by the integral 

P»= J Ty .0 <?X, 


(10.13) 

(10.14) 


(10.15) 


i.e. Too and T 0 i act as the energy and momentum densities. The quantity Too is 
essentially positive. 

t The corresponding second-quantized operator L is called the Lagrangian of the field. To simplify 
the terminology, we shall use this term for either the “quantized” or the “non-quantized” Lagrangian 
density, as convenient. 
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Formula (10.13) can be used for the normalization of the wave function. A plane 
wave, normalized to “one particle in the volume V - 1”, is 

(10 - 16) 

since for this function T 00 = e, and the total energy in the volume V = 1 is therefore 
equal to the energy of a single particle. 

The angular momentum, whose conservation is due to the isotropy of space, 
can also be expressed as a space integral, but we shall not need this representation. 

There is one further conservation law allowed by equations (10.4) in addition to 
those arising directly from space-time symmetry. It is easily seen that these 
equations and those for i/f* lead to the equation 

3^=0, (10.17) 

where 

= (10.18) 

Thus acts as a current density 4-vector, and (10.17) is the equation of continuity 

expressing the law of conservation of the quantity 

Q = Jjod 3 x, (10.19) 


where 


= (10.20) 

It should be noted that j 0 need not be positive. This shows that it cannot in 
general be interpreted as the probability density of spatial localization of the 
particle. The significance of the conservation law expressed by equation (10.17) will 
be shown in §11. 


§11. Particles and antiparticles 

In accordance with the general procedure of the second quantization method, 
we have to consider the expansion of an arbitrary wave function in terms of the 
eigenfunctions of a complete set of possible states of a free particle, for instance in 
plane waves ijj p : 


= f* = 2 a*4,*. 

P P 
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The coefficients a p , a p are then to be regarded as the annihilation and creation 
operators d p , d p of particles in the corresponding states. t 

Here, however, we immediately encounter a difference of principle as compared 
with the non-relativistic theory. In a plane wave which is a solution of equation 
(10.5), the energy e need satsify (for a given momentum p) only the condition 
g 2 = p 2 4- m 2 , i.e. it can have two values, ±V(p 2 4- m 2 ). Only positive values of e can 
have the physical significance of the energy of a free particle. But the negative 
values cannot be simply omitted: the general solution of the wave equation can be 
obtained only by superposing all its independent particular solutions. This shows 
that the interpretation of the expansion coefficients for if/ and in the second 
quantization method must be somewhat different. 

We may write the expansion in the form 



V(2e) flp 


(+) i(p • r-ef) 


+2 


V(2e) a 


(-) i(p-r+ef) 


( 11 . 1 ) 


where the first sum contains plane waves with positive “frequency”, normalized 
according to (10.16), and the second sum contains those with negative “frequency”, 
g always denoting the positive quantity +V(p 2 + m 2 ). In the second quantization, 
the coefficients a p +) in the first sum are replaced as usual by the particle annihilation 
operators d p . In the second sum, we note that, in the subsequent derivation of the 
matrix elements, the time dependence of the terms will correspond to particle 
creation, not annihilation: the factor e let = (e~ let )* corresponds to one extra particle 
with energy e in the final state (cf. the end of §2). Accordingly, the coefficients a p -) 
are replaced by creation operators b- p relating to other particles. If the summation 
variable p in the second sum in (11.1) is replaced by -p in order to put the 
exponential factor in the form e~ l(p ' r-e °, the ^-operators are obtained as 




( 11 . 2 ) 


Thus all the operators d p , b p are multiplied by functions with the “correct” time 
dependence (~e~ lEt ), while the operators a p , b p are multiplied by the complex 
conjugate functions. This makes it possible to interpret the former operators, in 
accordance with the general rules, as annihilation operators for particles with 
momentum p and energy £, and the latter as creation operators for these particles. 

In this way we arrive at the concept of particles of two types which occur 
simultaneously and on an equal footing. These are called particles and antiparti¬ 
cles ; the significance of the names will be shown later. One type corresponds to the 
operators d p , a p in the second quantization formalism, and the other type to b p , b p . 
The two types of particle have the same mass, since their operators appear in the 
same ^-operator. 


t The if/ function is given the 4-momentum p as suffix, since we intend to denote the functions with 
“negative frequency” by i f/- p . The operators a and a + are given the three-dimensional momentum p as 
suffix, since this entirely defines the state of an actual particle. 
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The reason for these results can also be examined from the point of view of the 
requirements of relativistic invariance. 

The Lorentz transformations are, mathematically, rotations of the four-dimen¬ 
sional coordinate system which change the direction of the time axis; together with 
the purely spatial rotations which do not affect the time axis, they form the Lorentz 
group of transformations.! All the Lorentz transformations have the property that 
they leave the t axis within the corresponding light cone, and this expresses the 
physical principle that there exists a maximum possible velocity of propagation of 
signals. 

In a purely mathematical sense, the simultaneous change of sign of all four 
coordinates (four-dimensional inversion) is also a rotation, since the determinant of 
this transformation is 4-1, like that of any rotational transformation. The time axis 
is thereby carried from one light cone to the other. Although this means that such a 
transformation is physically impossible (as a transformation of the frame of 
reference), the only difference mathematically is that, because the metric is 
pseudo-Euclidean, such a rotation cannot be effected continuously without allow¬ 
ing also a complex transformation of the coordinates. 

It is reasonable to suppose that this difference is unimportant in relation to 
four-dimensional invariance. Then any expression which is invariant under the 
Lorentz transformations must be invariant under 4-inversion also. A precise 
statement of this condition as applied to the scalar ^-operator will be given in §13, 
but here it may be noted that the condition will certainly make necessary the 
simultaneous presence in the ^-operators of terms having both signs of e in the 
exponents, since this sign is changed by the substitution t->— t. 

Let us return now to equations (11.2) and derive the commutation relations 
between the operators a p , a p (and h p , h p ). For photons (the operators c p , c p ), this was 
done on the basis of the analogy with oscillators, that is, essentially from the 
properties of the electromagnetic field in the classical limit. Here there is no such 
analogy. In deriving the (Bose or Fermi) commutation rules between the operators, we 
can be guided only by the form of the Hamiltonian constructed from these operators. 

This Hamiltonian is obtained (see QM, §64) by substituting i ft and ip + in place of 
if and if/* in the integral / Too d 3 x.$ We then find 

H = 2 e(&;& p +b p b;). (11.3) 

p 

It is easily seen that a reasonable result is obtained for the eigenvalues of this 
Hamiltonian only if the operators satisfy the Bose commutation rules: 

{d p , a p }_ - {h p , 6 J}_ = 1 (11.4) 


f The set of all three-dimensional (spatial) rotations is itself a group, which constitutes a subgroup of 
the Lorentz group. The set of the Lorentz transformations is not itself a group, since the result of 
successive Lorentz transformations may be a purely spatial rotation. 

$ In the non-relativistic theory, the conjugate operator i/L is by convention written to the left of i//. 
Here, the order is of no importance, since the interchange of i j/ and i// + would cause only the interchange 
of the equivalent operators a p and b p . However, once a particular order has been selected, the same 
order must be used throughout. 
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(all other pairs of operators commute, including each particle operator a p , a p with 
each antiparticle operator b p , b p ). For, in this case, 


H = 2 e(flpa p + bpb p + 1). 

P 

The eigenvalues of the products a p a p and b p b p are positive integers N p and N p , the 
numbers of particles and antiparticles. The infinite additive constant 2 e (the 
“energy of the vacuum”) may again be simply omitted: 


E = 2e(N p + N p ); (11.5) 

P 

cf. formula (3.1) and the footnote to it. This expression is essentially positive, and 
corresponds to the idea of two types of actual particles. Similarly, we have for the 
total momentum of the system 


P = 2p(N p + N p ). (11.6) 

P 

If, instead of (11.4), we used the Fermi commutation rules (anticommutators 
instead of commutators), we should obtain 


H = 2 e(d p a p - bpbp-h 1), 

p 

and instead of (11.5) the physically meaningless expression 2 s(N p ~ N p ), which is 
not positive-definite and hence cannot represent the energy of a system of free 
particles. 

Particles with spin zero are therefore bosons. 

Next, let us consider the integral Q (10.19). Replacing the functions ijj and I/,* in 
j° by the operators ijj and i// + , and carrying out the integration, we obtain 

Q = 2 («p«p - Wt) = 2 - W, -1). (i i.7) 

p p 

The eigenvalues of this operator are (omitting the unimportant additive constant 

2 1 ) 


Q = 2(N p -N p ), (11.8) 

P 

and are therefore equal to the differences between the total numbers of particles 
and antiparticles. 

So long as we are discussing free particles and ignoring any interaction between 
them, the law of conservation of the quantity Q is, of course, largely conventional 
(like those of total energy (11.5) and total momentum (11.6)): what is actually 
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conserved is not only the sum Q but the numbers N p, N p individually. The nature 
of the interaction decides whether the quantity Q is conserved. If Q is conserved 
(i.e. if the operator Q commutes with the Hamiltonian of the interaction), the 
formula (11.8) shows the limitation imposed by the conservation law on the 
possible variation of the number of particles: only “particle-antiparticle” pairs can 
be formed or disappear. 

If a particle is electrically charged, its antiparticle must have a charge of the 
opposite sign: if both had charges of the same sign, the creation or annihilation of 
the particle-antiparticle pair would contravene a rigorous law of nature, the 
conservation of total electric charge. We shall see later (§32) how the theory 
automatically leads to this oppositeness of the charges (for interactions of particles 
with an electromagnetic field). 

The quantity Q is sometimes called the charge of the field of the particles 
concerned. For electrically charged particles Q gives, in particular, the total 
electric charge of the system in terms of the unit charge e. But particles and 
antiparticles may also be electrically neutral. 

Thus we see that the nature of the relativistic relation between the energy and 
the momentum (the twofold root of the equation g 2 = p 2 + m 2 ), together with the 
requirements of relativistic invariance, leads in the quantum theory to a new 
principle of classification of particles: there can exist pairs of different particles 
(particle and antiparticle) which are interrelated in the way described above. This 
remarkable prediction was first made (for particles with spin 2 ) by Dirac in 1930, 
before the discovery of the first antiparticle, the positron.! 

§ 12. Strictly neutral particles 

In the second quantization of the (//-function (11.1), the coefficients a ( p +) and 
were treated as operators relating to different particles. This is not necessary, 
however: as a particular case, the annihilation and creation operators in (// may 
relate to the same particles, as for photons (cf. (2.17)). Then, denoting these 
operators by c p and c p , we write the (//-operator as 

( 12 . 1 ) 

The field described by this operator corresponds to a system of particles of one 
kind only, which may be said to be their own antiparticles. 

The operator (12.1) is Hermitian ((// + = (//), and in this sense such a field has only 
half as many “degrees of freedom” as a complex field for which the operators (// 
and (// + are not the same. 

In consequence, the field Lagrangian, expressed in terms of the Hermitian 
operator (//, must contain a further factor \ in comparison with (10.9):t 

L = i(dJ ■ d^-m 2 ^ 2 ). ( 12 . 2 ) 

f The antiparticle concept was extended to bosons by V. Weisskopf and W. Pauli (1934). 

$ This resembles the extra factor 2 in the operator (2.10) of the electromagnetic field energy density 
(when the field is expressed in terms of the Hermitian operators E and H), in comparison with the 
photon energy density (3.2) expressed in terms of the complex wave function; cf. the last footnote to §3. 
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The corresponding energy-momentum tensor is 

T'y.v = dpij> ■ d v ip - Lg (12.3) 


and hence the energy density operator is 


f m = td$ldt) 2 -L 

= |[(3« t>ldt) 2 + (Vip) 2 +m 2 ip 2 l (12.4) 

Substituting (12.1) in the integral / Too d 3 x, we obtain the field Hamiltonian: 

H =12 e(c^c p + CpCp). (12.5) 

P 

This again shows that Bose quantization is necessary: 

{c p , Cp}_ = 1, (12.6) 

and the energy eigenvalues (again without the additive constant) are 


E = 2 £ P N P . (12.7) 

P 

Fermi quantization would lead to the absurd result that E is independent of N p . 

The “charge” Q of this field is zero, as is evident from the fact that Q must 
change sign when particles are replaced by antiparticles, whereas in the present 
case there is no difference between the two. The current density 4-vector therefore 
does not exist, since the expression 

L = ( 12 . 8 ) 

for the operator j of the conserved 4-vector is zero when i// = t// + (the vector ipd^ip 
is not itself conserved). This, in turn, means that there is no special conservation 
law restricting the possible changes in the number of particles. Such particles must 
clearly be electrically neutral. 

Particles of this kind are said to be strictly neutral, as opposed to electrically 
neutral particles which are not their own antiparticles. Whereas the latter can be 
annihilated (transformed into photons) only as pairs, strictly neutral particles can 
be annihilated singly. 

The structure of the (//-operator (12.1) is similar to that of the electromagnetic 
field operators (2.17)-(2.20). In this sense we may say that photons are themselves 
strictly neutral particles. For the electromagnetic field, the operators are Hermitian 
because the fields are measurable physical quantities (in the classical limit) and are 
therefore real. For the (//-operators of particles there is no such relation, since they 
do not correspond to any quantities that are directly measurable. 

The absence of a conserved current 4-vector is a general property of strictly 
neutral particles, and does not require the spin to be zero; for instance, it occurs 
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for photons also. Physically, it expresses the absence of the corresponding pro¬ 
hibitions on a change in the number of particles. There is a direct formal relation 
between the absence of a conserved current and the fact that the field is real (the 
operator ip is Hermitian). 

The Lagrangian of a complex field, 

L = d^ + • dy - m 2 ip + 4f, (12.9) 

is invariant under multiplication of the ^-operator by any phase factor, i.e. under 
the gauge transformations 


ip->e% ip + ->e-' l y\ ( 12 . 10 ) 

In particular, the Lagrangian is unchanged under the infinitesimal transformation 
ip -» ip 4- i 8a • ip, ip + -» ip + — i 8a • ip + . (12.11) 


When the “generalized coordinates” q undergo an infinitesimal change, the 
change in the Lagrangian is 


8L 


dL , dL 


2 ( 


= Y (§L. 


\dq dx* 1 dq 


— ) Sq + 2 


d 

dx "• 



(with summation over all q). The first term is zero, from the “equations of motion” 
(Lagrange’s equations). If the “coordinates” q are taken to be the operators ip and 
ip + , and with 8ip = i 8a • ip, 8ip + = — i 8a • i// + , we obtain 


8L = i8a — fp 


dL 



)• 


Hence we see that the condition for the Lagrangian to be invariant (8L = 0) is 
equivalent to the equation of continuity (dj* = 0) for the 4-vector 


r = i(^ 


dL 

dfo 



( 12 . 12 ) 


It is easily shown that, with the Lagrangian (12.9), this formula yields the current 

( 12 . 8 ). 

Thus, in the mathematical formalism of the theory, the existence of a conserved 
current is related to the invariance of the Lagrangian under the gauge trans¬ 
formations (W. Pauli, 1941). The Lagrangian (12.2) of the strictly neutral field does 
not possess this symmetry. 
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§ 13. The transformations C, P and T 

Unlike 4-inversion, three-dimensional (spatial) inversion is not reducible to any 
rotations of the 4-coordinate system; its determinant is -1, not +1. The symmetry 
properties of particles with respect to inversion (the P transformation) are there¬ 
fore not determined already by considerations of relativistic invariance.! 

The inversion operation, as applied to a scalar wave function, is the trans¬ 
formation 


Pipit, r) = ± ip(t,~ r), (13.1) 

where the plus and minus signs on the right correspond to true scalars and 
pseudoscalars respectively. 

Hence we see that two features of the behaviour of the wave function under 
inversion must be distinguished. One of these relates to the coordinate dependence 
of the wave function. In non-relativistic quantum mechanics, only this aspect was 
considered; it leads to the concept of the parity of the state (which we shall here 
call the orbital parity), describing the symmetry properties of the motion of the 
particle. If the state has a definite orbital parity (+1 or -1), this means that 

ip(t,-r) = ±ip(t, r). 

The other feature is the behaviour of the wave function at a given point (which 
may conveniently be taken as the origin) under inversion of the coordinate axes. 
This leads to the concept of the internal parity of the particle. The two signs in 
(13.1) correspond to internal parity 4-1 and -1 (for a particle with spin zero). The 
total parity of a system of particles is given by the product of their internal parities 
and the orbital parity of their relative motion. 

The “internal” symmetry properties of various particles appear, of course, only 
in their mutual transformation processes. In non-relativistic quantum mechanics, 
the analogue of the internal parity is the parity of a bound state of a composite 
system, such as a nucleus. In the relativistic theory, which makes no essential 
distinction between composite and elementary particles, this internal parity is no 
different from the internal parity of those particles which are regarded as elemen¬ 
tary in the non-relativistic theory. In the non-relativistic case, where these particles 
are regarded as unalterable, their internal symmetry properties are not observable, 
and a discussion of these would therefore be devoid of physical significance. 

In the second quantization formalism, the internal parity is expressed by the 
behaviour of the i^-operators under inversion. Scalar and pseudoscalar fields 
correspond to the transformation laws 

P: ip(t, r) -> ± ip(t, -r). (13.2) 

The actual significance of the action of inversion on the ^-operator must be 

t The Lorentz group together with spatial inversion is called the extended Lorentz group (in contrast 
to the original group without P, which in this connection is called the proper Lorentz group). The 
extended group includes all transformations which leave the t axis within the corresponding light cone. 
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formulated as a particular transformation of the particle annihilation and creation 
operators, such as to lead to the result (13.2). It is easily seen that such trans¬ 
formations are 


P : d p -> ± u_ p , h p -> ± b- p (13.3) 

(and the same for the conjugate operators). For, on making these changes in the 
operator 


Ut, r) = S^(a P e-^'-'+G; (13.4) 

and then changing the notation for the summation variable (p-» — p), we can bring it 
to the form ±ij/(t, -r). Thus, if ij/ p (t, r) denotes the operator after the substitutions 
(13.3), we have 

4> p (t,r) = ±ip(t, ~r). (13.5) 

The transformation (13.3) is entirely reasonable, since inversion changes the sign of 
the polar vector p, and particles with momentum p are therefore replaced by 
particles with momentum -p. 

In (13.3) the operators u p and b p are transformed either both with the upper sign 
or both with the lower sign. In the second quantization formalism, this expresses 
the fact that particles and antiparticles (with spin zero) have the same internal 
parity, a result which is evident because they are described by the same (scalar or 
pseudoscalar) wave functions. 

The i/z-operator (13.4) is also symmetrical under a transformation which has no 
analogue in the non-relativistic theory, that of charge conjugation (the C trans¬ 
formation). If all the operators u p and b p are respectively interchanged: 

C . Up > b p, b p ^ Up (13.6) 

(i.e. if particles and antiparticles are interchanged), then \p becomes the charge- 
conjugate operator i// c , where 


^,r) = ^,r). (13.7) 

This equation expresses the symmetry of the concepts of particles and antiparticles 
in the theory. 

There is an unimportant formal arbitrariness in the definition of the charge- 
conjugation transformation. The significance of the transformation is unchanged if 
an arbitrary phase factor is included in the definition (13.6): 

Up —> e la b p , b p -> e' ia d p . 

This would lead to 

4f-*e ia 4f + , 


QE4 - E 
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and a twofold repetition of the transformation would again yield an identity 
(ip -»i//). All such definitions are equivalent, however. Since the properties of the 
^-operators are unchanged on multiplication by a phase factor (cf. the end of §12), 
we can simply write \pe ia/2 in place of i//, and thus again obtain the definition of 
charge conjugation (13.6), (13.7). 

Since charge conjugation replaces a particle by its antiparticle, which is not 
identical with it, no new properties of a particle or a system of particles, as such, 
will in general arise. 

An exception is formed by systems comprising equal numbers of particles and 
antiparticles. The operator C transforms such a system into itself, and so in this 
case the operator has eigenstates, corresponding to*the eigenvalues C = ± 1 (since 
C 2 = 1). To describe the charge symmetry, we may regard the particle and the 
antiparticle as two different “charge states” of the same particle, differing in the 
value of the charge quantum number Q = ± 1. The wave function of the system is 
the product of an orbital function and a “charge” function, and must be sym¬ 
metrical with respect to simultaneous interchange of all the variables (coordinate 
and charge) of any pair of particles. The symmetry of the “charge” function 
determines the charge parity of the system (see the Problem at the end of this 
section).t 

The concept of charge parity, which arises in a natural manner for “strictly 
neutral” systems, must apply also to strictly neutral “elementary” particles. In the 
second quantization formalism, this concept is represented by the equation 

4> c = ±4>, (13.8) 

where the plus and minus signs correspond to charge-even and charge-odd particles 
respectively. 

Relativistic invariance implies invariance under 4-inversion (see §11). For a 
scalar field operator (in the sense of 4-rotations) this means that 4-inversion must 
give 


r)->iK-t,-r) 

with the right-hand side always positive. In terms of transformations of the 
operators a p , b p , the transformation of ip(t, r) into i//(-t, -r) is obtained by inter¬ 
changing the coefficients of e~ lpx and e ipx in (13.4), i.e. by making 

a p ->h p , h p -> a p . (13.9) 

Since a-operators are replaced by b -operators, this involves interchange of parti¬ 
cles and antiparticles. We see that, in the relativistic theory, there is a natural 
requirement of invariance under a transformation in which spatial inversion (P) 
and time reversal (T) are accompanied by charge conjugation (C); this is called the 
CPT theorem.t 

t In this discussion we are considering a particle with spin zero. The treatment given here can be 
immediately generalized to other spin values; see, for instance, §27, Problem. 

$ This theorem was enunciated by G. Liiders (1954) and W. Pauli (1955). 
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Here, however, it must be emphasized that, although the arguments given in 
§§11 and 12 and the present section are a natural development of the ideas of 
ordinary quantum mechanics and classical relativity theory, the results thus 
obtained go beyond these both in form ((//-operators including both particle creation 
and particle annihilation operators at the same time) and in content (particles and 
antiparticles). They cannot therefore be regarded as logically necessary, but 
embrace new physical principles whose correctness can be tested only by experi¬ 
ment. 

If the operator (13.4) transformed by (13.9) is denoted by ifr CPT (t, r), we can 
write 

>p CFT (t, r) = —r). (13.10) 

Thus, if 4-inversion is formulated as the transformation (13.9), we thereby 
establish also the formulation of the time-reversal transformation of the if/- opera¬ 
tor: together with the combined inversion transformation CP, it must give 
(13.9). Using the definitions (13.3) and (13.6), we therefore find 

T:d p ^±d±p, b p ^>±b%, (13.11) 

where the signs ± correspond to those in (13.3). The significance of this trans¬ 
formation is obvious: time reversal not only changes motion with momentum p into 
motion with momentum -p, but also interchanges initial and final states in the 
matrix elements. The annihilation operators for particles with momentum p are 
therefore replaced by creation operators for particles with momentum —p. Making 
the substitutions (13.11) in (13.4) and changing the notation for the summation 
variable (p — p), we obtainf 


<p T (t, r) = ± 4> + (—t, r). (13.12) 

This is similar to the general rule for time reversal in quantum mechanics: if a 
certain state is described by the wave function i//(f, r), then the “time-reversed” 
state is described by the function i//*(-f, r). The change to the complex conjugate 
function is necessary because the “correct” time dependence must be restored, 
after being lost through the change in the sign of t (E. P. Wigner, 1932). 

Since the transformation T (and therefore CPT) interchanges the initial and 
final states, there are no eigenstates and eigenvalues, and therefore no new 
properties of particles as such. The consequences as regards scattering processes 
will be discussed in §§69 and 71. 

Let us see how the current 4-vector operator (12.8) is affected by the 
transformations C, P and T. The transformation (13.2), together with (d 0 , d,)-* 
(do,-di), g ives 

P:(f,j) t .r^(J°,-j)<.-r, (13.13) 

t If the operation T is defined without regard to the other transformations, there is the same 
arbitrariness in the choice of the phase factor as occurs for the operation C. The requirement of CPT 
symmetry implies that the phase factor can be chosen arbitrarily for only one of the transformations C 
and T. 
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as we should expect for a true 4-vector. The transformation (13.7) would give simply 


C:(j°,j), r ^(-/°,-j), r (13.14) 

if the operators ip and ip + commuted. However, the non-commutativity of these 
operators is due only to that of the operators a p and dp (or h p and bp) with the 
same p, and from the commutation rules (11.4) the interchange of these operators 
produces only terms independent of the occupation numbers, i.e. independent of 
the state of the field. Omitting these terms as unimportant, as in (11.5), (11.6), we 
return to (13.14), whose significance is evident: charge conjugation replaces parti¬ 
cles by antiparticles and thus changes the sign of every component of the 4-current. 

Since the operation of time reversal involves transposing the initial and final 
states, it changes the order of the factors in a product of operators. For example, 

= (dJ) T (i(, + ) T . 


Here, however, this is not important: since the (//-operators commute (in the sense 
explained above), the result is unaffected by returning to the original order of 
factors. Since also (d 0 , d/)-*(-d 0 , d,) under time reversal, the current transformation 
rule is 


T: (]°, j)t, r -» (j°, (13.15) 

The three-dimensional vector j changes sign, in accordance with its classical 
significance. 

Finally, for the CPT transformation, 

CPT: (/°, j\ r ->(-j°,-j)- f .-r, (13.16) 

in accordance with the significance of this operation as 4-inversion. Here it must be 
emphasized that, since 4-inversion is a rotation of the 4-coordinate system, it does 
not correspond to two types (true and pseudo) of 4-tensors of any rank. 

So far, we have assumed that the particles are free; but parity quantum 
numbers acquire real significance only when interacting particles are considered 
and definite selection rules are imposed which allow or forbid specified processes. 
Only conserved properties, however, can have this significance; that is, the eigen¬ 
values of operators which commute with the Hamiltonian of the interacting 
particles. 

Because of relativistic invariance, the CPT transformation operator always 
commutes with the Hamiltonian. For the C and P (and therefore T) trans¬ 
formations separately, experiment shows that the electromagnetic and strong 
interactions are invariant, and the corresponding parity quantum numbers are 
therefore conserved in these interactions. In a weak interaction, these conservation 
laws do not hold.t 

t The idea that parity might not be conserved in weak interactions was first put forward by T. D. Lee 
and C. N. Yang (1956). The general notion that the laws of physics might not have P and T invariance 
had previously been suggested by Dirac (1949). 
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Anticipating a little, we may mention that the operator of the interaction 
between charged particles and the electromagnetic field is given by the product of 
the operator 4-vectors A and j. Since charge conjugation changes the sign of j, the 
invariance of the electromagnetic interaction under this transformation means that 
the sign of A must also be changed. Thus photons are charge-odd particles. 

This behaviour of the operators A is in accordance with the properties of the 
4-potential in the classical theory: from the transformations 

C: (Ao, A) -»(—Ao, — A) ti r , 

P: (A 0 , A)-»(Ao,-A) t> _ r , 

CPT: (Ao,A)^(-A 0 ,-AK_ r , 


it follows that 


T: (Ao, A)-» (Ao, ~A)- t>r , 

in agreement with the classical rule for the transformation of the electromagnetic 
field potentials under time reversal. 

The requirement of CPT invariance does not impose any limitations on the 
properties of the particles themselves, but it implies certain relations between those 
of particles and antiparticles. Firstly, their masses must be equal, as is evident from 
the relation described in §11 between 4-inversion and the basis of the concept of 
particles and antiparticles. Next, it follows from CPT invariance that there is only a 
difference of sign in the proportionality coefficients between the electric and magnetic 
moment vectors and the particle and antiparticle spin vector. The magnetic moment 
changes sign under the C and T transformations but (being an axial vector) is not 
affected by the P transformation. Hence the CPT transformation, which converts a 
particle into an antiparticle, does not change the sign of the magnetic moment; the spin 
vector does change sign. The same applies to the electric moment, which is unchanged 
by time reversal but changes sign under the C transformation and (being a polar 
vector) under spatial inversion. 

The requirements of P and T invariance (if complied with) restrict the proper¬ 
ties of each particle, prohibiting the existence of an electric dipole moment: the 
only vector that can be constructed from the (//-operators of an elementary particle 
at rest is its spin operator vector, which is P-even and T-odd, and can therefore give 
rise to a magnetic moment but not an electric moment. We must emphasize that 
either P invariance or T invariance is sufficient to invoke this prohibition. 


PROBLEM 

Determine the charge and spatial parities of a system of two particles with spin zero (particle and 
antiparticle) and orbital angular momentum of relative motion 1. 

Solution. Interchanging the coordinates of the particles is equivalent to inversion (about their 
centre of mass), and therefore multiplies the orbital function by (-1)*; interchanging the charge variables 
is equivalent to charge conjugation, and multiplies the “charge” factor in the wave function by the 
required parity C. The condition C(-l) < = 1 gives 


c = (-!)'. 
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The spatial parity P of the system is the product of the orbital parity and the internal parities of the two 
particles. Since the particle and the antiparticle have the same internal parity, in this case P is equal to 
the orbital parity: 

P=(~ 1)' 

§ 14. The wave equation for a particle with spin one 

A particle with spin one is described in its rest frame by a three-component 
wave function, a three-dimensional vector; such a particle is often called a vector 
particle. The four-dimensional origin of this vector may be as the three spatial 
components of the space-like 4-vector or the mixed components of the 
antisymmetric 4-tensor of rank two; the time component i//° and the space 
components if/ lk are zero in the rest frame.t 

The wave equation is a differential relation between the quantities I//*" and 
and will be written as the equations 

ifav = PV*' “PAi, (14.1) 

imVn = P (14.2) 

with p = id (A. Proca, 1936). Applying the operator p^ to both sides of equation 
(14.2), we have 


pVh = o, 


(14.3) 


since iis antisymmetric. 

By substituting (14.1) in (14.2) to eliminate i//^, and using (14.3), we obtain 

(p 2 -m 2 )^= 0, (14.4) 

whence it is again evident (cf. §10) that m is the mass of the particle. Thus a free 
particle with spin one can be described by a single 4-vector I//**, whose components 
satisfy the second-order equation (14.4), and also the further condition (14.3), 
which eliminates from ift* the part pertaining to spin zero. 

In the rest frame, where is independent of the spatial coordinates, we find 
that p Vo = 0.- Since also p Vo = mi// 0 , it is seen that in the rest frame i//o = 0, as it 
should be, and the i f/ ik are likewise zero. 

A particle with spin one can have different internal parities, according as ^ is a 
true vector or a pseudovector. In the former case 

Pr = v°, 


and in the latter case 


Pr = (-•/A 


f Anticipating, we may mention that the ensemble of the 4-vector ^ and the 4-tensor 
corresponds to that of the 4-dimensional spinors of rank two £ afi , rjap, £ afi , where £ afi and rjdp are 
symmetrical spinors changed into each other on inversion (§19). 
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Equations (14.1), (14.2) can be derived from the variational principle, using the 
Lagrangian 

L = W* - djf*) + mV*. (14.5) 


The independent generalized coordinates are here represented by i//^, i//*, i//^, 

To find the energy-momentum tensor, formula (10.11) is not entirely suitable 
here, since it would lead to an unsymmetrical tensor requiring further sym- 
metrization. Instead, we can use the formula 


i T ,/ = _ d HLV-g) d(LV-g) 

2 liV g dx x dg»\ k dg^ ’ 


(14.6) 


in which L is assumed to be expressed in a form appropriate to any curvilinear 
coordinates (see Fields , §94). If L contains only the components of the metric 
tensor g^, and not their derivatives with respect to the coordinates, the formula 
becomes simply 


2 d(LV-g) dL 

» v V-g dg» v dg^ gfXV 


(since d log g = - g^dg^). 

Since the differentiation in formula (14.6) is not with respect to the quantities 
i//^, 4 V, these quantities need not be regarded as independent when applying the 
formula; we may immediately make use of the relationship (14.1) to rewrite the 
Lagrangian (14.5) as 


L = - 1 2^t P g^g vp + m 2 ^g^. 


(14.7) 


Then 


T pv = - </va<K* - + m 2 (ipt^ + - m 2 4*U x ). (14.8) 

In particular, the energy density is given by the essentially positive expression 

Too = iMl + + m 2 (t/<ot/4 + •/'it/'t)- (14.9) 

The conserved current density 4-vector is given by 

j' 4 = i(^*^-^>*). (14.10) 

This can be obtained, in accordance with (12.12), by differentiating the Lagrangian 


t If the variation were made with respect to if/^ only (assuming if/^ v already expressed in terms of if/^ 
by (14.1)), equation (14.3) would have to be imposed as an additional condition unrelated to the 
variational principle. 
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(14.5) with respect to the derivative In particular 


j 0 =i(ip 0k *ip k -4, 0k ipt) 


(14.11) 


and is not an essentially positive quantity. 

A plane wave normalized to one particle in the volume V = 1 is 

t/v = V(2e) u ^ e ‘ PX ’ = (14.12) 

where u^ is the unit polarization 4-vector, which, by (14.3), satisfies the condition 
of four-dimensional transversality, 


1^=0. (14.13) 

For, on substituting the function (14.12) in (14.9) and (14.11), we obtain 

Too=-2e 2 ^*=e, j°= 1 . 

Unlike the photon, a vector particle with non-zero mass has three independent 
directions of polarization. The corresponding amplitudes are given in (16.21). 

The density matrix for partially polarized vector particles is defined so that in a 
pure state it reduces to the product 


Pw = u^u* v 

(similarly to (8.7) for photons). According to (14.12) and (14.13), it satisfies the 
conditions 

PV-0, p£ = -1. (14.14) 

For unpolarized particles, p ^ must have the form ag^ + bp^p v . When the 
coefficients a and b are found from (14.14), the result is 

p^ = -kg^~P,.pJm 2 ). (14.15) 

The quantization of the vector particle field is entirely analogous to the scalar 
case, and there is no need to repeat the arguments. The ^-operators of the vector 
field are 


4>„ = S \/(2e) e ^ + e>P *)’ 

= 2 y/(2e) (“i> aU< p a) * e ‘ PX + b P a u t } e~ ipx ), 


(14.16) 


where the suffix a labels the three independent polarizations. 
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As in the scalar case, Bose quantization is necessary because the expression 
(14.9) for Too is positive definite and the expression (14.11) for j° is not. 

There is a close connection between the properties of strictly neutral vector and 
electromagnetic fields. The neutral vector field is described by an Hermitian 
(//-operator: 


4=s V(k) ( ^ a) e ~ ipx +e>PX) • (14 - 17) 

The Lagrangian of this field is 

L = - \V r (B^ v - + im 1 ^. (14.18) 

The electromagnetic field corresponds to m = 0. The 4-vector i ft* then becomes 

the 4-potential A*, and the 4-tensor \p* v becomes the field tensor F* v , which is 

related to the potential by the definition (14.1). Equation (14.2) becomes d v ip^ v = 0, 
corresponding to the second pair of Maxwell’s equations. This does not imply the 
condition (14.3), which therefore is no longer obligatory. Since the extra condition 
has disappeared, there is no need to regard ^ and i//^ as independent “coor¬ 
dinates” in the Lagrangian, and (14.18) becomes 

E = (14.19) 

in agreement with the familiar classical expression for the Lagrangian of the 
electromagnetic field. This Lagrangian, like the tensor is invariant under any 
gauge transformation of the “potentials” There is an evident connection 
between this property and the zero mass: the Lagrangian (14.18) does not possess 
the property, because of the term m 2 ^^. 

§ 15. The wave equation for particles with higher integral spins 

Since the wave equations (14.3), (14.4) follow immediately when the particle 
mass and spin are given, the practical utilization of the Lagrangian involves not so 
much the derivation of these equations as the establishment of expressions for the 
field energy, momentum and charge. 

To do so we can, as already mentioned, use in place of (14.5) the expression 
(14.7), and the latter can be further transformed as follows. From (14.1), it can be 
rewritten as 


l = - +(wtxd'r )+ 

= - (d^*)(d^r) + 

The last term is zero, by (14.3), and the one preceding it is a total derivative. 
Omitting this, we obtain the Lagrangian 


L' = - (d^Xd^) + 


(15.1) 
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This has the same form as the Lagrangian (10.9) for a particle with spin zero, the 
only difference being that the scalar if/ is replaced by the 4-vector and the sign is 
changed. The change of sign occurs because i^ is a space-like vector, so that 
< 0, whereas for a scalar particle i/n//* > 0. 

On constructing the energy-momentum 4-tensor and the current 4-vector from 
the Lagrangian (15.1), we obtain expressions of the same form as (10.12) and 
(10.18) for the scalar field: 

t m „ = - a^* ■ a^x - d^* ■ a^x - L’ glin (15.2) 

JV = - (15.3) 

Thd difference between these and (14.8), (14.10) is again a total derivative. But it 
has already been stressed that the local values of these quantities have no profound 
physical significance. Only the volume integrals (10.15) and Q (10.19) are 
important, and these will be the same for either choice of T^ v and j JLt . 

This method of description can be immediately generalized to particles with any 
(integral) spin. The wave function of a particle with spin s is an irreducible 4-tensor 
of rank s, i.e. a tensor symmetrical in all its indices and vanishing on contraction 
with respect to any pair of indices: 

1/'.^.. = */'..^.., ^..^.. = 0. (15.4) 

This tensor must satisfy the additional condition of 4-transversality: 

P>..*.. = 0, (15.5) 

and each of its components must satisfy the second-order equation 

(p 2 - m 2 )i//.. = 0. (15.6) 

In the rest frame, the condition (15.5) means that every component of the 4-tensor 
whose indices include a zero must vanish. Thus the wave function in the rest frame 
(i.e. in the non-relativistic limit) is equivalent, as it should be, to an irreducible 
3-tensor of rank s, the number of independent components of which is 2s + 1. 

The Lagrangian, the energy-momentum tensor and the current vector for a field 
of particles with spin s differ from (15.1)—(15.3) only in that i// A is replaced by 
The normalized plane wave is 

V v ' = e ~' VX ’ - = -l, (15.7) 

the wave amplitude satisfying the conditions 


n " M ' P / * = 0. 

There are 2s + 1 independent polarization states. 


(15.8) 
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The quantization of the field is effected by an obvious generalization from the 
cases of spin zero and one. 

The procedure given above is entirely sufficient for the stated purpose: to 
describe a field of free particles. The situation is different if it is proposed to 
describe the interaction of the particles with an electromagnetic field. This inter¬ 
action would have to be included in the Lagrangian in order to yield all the 
equations without the need to impose additional conditions. In practice, however, 
this description of the interaction is found to be applicable only for electrons, i.e. 
particles with spin \ (see §32). For other spin values, therefore, the problem is only 
of methodological interest. 

For any spin s > 1 (integral or half-integral), it proves impossible to formulate a 
variational principle by means of a single (tensor or spinor) function whose rank 
corresponds to the given spin. It is necessary to use additional tensor or spinor 
quantities of lower rank. The Lagrangian is then so chosen that these auxiliary 
quantities must be zero on account of the free-particle field equations which follow 
from the variational principle.t 


§ 16. Helicity states of a particle! 

In the relativistic theory the orbital angular momentum 1 and the spin s of a 
moving particle are not separately conserved. Only the total angular momentum 
j = 1 + s is conserved. The component of the spin in any fixed direction (taken as the 
z-axis) is therefore also not conserved, and cannot be used to enumerate the 
polarization (spin) states of the moving particle. 

The component of the spin in the direction of the momentum is conserved, 
however: since 1 = r x p the product s • n is equal to the conserved product 
j • n (n = p/|p|). This quantity is called the helicity; it has already been mentioned in 
§8 in relation to the photon. Its eigenvalues will be denoted by A (A = - s, ..., +s), 
and states of a particle having definite values of A will be called helicity states . 

Let i/fpx be the wave function (plane wave) describing the state of a particle with 
definite values of p and A, and u (x) ( p) its amplitude; to simplify the notation, we 
shall omit the indices for the components of this function (4-tensor indices for a 
particle with integral spin). 

It has been shown in earlier sections that a wave function with more than 2s + 1 
components is needed in order to give a relativistic description of particles with 
non-zero (integral) spin. But the number of independent components remains equal 
to 2s + 1; the “extra” components are eliminated by imposing additional conditions 
which cause these components to vanish in the rest frame. In Chapter III this will 
be shown for half-integral s also. 

According to the formulae for transformation of the angular momentum (see 
Fields , §14), the helicity is invariant under those Lorentz transformations which do 
not alter the direction of p along which the angular momentum component is taken. 
The number A therefore remains a good quantum number under such 

t See M. Fierz and W. Pauli, Proceedings of the Royal Society A173,211,1939. The procedure indicated 
above is carried out in this paper for particles with spin 3/2 and 2. 

$ The discussion in this section relates to particles with any spin (integral or half-integral). 
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transformations, and the symmetry properties of helicity states can be studied by 
means of a frame of reference in which the momentum |p| m (in the limit, the rest 
frame). Then i// pA reduces to a non-relativistic wave function with 2s + 1 components. 
Let its amplitude be denoted by w (A) (n), the argument being the direction n = p/|p| 
along which the angular momentum is quantized. The amplitude w (A) is an eigen¬ 
function of the operator n • s: 


(n • s)w (A) (n) = Aw (A) (n). (16.1) 

In the spinor representation, w (A) is a contravariant symmetrical spinor of rank 2s; 
according to the correspondence formulae (QM, (57.2)), its components can also be 
enumerated by the corresponding values of the spin component cr along a fixed 
z-axis.t 

In the momentum representation, the wave functions of the states considered 
are essentially the same as the amplitudes w (A) (p): 

if/ p x(k) = u a) (k)8 (2 \v - n) = u a) (p)8 (2) (v - n), (16.2) 

where the momentum as an independent variable is denoted by k, as contrasted 
with its eigenvalue p, and v =■ k/|k|, as against n = p/|p|.$ In the non-relativistic limit, 

i// nA (v) = w (a) (v)8 (2) (v - n) = w (A) (n)5 (2) (v - n). (16.3) 

This expression should be written in the more explicit form 

i/'baCv, cr) = w! r A, (v)S' 2) (v - n), 

showing the discrete independent variable cr. 

The helicity operator s • n commutes with the operators j z and j 2 , since the 
angular momentum operator is related to an infinitesimal rotation of the coor¬ 
dinates, and the scalar product of two vectors is invariant under any rotation. 
There exist, therefore, stationary states in which the particle simultaneously has 
definite values of the angular momentum j, its component j z = m, and the helicity A. 
Such states will be called spherical helicity states . 

Let us determine the wave functions of these states in the momentum 

t These arguments, like the possible values shown for A, apply to particles with non-zero mass. For 
massless particles there is no rest frame, and the helicity can take only the two values A = ± s. This is 
because of the fact already mentioned in §8, that the states of such a particle are classified by their 
behaviour with respect to the axial-symmetry group, which allows only twofold degeneracy of levels (as 
regards the properties of the wave equation, this means that in the limit as m -»0 the set of equations for 
a particle with spin s separates into independent equations corresponding to massless particles with 
spins s, s-1,...). For example, the photon has A = ±l, and the corresponding w (A) are the three- 
dimensional vectors e (±1) (8.2). 

$ The delta function 5 (2) is defined so that 

J 8 <2> (v — n)do v = 1. 

The delta function which imposes a fixed value of the energy is omitted in (16.2), and similarly in (16.4) 
below. 
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representation. This may be done by direct analogy with the formulae derived in 
QM, §103 for the wave functions of a symmetrical top. They were obtained there 
on the basis of the formulae for the transformation of wave functions under finite 
rotations (QM, §58). These in turn were based solely on the symmetry properties 
with respect to rotation, and are therefore applicable to functions in the momentum 
representation just as much as to coordinate functions. 

In addition to the coordinates x, y, z fixed in space (with respect to which the 
functions i l/ jmK are written), we shall also use “moving” coordinates £, tj, f, with the 
£-axis in the direction of v. Without repeating the argument (cf. the derivation of 
QM, (103.8)), we can write 


«Jw(k) = i) 

where is the wave function in the moving coordinates, describing the state of a 
particle with a definite value of the ^-component of the angular momentum, ]} = A; 
in the momentum representation, of course, this function is the same as the 
amplitude u (x) . The normalized wave function (see below) is 

fc(k) = V" 4 ^ D ( iUv)u ,k> (k). (16.4) 

Here, however, there is a question of the choice of phases, because of the 
following non-uniqueness: a rotation of the coordinates £, rj, f relative to x, y, z is 
defined by three Eulerian angles a, ] 8 , y, whereas the direction of v, on which the 
particle wave function can alone depend, is defined by the two spherical angles a = <\> 
and = 6. It is thus necessary to agree on some definite choice of the angle y. We shall 
take y= 0 , defining D^ m (v) as. 

D&W = D&(<fc 6 , 0) = d&W. (16.5) 

From QM, (58.21), the functions (16.5) are seen to satisfy the orthonormality 
conditions: 


I Di% *(v)Dj&, 2 (v) ~ S hh K’n 2 , (16.6) 

where do v = sin 6 dO d<f>. The orthogonality of the functions with respect to the 
suffix A is ensured by the factor w (A) . Thus the functions are orthogonal in all 
three suffixes, as they should be, and with the coefficient chosen in (16.4) they are 
normalized by the condition* 


I |«ten*| 2 do, = 1. (16.7) 

Here we assume that the amplitudes w (A) are normalized to unity: w (A) w (A) * = 1. 

Let us now consider the behaviour of the wave functions of helicity states 
under inversion of the coordinates. The product of the polar vector v and the axial 
vector j is a pseudoscalar. It is therefore obvious that inversion will change a state 
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with helicity A into one with helicity -A; all that is necessary is to determine the 
phase factors in these transformations. 

Under inversion, v-> - v. The vector v is defined by the two angles </> and 6 , and 
the transformation v -> - v is brought about by the changes </>-></> + 7r, 6 -*tt - 6. 
This determines the £-axis but leaves indefinite the position of the £ and tj axes, 
which depends also on the third Eulerian angle y; the transformation of 6 and c p 
alone does not distinguish, in this sense, between reflection of the coordinates and 
rotation of the £-axis. Expressed in terms of all three Eulerian angles, inversion is 
the transformation 


a = </>-></> + 7T, j3 = 0 -> 7T — 0, y -> 7T — y. (16.8) 

Hence, if D ( A J ^(v) is defined as in (16.5) (i.e. with y = 0), and the transformation 
v -> - v is regarded as being the result of inversion, then 

D&(-V) = DVM + 77 , 77 - 0, 77 ). (16.9) 

From formulae QM (58.9), (58.16) and (58.18) we hence find 

Df»(-v) = d&(77 - 0) e im( ^ 

= (-i r K e im *d% m (e) 

= (-i y- A D ( 4 m (4>, e,o), 

or 

DHU-v) = (- m (v), (16.10) 


where j - A is an integer. 

A similar formula for the spinor w (A) can be obtained by noticing that its 
components wJ, A) are the same, apart from a factor, as the functions 

w<, A) (v) ~D£(v)*. (16.11) 

For, by applying the transformation formulae QM (58.7) to the spin eigenfunctions 
and taking the ^-component of the spin to have a definite value A (i.e. replacing i// Jm 
by 8m'\ on the right-hand side of QM (58.7), we find that D^(y) are the spin wave 
functions corresponding to definite values of the z and f components (a and A) of 
the spin. The set of these functions with a = - s,... , + s forms, according to the 
correspondence formulae (QM (57.6)), a covariant spinor of rank 2s. The com¬ 
ponents of the contravariant spinor, which according to the formulae QM (57.2) 
correspond to the components w ( CT A) , are transformed as the complex conjugates of 
the components of the covariant spinor of the same rank. 

From (16.10) and (16.11), we have 

w (k \-v) = (-1 rV~ A) (v), (16.12) 

where s - A is an integer. The inversion operation applied to w (A) , however, not 
only changes v into — v but also multiplies w (A) by a common phase factor (the 
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Pw (A) (v) = rjvv (A) (-v) = V (~l) sx w ( - x) (v). (16.13) 

For the relativistic amplitude w (A) (k), this transformation becomes 


Pw (A) (k) = Tj/3M (A) (-k) 

= rj(-l) 5 “ A u ( - A) (k), (16.14) 

where ]8 is a certain matrix which is a unit matrix with respect to the components 
of w (A) which remain in the limit |p|->0. It is important to note that this matrix does 
not depend on the quantum numbers of the state, and in this sense the difference 
between (16.13) and (16.14) is unimportant.f 

On applying (16.14) to (16.2), we obtain the law of transformation of the wave 
functions of the states |nA): 


P«Mv) = tj(-1) s “V_„,- x (v). (16.15) 

For spherical helicity states, using (16.10) and (16.12), we obtain the transformation 
law 


P^jm\(v) = Tj(-l) J >im,-A(v). (16.16) 

The states are transformed into themselves, according to (16.16), i.e. they 
have a definite parity. If A t* 0, however, only superpositions of states with opposite 
helicities have a definite parity: 


(± 1 ,= 


'I'jmU 


V2 


(i/W ± ^K-a). 


On inversion, these are transformed into themselves: 

P^mlx |(v) = ± tj(-1) j “>^ A |(v). 


(16.17) 


(16.18) 


It should be noted that in this section we have arrived at a classification of 
states of a free particle with a given angular momentum, using only conserved 
quantities and without invoking the concept of the orbital angular momentum 
(which was employed, for instance, in §§6 and 7 for classifying photon states). 

As an example, let us consider the case of spin one. In the rest frame the 
amplitudes w (A) (4-vectors) become the three-dimensional vectors e (A) , which here 
take the place of the amplitudes w (A) . The action of the operator of spin one on the 
vector function e is given by the formula 


(Sie) k = - ie ikx ei ; (16.19) 

t For example, when .s = 1 the amplitudes m ( a) are the 4-vectors (16.22); /3 is then entirely a unit 
matrix with respect to the 4-vector indices, = 8^ v . When s = 2, as we shall see in Chapter III, m ( a) is a 
bispinor, the phase factor 77 = /, and /3 is the Dirac matrix y u (see (21.10)). 
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see QM, §57, Problem 2. Thus equation (16.1) becomes 

in X e (A) = Xe (A) . (16.20) 

The solutions of this equation (in coordinates with the £-axis hr the direction of 
n) are the same as the spherical unit vectors (7.14):f 

e (0) = i( 0 , 0 , 1 ), e (± 1 ) =+y 2 (l,±i, 0 ). (16.21) 


In a frame of reference in which the particle has momentum p, the helicity state 
amplitudes are the 4-vectors 


u 


(0)/x _ 


JPl _L e (0) 
m ’ m 


.(±0/* : 


( 0 ,e (±1 >). 


(16.22) 


If e is a polar vector, then tj = -1, and the functions (16.17), which are 
three-dimensional vectors when s = 1 , have the following parities: 

l/'&kP =(-iy, 

^ m Vi:P=(-l) i+1 , 
ipimo-.p =(-iy. 

On comparing with the definition of the spherical harmonic vectors (7.4), we see 
that these functions are identical (apart from phase factors) with Y$, Yffi, Yjm 
respectively. After ascertaining the phase factors (by comparing values for 0 = 0, 
say), we obtain the equations 


Y '™ = i '" 1 V^!r (e '" D ' :+ e( ~' )D -i »). 

Y ^ ) = yj -^ (e (,,, D^ + e , -' y D (i ], m ). 


(16.23) 


where j is an integer; e (A) =nXe (A) are spherical unit vectors along axes 17 ', f 
which are obtained from £, rj, £ by a rotation of 90° about the £-axis. 

The last formula (16.23) is equivalent to the expression QM (58.23) for djj^(6). 
The first or second formula (16.23) leads to a simple expression for the functions 


t The choice of phase factors is determined by the condition that the spin operator matrix elements 
calculated with the eigenfunctions (16.21) must be in accordance with the general definitions in QM, 
§§27 and 107. 
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1 


/gi+J. D (» 

V 8 tt ±m 


v( g ) . o( ±1 )* 

1 im c 


V[j(j +1)] 


e (±1) * • VY,„ 


The scalar product on the right can be written explicitly in the coordinates tj, £, 
with 

(± /_$_ _J_ <L\ 

Vdfdrj/ {dd’sine d4>)' 

With the definitions (7.2) of Y ]m and (16.5), the result is 


dg—(»)-(—I r'V q^W + D ^ 


^ + ^)Pr(cos 6), m^O. 

86 sin 6/ 1 


(16.24) 
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§17. Four-dimensional spinors 


In the non-relativistic theory, a particle with arbitrary spin s is described by a 
quantity with 2s + 1 components, a symmetrical spinor of rank 2s. These quantities 
are, mathematically, realizations of the irreducible representations of the spatial 
rotation group. 

In the relativistic theory, this group is only a subgroup of the wider group of 
four-dimensional rotations, the Lorentz group. It is therefore necessary to develop 
the theory of four-dimensional spinors (4-spinors), as quantities which are realiza¬ 
tions of the irreducible representations of the Lorentz group. This theory will be 
given in §§17-19. In §§17 and 18 we shall consider only the proper Lorentz group, 
which excludes spatial inversion; the latter will be dealt with in §19. 

The theory of 4-spinors is analogous in structure of that of three-dimensional 
spinors (B. L. van der Waerden, 1929; G. E. Uhlenbeck and O. Laporte, 1931). 

A spinor is a quantity having two components (a = 1,2); as components of 
the wave functipn of a particle with spin % and £ 2 correspond to the respective 
eigenvalues and of the z-component of the spin. Under any transformation 
belonging to the (proper) Lorentz group, the two quantities £* and £ 2 are trans¬ 
formed into linear combinations of themselves: 


g 1 ' = a£ 1 + |B£ 2 ,l 

£ 2 ' = yr + ^ 2 .J 


(17.1) 


The coefficients a, /3, y , 8 are definite functions of the angles of rotation of the 
4-coordinate system, and must satisfy the condition 


a8-py = l; (17.2) 

that is, the determinant of the binary transformation (17.1) is equal to unity, as are 
the determinants of the coordinate transformations in the Lorentz group. 

Because of the condition (17.2), the bilinear form ^ 1 H 2 -g 2 H 1 (where and 
H a are two spinors) is invariant under the transformation (17.1), and corresponds to 
a particle with spin zero which “consists” of two particles with spin In order to 
write such invariant expressions in a natural way, the “covariant” components 
are used as well as the “contravariant” components £ a of the spinor. Their 
relationship is governed by the “metric spinor” g a[i :t 


& = (17.3) 

t The spinor indices will be denoted by the letters at the beginning of the Greek alphabet: a , /3, 

7 ,. . .. 
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gap = (_J J). (17.4) 

so that 

^ = e, &=-€*. (i7.5) 

Then the invariant becomes the scalar product £“3 a , and |“3 a = 

£ OL 

ba ' * 

The properties so far stated are formally the same as those of three-dimensional 
spinors. A difference arises, however, when complex-conjugate spinors are con¬ 
sidered. 

In the non-relativistic theory, the sum 


^y* + ^V 2 *, (i7.6) 

which determines the probability density for the localization of the particles in 
space, must be a scalar, and the components i// a * must therefore be transformed as 
the covariant components of a spinor; the transformation (17.1) must therefore be 
unitary (a = 5*, ]8 = - y*). In the relativistic theory, however, the particle density 
is not a scalar, but is the time component of a 4-vector. The above-mentioned 
condition therefore no longer applies, and the transformation coefficients need 
satisfy no condition other than (17.2). The four complex quantities a, / 3 , 7 , 8 under 
the condition (17.2) alone are equivalent to 8 - 2 = 6 real parameters, in accordance 
with the number of angles which define a rotation of the 4-coordinate system 
(rotations in six coordinate planes). 

Thus complex-conjugate binary transformations are quite different, and in the 
relativistic theory there exist two types of spinors. A special notation is customary, 
in order to distinguish these two types: the indices of spinors which are trans¬ 
formed by the complex conjugate formulae to (17.1) are written with dots over 
them and are called dotted indices. Thus, by definition, 

(17.7) 

where the sign ~ denotes “is transformed as”. The transformation formulae for a 
“dotted” spinor are therefore 

V' = aV + P’V, V if = y*V + SV. (17.8) 

The operations of raising and lowering the dotted indices are carried out in the 
same way as for the undotted indices: 

Vi = V 2 > V2 = ~V l - (17.9) 

The behaviour of 4-spinors as regards spatial rotation is the same as that of 
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3- spinors, for which, as we know, i //* ~ i/A According to the definition (17.7), the 

4- spinor r] a therefore behaves under rotations in the same way as the contravariant 
3-spinor if/ a . The covariant components r\\ and rj 2 therefore correspond, as the 
components of the wave function of a particle with spin 2 , to the eigenvalues \ and 

of the spin component. 

Spinors of higher rank are defined as sets of quantities which are transformed 
as products of the components of a number of spinors of rank one. The indices of 
these spinors of higher rank may be partly dotted and partly undotted. For 
example, there exist three types of spinors of rank two: 

In this respect, the statement of just the total rank of a spinor does not uniquely 
define it; we shall therefore, where necessary, indicate the rank as a pair of 
numbers (k, l ), the numbers of undotted and dotted indices respectively. 

Since the transformations (17.1) and (17.8) are algebraically independent, it is 
not necessary to specify the sequence of dotted and undotted indices; in this sense 
the spinors f and £^ a , for example, are the same. 

In order to be invariant, every spinor equation must have on each side the same 
numbers of undotted and dotted indices, since otherwise the equation could not 
remain valid when the frame of reference was changed. Here we must remember 
that taking the complex conjugate implies interchanging dotted and undotted 
indices. The relationship tj 0 ^ 3 = (£ a/3 )* between two spinors is therefore invariant. 

Spinors or their products can be contracted only.with respect to pairs of indices 
of the same kind (dotted or undotted); summation with respect to two indices of 
different kinds is not an invariant operation. Hence, from the spinor 

£ a l a 2 ■ ■ ■ a k P ; P 2 ■ • • 0, 

which is symmetrical in all k undotted indices and in all I dotted indices, we can 
obtain no spinor of lower rank (since contraction with respect to a pair of indices in 
which the spinor is symmetrical gives zero). Thus we cannot construct from the 
quantities (17.10) a smaller number of linear combinations of them which in turn 
are transformed into linear combinations of themselves by every transformation in 
the group. That is, the symmetrical 4-spinors are realizations of the irreducible 
representations of the proper Lorentz group. Each irreducible representation is 
specified by the pair of numbers (k, l ). 

Each spinor index takes two values, and there are therefore k + 1 essentially 
different sets of numbers oq, a 2 , .. ., au in (17.10) (containing 0, 1, 2,..., k ones and 
k, k - 1 ,..., 0 twos) and l + 1 sets of numbers |3i, j3 2 ,... |3|. The symmetrical spinor 
of rank (k, l) thus has a total of (k + l)(l 4- 1) independent components, and this is 
also the dimension of the corresponding irreducible representation. 


§18. The relation between spinors and 4-vectors 

The spinor £ a(3 , with one dotted and undotted index, has 2x2 = 4 independent 
components, the same as the number of a 4-vector. It is therefore clear that both 
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are realizations of the same irreducible representation of the proper Lorentz group, 
and that there must consequently be a certain relation between their components. 

In order to ascertain this relation, let us first consider the corresponding relation 
in the three-dimensional case, using the fact that 3-spinors and 4-spinors must 
behave in the same manner with respect to purely spatial rotations. 

For the three-dimensional spinor t p a(3 , the correspondence formulae are as 
shown in QM, §57; they will here be written as 

dx = l (</' 22 - Ip") = 2(4> 2 1 + 
d z = 2 ( 1 p l2 + </' 21 ) = kt/'S — t /* 2 2 ), 


where a x , a y , a z are the components of a three-dimensional vector a. For the 
four-dimensional case, the components i[/ a p must be replaced by and a x , a y , a z 
must be taken to be the contravariant components a\ a 2 , a 3 of a 4-vector. The 
form of the expression for the fourth component a 0 is evident from the fact, noted 
in §17, that the quantity (17.6) must transform as a 0 . Hence a 0 ~ £ ]i + £ 22 , the 
coefficient of proportionality being determined so that the scalar is the same 

as the scalar 2 a^ = 2 a 2 . 

Thus we obtain the correspondence formulae 


a ! = 2 l (£ 12 +f 2i ), aMi(£ 12 -£ 2, ),j 

a 3 = a° = ^ li + r). - 

The inverse formulae are 

£ n = £22 = a 3 + a °, £ 22 = C\\ = a 0 - a 3 , 

£ 12 = -£>1 = a 1 - ia 2 , £ 21 = ~C\i = 


(18.1) 


(18.2) 


with 


UC^2a 2 . 


(18.3) 


Moreover 


UC* = & y a a 2 , (18.4) 

as is seen from the fact that the spinor Cady 13 , of rank two, is antisymmetric in the 
indices a, y, and is therefore proportional to the metric spinor. 

The correspondence between the spinor £ a/3 and the 4-vector is a particular case 
of a general rule: any symmetrical spinor of rank (k, k) is equivalent to a sym¬ 
metrical 4-tensor of rank k which is irreducible (i.e. which gives zero on contrac¬ 
tion with respect to any pair of indices). 

The relation between the spinor and the 4-vector may be written in a compact 
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form by means of the two-rowed Pauli matricesf 



(18.5) 


If the matrix of the quantities (with the indices raised and the first undotted) is 
symbolized by f, then formulae (18.2) become 

f = a • o- 4- a 0 , (18.6) 

the second term denoting of course the product of a 0 and a unit matrix. The inverse 
formulae are 


a = hr(£<r), a° = h r £. (18.7) 

Using formulae (18.6), (18.7), we can determine the relation between the laws of 
transformation of the 4-vector and the spinor, and thus express the law of 
transformation of the spinor in terms of the parameters of rotations of the 
4-coordinates. 

We write the transformation of the spinor £ a in the form 

r = (B& a , B = (“ l), (18.8) 

where B is a two-rowed matrix formed from the coefficients of the binary 
transformation. Then the transformation of the dotted spinor is 

= (B*r))P = (r]B + )P, (18.9) 

and the transformation of the spinor of rank two, may be symbolized 

ast f' = B£JB + . For the infinitesimal transformation B = 1 + A, where A is a small 
matrix, we have as far as first-order quantities 

£' = £ + (A£ + £A + ). (18.10) 

Let us first consider the Lorentz transformation to a frame of reference moving 
with an infinitesimal velocity SV (without change in direction of the space coor¬ 
dinate axes). Then the 4-vector a* = (a °, a) is transformed as follows: 

a' = a — a°SV, a°' = a°-a-SV. (18.11) 


t To simplify the notation, matrix operators acting on spin variables are written without circumflexes, 
t For the covariant components we have 

V k a=(vB*~')a, 

so that the product £ a H“ of two spinors remains invariant. 


(18.8a) 
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We now make use of formulae (18.7). The transformation of a 0 may be represen¬ 
ted, firstly, as 

a 0 ' = a 0 - a • 8 V = a 0 - \ tr (£or • 8 V); 

secondly, as 

a°' = hr £' = a° + i tr (A£ + £A + ) 

= u° + 2 tr £(A + A + ). 

These two expressions must be identically equal (i.e. equal for all values of f). 
Hence 

A + A + = — a • SV. 

Treating the transformation of a in the same way, we find 

crA + A + cr = - 8\. 

These equations, as equations for A, have the solution 

A = A + = -50 T-SV. 

Thus an infinitesimal Lorentz transformation of the spinor has the matrix 

B = 1-^a-nfiV, (18.12) 

where n is a unit vector in the direction of the velocity 8V. From this we 
can easily find the transformation for a finite velocity V. To do so, we recall 
that a Lorentz transformation signifies (geometrically) a rotation of the 4-coor- 
dinates in the plane of t and n through an angle </> which is related to the velocity V 
byt tanh <j> = V. An angle 8(j) = 8V corresponds to an infinitesimal transformation, 
and a rotation through a finite angle </> is carried out by a 4>l84 >-fold repetition of a 
rotation through 5</>. Raising the operator (18.12) to the power </>/5</> and taking the 
limit 8(j) -> 0, we obtain 

B = e~^ na . (18.13) 

The mathematical significance of this operator is seen by noticing that, from the 
properties of the Pauli matrices, all even powers of n • a are equal to 1, and all odd 
powers are equal to n • a. Since the expansions of the hyperbolic sine and cosine 
contain respectively odd and even powers of the argument, we have finally 

B = cosh \<f> - n • a sinh 

(18.14) 

tanh cf) = V. J 


t The metric is pseudo-Euclidean in planes containing the time axis. 
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The matrices B of the Lorentz transformations are Hermitian: B = B + 

Let us now consider an infinitesimal rotation of the space coordinates. The 
three-dimensional vector a is transformed as follows: 


a' = a — 60 x a, (18.15) 

where 60 is the vector of the infinitesimal angle of rotation. The corresponding 
transformation of a spinor may be found similarly. There is no need to do so, 
however, since the behaviour of 4-spinors under spatial rotations is the same as 
that of 3-spinors, and the transformation of the latter is known from the general 
relationship between the spin operator and the operator of an infinitesimal rotation: 

B = 1 +2for • 80. (18.16) 

The change to a rotation through a finite angle 0 is made in the same way as that 
from (18.12) to (18.14): 

B = exp (|i0n • or) = cos 20 + in • or sin 20, (18.17) 

where n is a unit vector along the axis of rotation. This matrix is unitary (B + = B l ), 
as it should be fot* a spatial rotation. 


§ 19. Inversion of spinors 

The discussion (in QM) of the three-dimensional theory of spinors did not 
consider their behaviour under the operation of spatial inversion, since in the non- 
relativistic theory this would not have led to any new physical results. Here we 
shall examine the point, however, in order to make clearer the subsequent analysis 
of the inversion properties of 4-spinors. 

The operation of inversion does not alter the sign of the spin vector, or of any 
axial vector, and the spin component s z is therefore also unchanged in value. 
Hence it follows that inversion can change each component of the spinor i//“ only 
into a multiple of itself: 


(19.1) 

where P is a constant factor. On repeating the inversion, we return to the original 
coordinates. For a spinor, however, a return to the original position can be 
regarded in two different ways, as a rotation through 0° or 360°. These two 
definitions are not equivalent with respect to spinors, since if/ a changes sign on 
rotation through 360°. Thus two alternative views of inversion are possible: one 
where 


P 2 = 1, 


P=± 1, 


(19.2) 
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P 2 =- 1, P=±L (19.3) 

Here it is important to note that the concept of inversion must be defined in the 
same way for all spinors. It is not permissible for different spinors to behave 
differently under inversion (i.e. in accordance with both (19.2) and (19.3)), since in 
that case it would not be possible to construct a scalar (or a pseudoscalar) from 
every pair of spinors: if the spinor i//“ were transformed according to (19.2), and </>“ 
according to (19.3), then the quantity i//“</>« would be multiplied by ±i under 
inversion, instead of remaining constant (or simply changing sign). 

It should be emphasized that (whatever the definition of inversion) the assign¬ 
ment of a particular parity P to a spinor has no absolute significance, since spinors 
change sign on rotation through 2i r, and this can always be carried out 
simultaneously with inversion. The “relative parity” of two spinors, defined as the 
parity of the scalar ijj a 4> a formed from them, has absolute significance, however; on 
rotation through 2i r, both spinors change sign, and the indeterminacy therefore 
does not influence the parity of this scalar. 

Let us now go on to discuss four-dimensional spinors, first noting that inversion 
changes the sign of only three coordinates x, y, z out of four x, y, z, t ; it 
therefore commutes with spatial rotations but not with transformations which 
rotate the t-axis. If L is the Lorentz transformation to a frame of reference moving 
with velocity V, then PL = L'P , where L' is the transformation to a frame moving 
with velocity -V. 

Hence it follows that the components of the 4-spinor cannot be transformed 
into multiples of themselves under inversion. If the inversion of the spinor were 
given by the transformation (19.1) as before (i.e. if it were represented by a matrix 
proportional to the unit matrix), it would commute with every Lorentz trans¬ 
formation, and this certainly cannot be true, since the operations L and L' are not 
the same when applied to £ a . 

Thus inversion must transform the components of the spinor into expres¬ 
sions involving other quantities. The latter can only be the components of some 
other spinor rj a whose transformation properties are not the same as those of 
Since inversion does not affect the z-component of the spin (as mentioned above), 
the components and £ 2 can only become rj\ and rj 2 on inversion, these cor¬ 
responding to the same values s z =\ and s z = If inversion is taken to be an 
operation which gives identity when carried out twice, its effect may be expressed 
by the formulae 

€ a -+Va, (19.4) 

For the covariant components and contravariant components rj a , these trans¬ 
formations change sign: 




(19.4a) 


since the lowering and raising of the same index lead to opposite signs (cf. (17.5) 
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and (17.9)).t If, however, inversion is taken in the sense such that P 2 = -1, its 
effect is given by 

Va -> (19.5) 

or, equivalently, 

r j d ->-i£ a . (19.5a) 

There is a certain difference between the two definitions of inversion in that 

with the second definition complex-conjugate spinors are transformed in the same 
manner: if Ha = rj*,H a = £ a *,then by (19.5) H« -ZH a , H a ->-iH a , i.e. the rule is the 
same as for g a , rj a . According to the definition (19.4), however, we should obtain 
Ha ^ H 01 , H a ->Ha, which is opposite in sign to the transformation of the spinors £ a , 
r) a . We shall return in §27 to some possible physical consequences of this 
difference. 

In the following, the definition (19.5) will be used. 

The spinors and r) d are, as we know, transformed in the same way by the 
rotation subgroup. On taking the combinations 

r ± Va (19.6) 

we obtain quantities which are transformed under inversion according to (19.1) 
with P = ± i. These combinations, however, do not behave as spinors under all the 
transformations of the Lorentz group. 

Thus the inclusion of inversion in the symmetry group makes necessary the 
simultaneous treatment of a pair of spinors (£“, rja); this is called a bispinor (of 
rank one). The four components of a bispinor form a realization of one of the 
irreducible representations of the extended Lorentz group. 

The scalar product of two bispinors (£“, rja) and (H“, H«) can be formed in two 
ways. The quantity 

f a Sa + T?«H d (19.7) 

is unchanged by inversion, i.e. it is a true scalar. The quantity 

Z a B a -VaH* (19.8) 

is also invariant under rotations of the 4-coordinates, but changes sign under 

inversion, i.e. it is a pseudoscalar. 

A spinor of rank two, £ a/3 , may also be defined in two ways. If it is defined by 
the transformation rule 

£ a *~£“H* + HV, (19.9) 

t The definition (19.4) is, of course, to some extent arbitrary, since the quantities and r] a are 
independent. For instance, if rja is replaced by a new spinor rj « = e lS rj a , (19.4) is replaced by the equivalent 
definition 


pa —iS f 

£ ~+e rj a 
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we obtain quantities which are transformed under inversion as follows: 

(19.10) 

The 4-vector to which such a spinor is equivalent is transformed, according to 
(18.1), by (a 0 , a) -> (a 0 , -a), i.e. it is a true 4-vector, and the three-dimensional 
vector a is a polar vector. 

It is also possible, however, to define f thus: 

(19.11) 

Thent 

C*-+-£a P . (19.12) 

Such a spinor corresponds to a 4-vector such that under inversion (a 0 , a)-»(-a°, a), 
i.e. a 4-pseudovector (the three-dimensional vector a being an axial vector). 

Symmetrical spinors of rank two, with indices of the same type, are defined by 

r ^ r3 0 + £/3 H ^ + (19.13) 

On inversion they are transformed into each other: 

- T/dfj. (19.14) 

The pair (£ af3 , rj^) forms a bispinor of rank two. It has 3 + 3 = 6 independent 
components. The antisymmetric 4-tensor of rank two a* 1 " also has this number of 
independent components. There must therefore be a certain correspondence be¬ 
tween the bispinor and the tensor; both are realizations of equivalent irreducible 
representations of the extended Lorentz group. 

Since the spinors ^ and rare transformed independently by the proper 
Lorentz group, we can construct from the components of the 4-tensor a^ v two 
groups of quantities which are transformed only into combinations of one another 
under any rotation of the 4-coordinates. This division is achieved as follows. 

We define a three-dimensional polar vector p and a three-dimensional axial 
vector a related to the components of the 4-tensor a^ v by 

/ o p x p y 

a' xv = [ Z Px 0 n 

l Py @z 

\ P Z Uy Clx 

where (p, a) is a concise notation which we shall use in order to specify the 

t It must be emphasized that the transformation rules (19.10) and (19.12), which differ in the sign on 
the right, are not equivalent, since components of the same spinor appear on both sides (cf. the last 
footnote). 
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components of such a tensor. Then = (-p, a), and, of the two quantities 

a 2 - p 2 = a • p = 

the first is a scalar and the second a pseudoscalar; both are invariant under the 
proper Lorentz group. The squares of the three-dimensional vectors f= p ± i a are 
therefore also invariant. Thus any rotation in 4-space is equivalent, as regards the 
vectors to a “rotation” in 3-space, through angles which are in general complex; 
the six angles of rotation in 4-space correspond to three complex “angles of 
rotatign” of the three-dimensional coordinates. The operation of spatial inversion 
changes the sign of p but not that of a, and converts the vectors f + and -f into 
each other. The components of these vectors are the required two groups of 
quantities formed from the components of the tensor a 

This also makes evident the correspondence between the components of the 
4-tensor a^ v and the spinors £ a/3 , Since the Lorentz group contains as a 
subgroup the spatial rotations, the relations between the components of the spinor 
and those of the three-dimensional vector must be the same as for three-dimensional 
spinors: 


n=ke 2 -t l \ n=e 2 \ 

f~x = 2 (t ?22 - Till), fy = 2K1722 + TJii), f~z = 1712. 


(19.16) 


PROBLEM 

Derive the general correspondence between spinors of even rank and 4-tensors. 

Solution. All spinors for which k + 1 is even are realizations of single-valued irreducible 
representations of the extended Lorentz group, and are therefore equivalent to the 4-tensors which are 
realizations of similar representations.! 

A spinor of rank ( k , k ) can be defined so that it is transformed under inversion by 

±(af yS . a) 

Such a spinor is equivalent to a symmetrical irreducible 4-tensor of rank k, which is a true tensor or a 
pseudotensor according to the sign in (1). 

Spinors of ranks (k, l ) and (l, k), forming a bispinor, are transformed under inversion by 

k 1 

(2 ) 

k l 

When l = k + 2, the bispinor is equivalent to an irreducible 4-tensor a^pa... of rank k + 2, antisymmetric 
in the indices [f.iv ] and symmetric in all the other indices. The irreducibility of this tensor signifies that it 
gives zero on contraction with respect to any pair of indices and on dualization with respect to any 
three indices (i.e. e KlLVp a^po.. = 0); the latter condition implies that the result is zero on taking the cyclic 
sum over three indices, pv and any one other. 

When l = k + 4, the bispinor is equivalent to an irreducible 4-tensor .. of rank k + 4, having the 

following properties: it is antisymmetric in the pairs of indices [Ap] and [vp], symmetric in all others, 
symmetric for interchange of [Ap] with [vp], and gives zero on contraction with respect to any pair of 
indices and on dualization with respect to any three indices. 

Generally, when l = k + 2n, the bispinor is equivalent to an irreducible 4-tensor of rank k + 2 n, 
antisymmetric in n pairs of indices and symmetric in the other k indices. 4-tensors antisymmetric in 

t Spinors of odd rank are realizations of two-valued representations of the group: a spatial rotation 
through 360° changes the sign of spinors, so that two matrices of opposite sign correspond to each 
element of the group. 
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larger numbers (threes, fours, etc.) of indices do not appear in this classification, for the obvious reason 
that an antisymmetric tensor of rank 3 is equivalent (dual) to a pseudovector, and an antisymmetric 
tensor of rank 4 reduces to a scalar (is proportional to the unit pseudotensor e^ vp ); antisymmetry in a 
still greater number of indices is not possible in 4-space. 


§ 20. Dirac’s equation in the spinor representation 

A particle with spin \ is described, in its rest frame, by a two-component wave 
function, i.e. a three-dimensional spinor. The “four-dimensional origin” of this may 
be either an undotted or a dotted 4-spinor. Both these 4-spinors appear in the 
description of the particle in an arbitrary frame of reference; we shall denote them 
by and 

For a free particle, the only operator which can appear in the wave equation is 
(as shown in §10) the 4-momentum operator p^ = id^. In the spinor notation, this 
4-vector corresponds to the operator spinor p aj g, with 

p n = P2i = Pz+po, P 22 = Pii = Po-Pz, 

P 12 = ~P2i=Px~iPy, P 2 '= ~Pn = Px + iPy. 

The wave equation is a linear differential relation between the components of 
spinors, expressed by the operator p a p. The requirement of relativistic invariance 
leads to the equations 


( 20 . 1 ) 


p“%i = ror, 

PU a = 


( 20 . 2 ) 


where m is a dimensional constant. There would be no meaning in using different 
constants mi and m 2 here, or in changing the sign of m, since the equations could 
still be reduced to the above form by an appropriate transformation of or 

By substituting from the second equation (20.2) in the first, we can eliminate 
one of the two spinors: 


p a %=^-p“^r = mr. 

From (18.4), p a( *p y p = p 2 6“, and thus we obtain 

(p 2 - m 2 )£ 7 = 0, (20.3) 

whence it is evident that m is the mass of the particle. 

It should be noticed that the need to use the mass in the wave equation implies 
the simultaneous consideration of two spinors (£“ and p«): with only one of these, 
it would not be possible to construct a relativistically invariant equation containing 

t A three-dimensional spinor of rank one may also “originate” from 4-spinors of higher odd rank 
which, in the rest frame, become antisymmetric in one or more pairs of indices. These would, however, 
lead to higher-order equations (cf. the third footnote to §10). 
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a dimensional parameter. The wave equation is necessarily invariant under spatial 
inversion if the transformation of the wave function is defined by 

P: r Va-+% a - (20.4) 

It is easily seen that the two equations (20.2) are interchanged by this substitution 
(together with p ap ->p a p, which is evident from (20.1)). Two spinors which are 
interchanged by inversion form a four-component quantity, a bispinor. 

The relativistic wave equation given by (20.2) is called Dirac's equation , having 
been first derived by Dirac in 1928. In order to analyse und apply this equation 
further, let us consider various ways in which it may be written. 

Using (18.6), we can rewrite equations (20.2) as 

(Po + P • <r)v = ] 

. v, (20.5) 

(p 0 -p • a)£ = mTj. J 


Here the symbols £ and tj denote two-component quantities, the spinors 

! = (*:), ,-($ ( 20 . 6 ) 

(the first with upper and the second with lower indices). Here and below, 
multiplication of the matrices a by any two-component quantity / means multi¬ 
plication by the usual matrix rule: 


(o r /)« CT a pfp. 


(20.7) 


The vertical column notation for / is in accordance with the multiplication of each 
row of cr by the column /. 

For subsequent reference, the Pauli matrices may be written once more; 


cr x 




( 20 . 8 ) 


Their fundamental properties are 


crjcr/c + cr k cri = 2 8 ik , 
GTiGT k ie ik iOTi H" 8{ k , 


(20.9) 


see QM, §55. 

We shall also give the wave equation satisfied by the complex-conjugate wave 
function formed from the spinors 

€* = (£'*,?*), v* = (vf,vf)- ( 20 . 10 ) 


Since all the operators p^ contain the factor i,p*= -p^. In taking the complex 
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conjugate of both sides of equation (20.5), we must also use the fact that, since the 
matrices or are Hermitian (cr* = tr), 

(<rf)i = o* P f$=f$<r Pa = (f*<r) a ; 


the resulting equations are 


^(Po+p • cr) = -m£*, 
£*(Po“P • cr) = -mrj*. 


( 20 . 11 ) 


Here it is conventionally implied that the operators act on the function to the 
left of them. The writing of £* and rj* as horizontal rows is in accordance with the 
matrix multiplication in these equations: the row / is multiplied by the columns of 
the matrix cr, 


(/*«■)« =f$(rpa • 


( 20 . 12 ) 


The inversion transformation for £*, tj* is defined as the complex conjugate of 
the transformation (20.4): 

P: £ a *-+-ivl V* (20.13) 


§21. The symmetrical form of Dirac’s equation 

The spinor form of Dirac’s equation is the most natural one, in the sense that its 
relativistic invariance is immediately apparent. In applications of the equation, 
however, other forms of the wave equation may be more convenient, which are 
obtained by a different choice of the four independent components of the wave 
function. 

We shall denote the four-component wave function by the symbol t/r, with 
components 1 //* (i = 1, 2, 3, 4). In the spinor representation, it is a bispinor: 

H*)- (2U) 

But the independent components of 1 // can equally well be taken as any linearly 
independent combinations of components of the spinors £ and rj.t We shall 
arbitrarily limit the acceptable linear transformations by the one condition of 
unitarity; such transformations leave unchanged the bilinear forms constructed 
from if/ and 1 //* (§28). 

In the general case of an arbitrary choice of the components of 1 /r, Dirac’s 
equation can be put in the form 


Phytic fa = mfa 

t For brevity, the four-component quantity if/ will be referred to as a bispinor even in non-spinor 
representations. 
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where 7 ^ (/x = 0, 1, 2, 3) are certain four-rowed matrices (Dirac matrices). We shall 
usually write this equation in a symbolic form, omitting the matrix indices: 

(yp — m)if/ = 0 , ( 21 . 2 ) 


where 


yp = = P o7° - p • y 


= iy°£ + iyv, 


y = (y',y\ y 3 )- 


For example, the spinor form of the equation with the components of 1 ft as in 
( 21 . 1 ) corresponds to the matricest 


7 


0 




(21.3) 


as is easily seen by writing the equations (20.5) as 


(. 0 

\po p * cr 


fc+ .*'X)- 



and comparing with ( 21 . 2 ). 

In the general case, the matrices 7 need satisfy only conditions ensuring that 
p 2 = m 2 . To find these conditions, we multiply equation (21.2) on the left by 7 p: 

(y l "P^(y' , PvH = = m 2 ip. 

Since p^p v is a symmetrical tensor (all the operators p^ commute), this equation 
may be rewritten 


2 PnPAy li y‘’ + y^y^H = m 2 4>, 
and we must therefore have 

7 V + 7 V = 2g lxv . (21.4) 

Thus all the pairs of different matrices 7 ^ anticommute, and their squares are 

(7 1 ) 2 = (7 2 ) 2 = (7 3 ) 2 = -1, (7°) 2 -l. (21.5) 

Under an arbitrary unitary transformation of the components if/: 1 ft' = Uif/, where 


t Here and below, we use a compact two-rowed notation for four-rowed matrices. Each symbol in 
(21.3) represents a two-rowed matrix. 
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U is a unitary four-rowed matrix, the matrices y are transformed as follows: 

y' = l/yl / _1 = UyU + , ( 21 . 6 ) 

so that the equation (yp - m)ip = 0 becomes (y'p - m)ip' = 0 . The commutation 
relations (21.4) remain unchanged, of course. 

The matrix y° (21.3) is Hermitian, and the matrices y are anti-Hermitian. These 
properties are preserved under any unitary transformation ( 21 . 6 ), and we therefore 
always havet 

7 + = “ 7 , 7 ° + = 7 °. (21.7) 

The equation for the complex-conjugate function i//* may also be given. Taking 
the complex conjugate of equation (21.2) and using the properties (21.7), we obtain 

(-po7o —p-y-m)i//* = 0 . 

We commute i//* by y^ip* = i//*y^ and then multiply the whole equation on the right 
by y°; since 77 ° = - 7 ° 7 , we have in terms of a new bispinor 

j = iff*y 0 , r = ^7° (21.8) 

the result 

i//(yp + m) = 0. (21.9) 

As in (20.11), the operator p is here taken to act on the function to its left. The 
function 1 // is called the Dirac conjugate (or relativistically conjugate) function to 1 p. 
The factor 7 0 in its definition signifies that (in the spinor representation) it 
interchanges the spinors £* and 17 *; thus, in ip = ( rj* 9 £*) the first spinor is undotted 
(as in i//) and the second is dotted. For this reason ijj is a more natural “partner” of 
ifj than if/* is; they appear together, for instance, in various bilinear combinations 
(see §28). 

The inversion transformation for the wave function may be written as 

P : ijj = -iijjy 0 . ( 21 . 10 ) 

In the spinor representation of 1 //, the matrix y° interchanges the components £ and 
17 , as should happen on inversion. The invariance of Dirac’s equation under the 
transformation ( 21 . 10 ) in the general case is immediately obvious: changing p into 
-p and ip into iy°ip in equation ( 21 . 2 ), we have 

(Po7° + P * 7 ~ m ) 7V = 0. 

Multiplying this equation on the left by y° and taking into account the fact that y° and 7 
anticommute, we return to the original equation. 

t These equations may be written jointly in the form 


QE4 - G 
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Multiplying the equation (yp - m)if/ = 0 on the left by if/, and the equation 
if/(yp + m) = 0 on the right by ifj, and adding, we obtain 

*Ay 11 (P^) + (pA) = 0, 

where the parentheses indicate the function on which the operator p acts. This 
equation is in the form of an equation of continuity, = 0 , so that 

r = 

= (^ 9 ^*y°y^) ( 2 l.ll) 

is the particle current density 4-vector. Its time component j° = if/*if/ is positive- 
definite. 

Dirac’s equation may be put in the form of an expression for the time 
derivative: 


i difj/dt = Hifj, (21.12) 

where H is the Hamiltonian of the particle.! To obtain this form, we need only 
multiply equation (21.2) on the left by y°. The resulting expression for the 
Hamiltonian is 


where 


H = a • p + /3m, 


a = y°y, j3 = y° 

is the customary notation for the matrices concerned. 
It may be noted that 


(21.13) 


(21.14) 


0Lia k + a k QLi = 28 ik , /3 a -f- a/3 = 0, j3 2 =l, (21.15) 

i.e. all the matrices a, /3 anticommute and their squares are unity; they are all 
Hermitian. In the spinor representation, 

-g h° i> 

In the limit of small velocities the particle must be described, as in the 
non-relativistic theory, by a single two-component spinor: on taking the limit p-^0, 
8 -> m in equations (20.5), we find £ = 17 , so that the two spinors which form the 
bispinor are equal. This, however, reveals a defect of the spinor form of Dirac’s 


t For a particle with spin zero, the wave equation was not capable of being written in this form: the 
equation (10.5) for the scalar if/ is of the second order in the time, while the first-order equations (10.4) 
for the five-component quantity (if/, t// M ) contain the time derivatives of only some of the components. 
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equation: in the limit, all four components of ip are non-zero, although only two of 
them are really independent. A more convenient representation of the wave 
function ip would be one in which two of its components were zero in the limit. 
Accordingly, we replace £ and 17 by linear combinations cp and x : 





<P = + V), x = - v)- 


(21.17) 


Then x = 0 for a particle at rest. This will be called the standard representation of 
ip. On inversion, </> and x are transformed as follows: 

P: cp i</>, (21.18) 

The equations for cp and x are obtained by adding and subtracting equations 
(20.5): 


Po (p - p * or* = m<p , 
- PoX + P * <*<P = m\. 


(21.19) 


Hence we see that the standard representation corresponds to the matrices 


y°-/3 




( 21 . 20 ) 


Since the first and second components of £ and 17 are added separately in 
(21.17), the components 1 p\ and ip 3 correspond to the spin component eigenvalue +2 
in both the standard and the spinor representation, and ip 2 and 1 p 4 to In both 
representations, therefore, the matrix ^ 2 , where 

^(0 < 2i - 2i > 

in a three-dimensional spin operator: when acts on a bispinor containing only 
the components \p u or ip 2 , i/q, this bispinor is multiplied by +2 or In an 
arbitrary representation, ( 21 . 21 ) may be written in the form 

2 = - ay 5 = -liaXa; ( 21 . 22 ) 

the definition of y 5 is given in (22.14) below. 


PROBLEMS 

Problem 1 . Find the formulae giving the transformations of the wave function under an infinitesi¬ 
mal Lorentz transformation and an infinitesimal three-dimensional rotation. 
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Solution. In the spinor representation of t//, an infinitesimal Lorentz transformation gives 
f = (1 — • 5V)fe 7| , = (1 + 2(T- 5V)tj; 

see (18.8), (18.8a), (18.10). These formulae may be combined as 


t//= (1-4a • SV)t//. 

(i) 

Similarly, the transformation under an infinitesimal rotation is 

if/ 1 = (1 + 2iX • 80)t//. 

(2) 


In this form the results are valid for any representation of t/r if a and X are matrices in that 
representation. 

It is easily verified that the matrices a and X are the components of an antisymmetric “matrix 
4-tensor”, 

(T'* 1 ' = 5(Y V - Y V) = («, i2); 

the components are arranged as shown in (19.15). Using also the infinitesimal antisymmetric tensor 
Se M,/ = (SV,Se), we have 


(T^SSfiv = 2iX • 60 — 2a • 8V, 

and formulae (1) and (2) above may be combined as 

if/' = (1 4- 4cr* iV 8en, v )i}j. (3) 

Problem 2. Write Dirac’s equation in a representation such that it contains no imaginary 
coefficients (E. Majorana, 1937). 

Solution. In the standard representation, the only imaginary quantities in the equation 

(7( +a 4 +a 4 +a 4 +im/3 )^ =o 

are the matrices a y and i/3. These may be eliminated by a transformation t//' = Uif/ such that the 
imaginary matrix a y and the real matrix j3 are interchanged. This is achieved by putting 

U ~ \72 ( ay + 0 ) = ^ l > 

then a' x = Ua x U = — a x , aj= j3, a' z = - a z , (3' = a y , and Dirac’s equation becomes 

in which all the coefficients are real. 


§ 22. Algebra of Dirac matrices 

In calculations using Dirac’s equation, the matrices y occur repeatedly without 
reference to their specific form in any particular representation. The rules of operation 
with these matrices are entirely given by the commutation relations 

y» y v + = 2g" v 0*, 1/ = 0,1, 2, 3), (22.1) 

which determine all their general properties. 
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In this section we shall give various formulae and rules of the algebra of these 
matrices which are useful in such calculations. 

The “scalar product” of the matrices y with themselves is g^ v y^y v = 4. For 
brevity we use the notation y M = g^ v y v by analogy with the covariant components 
of 4-vectors. Then 


7 , 7 * = 4 . ( 22 . 2 ) 

If the matrices y^ and y* 1 are separated by one or more factors y, then they can be 
brought to adjoining positions by one or more interchanges using the rule (22.1), and 
the summation over fi is then carried out by means of (22.2). This yields the formulae 

y,y V = -2y v , 
y,yVy ' l =4g k \ 

v v (22.3) 

yjy'y'y" = ~2y p y v y\ 

7,7 Vy p 7 V = 2(y v y x y v y p + yV7 VX 

The factors y p , etc., usually appear in combination with various 4-vectors as 
“scalar products” with the latter,! 


ya = y *a„. 

For such products, formulae (22.1) become 

(ay)(hy) + (by)(ay) = 2 (ah), 

(07X07) = a 2 , 

and formulae (22.3) become 

7,(ay)y* = ~2(ay), 
y,(ay)(by)y* =4 (ah), 
y^(ay)(by)(cy)y* = -2(cy)(by)(ay), 
y /i (ay)(hy)(cy)(dy)y ,A = 2[(dy)(ay)(by)(cy) + (cy)(by)(ay)(dy)]. 

A frequent operation is taking the trace of the product of a number of 
matrices y. Let us consider the quantities 

T M 1 , 2 ...,„=l tr (7/i 1 yM2 ># . y»ny (22.7) 

On account of a familiar property of the trace of a product of matrices, this tensor 
is symmetrical with respect to cyclic permutations of the indices n u ix n . 

t In this edition, no special notation is used for such products. Letters with circumflexes or with strokes 
through them are often found with this meaning in the literature. 


(22.4) 


(22.5) 


( 22 . 6 ) 
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Since the matrices y have the same form in any frame of reference, the 
quantities T are also independent of this frame, and they therefore form a tensor 
which can be expressed entirely in terms of the metric tensor g^ v , which has this 
property. 

From the tensor g^ v of rank two, however, only tensors of even rank can be 
constructed. Hence it follows immediately that the trace of the product of any odd 
number of factors y is zero. In particular, the trace of each y is zero:t 

tr y» = 0. (22.8) 

The trace of a unit four-rowed matrix (which is implied on the right-hand side of 
the commutation rule (22.1)) is 4. Thus, if we take the trace of both sides of (22.1), 
we find 


= g^ v 


(22.9) 


The trace of the four-matrix product is 


J'kpvp _ g^gVP — g kv g PP + g kp g^ V 


( 22 . 10 ) 


This formula may be derived, for instance, by “pulling” the factor y k in tr y k y il y v y p 
to the right by means of the relation (22.1); after each interchange one of the terms 
in (22.10) appears: 


jxpvp _ 2g^j iv p _ t^p 

— 2g kpi g vp — 


and so on. After all the interchanges there remains on the right -T^ pA = -T kpiVp , 
which we take to the left-hand side. The trace of a product of six y can similarly be 
reduced to the traces of four-factor products, and so on. For instance, 


XfjLvptn 


= g kpr r vp(TT — g Av T^ p<rT + g kp F^ V(TT — g k(T j' P/VpT + g kT T p 


( 22 . 11 ) 


All the traces T kp "'" are real, and they are non-zero only if each of the matrices 
y°, y\ ... appears in the product an even number of times; both these results are 
obvious from the above formulae. Hence we easily find that the trace is unchanged 
when the order of the factors is reversed: 


' j 1 A jul ... per _ jap...pk 


( 22 . 12 ) 


As already mentioned, the factors y usually appear as “scalar” products with 
various 4-vectors. In such cases, formulae (22.9) and (22.10), for example, become 


1 tr(ay)(by) = ab, 

1 tr(ay)(by)(cy)(dy) = (ab)(cd) - (ac)(bd) + ( ad)(bc ). 


(22.13) 


t The trace of a matrix is invariant under the transformations y = UyU l . Thus the result (22.8) is 
also evident from the expressions (21.3) for the matrices. 
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The product y°y l y 2 y 3 is of particular importance. There is a special notation for 
it which is customarily used: 


y 


5 


iy°y'y 2 y 3 . 


(22.14) 


It is easily seen that 


y V + 7 V = 0, (y 5 ) 2 = 1, (22.15) 

i.e. the matrix y 5 anticommutes with all the y p . For the matrices ol and /3, the rules 
are 


ol y - y cl = 0, /3y + y /3 = 0; 


(22.16) 


the commutability with a follows because a = y°y is a product of two matrices y*. 
The matrix y 5 is Hermitian, since 


y 5+ - iy 3+ y 2 V V + - -iy 3 y 2 y 1 y°, 


and hence 


y 5+ - y 5 , 


(22.17) 


because the sequence 3210 is changed to 0123 by an even number of transpositions. 
The form of this matrix in two particular representations is: 


spinor 


standard 



The trace of the matrix y 5 is zero: 


tr y 5 = 0, 


(22.18) 


(22.19) 


as can be seen directly from (22.18). The traces of the products y 5 y li y v are also 
zero. For the products of y 5 with four factors y* we have 

\ tr 7 5 y V-yV = ie^. (22.20) 


Another formula is 


y N = iy\ya)(yb)(yc), N k = e^ vp a»b v c p , (22.21) 

which is valid for mutually normal 4-vectors a, b, c: 


ab = ac = be = 0. 
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In some cases (for problems involving non-relativistic particles), it may be 
necessary to calculate the traces of products which involve y° and the three- 
dimensional “vector” y separately. The only non-zero traces are those of products 
containing even numbers of factors y° and 7 . All the factors y° become unity, and 
the traces of products with two and four factors 7 are respectively 

4 tr(a • v)(b • 7) = - a • b, . 

4 tr(a • Y)(b • y)(c • 7)(d • 7) = (a • b)(c • d) - (a • c)(b • d) + (a • d)(b • c).J 

( 22 . 22 ) 


§23. Plane waves 

The state of a free particle having definite values of the momentum and energy 
is described by a plane wave which may be written in the form 

<Ap=v^}'V‘ iP *- (23-D 

The suffix p indicates the value of the 4-momentum; the wave amplitude u p is a 
suitably normalized bispinor. In proceeding with second quantization we need 
not only the wave functions (23.1) but also functions with a “negative frequency”, 
which arise in the relativistic theory because of the two-valuedness of the square 
root ±V(p 2 +m 2 ), as shown in § 11 . As in § 11 , we shall always take e to be the 
positive quantity e = +V(p 2 + m 2 ), so that the “negative frequency” is -e; on 
changing also the sign of p, we obtain a function which may naturally be called i//_ p : 

^ p= vfe) M - peipx - (23 - 2) 

The significance of these functions will be explained in §26; here we shall write 
parallel formulae for ijj p and ifj- p . 

The components of the bispinor amplitudes u p and M- p satisfy the algebraic 
equations 


(yp ~ m)u p = 0 , 
(yp + m)u- p = 0 ,, 


(23.3) 


which are obtained by substituting (23.1), (23.2) in Dirac’s equation (this is 
equivalent to replacing the operator p in that equation by ±p).t The relation 
p 2 = m 2 is then the condition for each such pair of equations to be compatible. We 


t There are also similar equations obtained from Dirac’s equation (21.9) for the complex-conjugate 
function: 


u p (yp -m) = 0, 


u ~p(yp + m) = 0. 


(23.3a) 
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UnUn = 2m, ] 

(23.4) 

u - p U-p = -2m, I 

where the bar over a letter denotes, as usual, Dirac conjugation: u = u*y°. Multiplying 
equations (23.3) on the left by u ±p , we obtain (u ±p yu ±p )p = 2m 2 = 2p 2 , whence 

u p yu p = U- p yu~ p = 2 p. (23.5) 

It may be noted that the change from the formulae for u p to those for U- p is made 
by changing the sign of m. 

The current density 4-vector is 


J = 1 I / ±p7 [ 1 / ±p 


1 _ 

2 e m ±pY m ±p 


p/e, 


(23.6) 


i.e. = (1, v), where v = p/e is the velocity of the particle. Hence we see that the 
functions ij/ p are “normalized to one particle in the volume V = 1”. 

Equations (23.3) show that the components of the wave amplitude are related, 
but the actual form of the relations depends, of course, on the specific represen¬ 
tation of ijj. For the standard representation they are found as follows. 

From equations (21.19) we have, for a plane wave, 


(e — m)</> — p • arx = 0, 
(e + m)x ~ p * ct(/> - 0. 


(23.7) 


From these we find the relation between </> and x in two equivalent forms: 


</> = 


p ‘ cr 

8 - m 


X= JLJL 
x e + m 


</>; 


(23.8) 


their equivalence is evident on multiplying the first form on the left by p • cr l(e + m) 
and using the results (p • cr) 2 = p 2 and e 2 -m 2 = p 2 , which gives the second form. 
The common factor in </> and x is chosen to satisfy the normalization condition 
(23.4). Thus we obtain for u p , and correspondingly for u - p , the expressions 


u n = 


/V(e + m)w 
\V(e “ nt)(n • cr)w 


), U-p = ( 


V(e - m)(n • cr)w' 
V(e + m)w' 




(23.9) 


the second formula is obtained from the first by changing the sign of m and 
replacing w by (n • or)w'. Here n is a unit vector in the direction of p, and w is an 
arbitrary two-component quantity subject only to the normalization condition 


w*w = 1 . 


( 23 . 10 ) 
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For u = u*y° (with y° from (21.20)) we have 

u p = (V(e + m)w*,-V(e - m)w*(n • or)), 
U-p = (V(e - m)w'*(n • or), - V(e + m)w'*), 

and multiplication shows that in fact u ±p u ±p = ± 2m. 

In the rest frame (e = m), we have 

u p = V(2m)(^, M- p =V(2m)(^, 


(23.11) 


(23.12) 


i.e. w is the three-dimensional spinor to which the amplitude of each wave reduces 
in the non-relativistic limit. In the bispinor M- p , the first two components, not the 
second two, vanish in the rest frame. This property of solutions of Dirac’s equation 
having “negative frequencies” is evident, since by putting p = 0 and replacing e by 
-m in (23.7), we find </> = O.f 

The amplitude of the plane wave contains one arbitrary two-component quan¬ 
tity. Thus, for a given momentum, there are two different independent states, 
corresponding to the two possible values of the spin component. But the spin 
component along an arbitrary z-axis cannot have a definite value. This is evident 
because the Hamiltonian of a particle with definite p (i.e. the matrix H = a • p + 
/3m) does not commute with the matrix = ~ia x a y . In accordance with the general 
conclusions of §16, however, the helicity A (the component of the spin in the 
direction of p) is conserved: the Hamiltonian commutes with the matrix n • 2. 

Helicity states correspond to plane waves in which the three-dimensional spinor 
w = w (A) (n) is an eigenfunction of the operator n • or: 


!(n • or)w (A) = Aw (A) . 
The explicit form of these spinors is 


w 


w 


b= ( e l cos ~ 2 °\ 

V e*'* sin /’ 
(~e~^ sin \ 

V e*+ cos \e ) 


-b = 


(23.13) 


(23.14) 


where 0 and </> are the polar angle and the azimuth of the direction of n relative to 
fixed axes xyz.t 

Another possible choice of the two independent states of a free particle with 
given p, which is simpler but less clear, corresponds to the two values of the 
z-component of the spin in the rest frame, which we denote by cr. The spinors are 

w< ' _4 =(J)- ( 23 - 15 > 

t In the spinor representation £ = - rj, instead of £ = tj as in the rest frame for solutions having 
“positive frequencies”. 

t The solution of equation (23.13) can be multiplied by any phase factor, because of the possibility 
of an arbitrary rotation about the direction of n. 
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As the two linearly independent solutions with “negative frequency” we take plane 
waves in which the three-dimensional spinors are 

w ( " } ' - - = 2aiw (a) ; (23.16) 

the significance of this choice will be shown in §26. 

We can also find a representation of a plane wave such that in any frame of 
reference (not only in the rest frame) the wave has only two components cor¬ 
responding to definite values of the same physical property—the spin component in 
the rest frame (L. Foldy and S. A. Wouthuysen, 1950). 

Starting from the amplitude u p (23.9) in the standard representation, we seek a 
unitary transformation to such a representation in the form 

Up= Uu p , U = e Wy ' n , 

where W is real; since y + = -y, it follows that U + = U~ l . Expanding in series and 
noting that (y • n ) 2 = -1, we put 

U = cos W + y • n sin W ; 

cf. the derivation of (18.14) from (18.13). The condition that the second pair of 
components in the transformed amplitude u' p should be zero gives 

tan W = |p| l(m + e), 


so that 


TT m + s + (y • n)|p| 
V[2e(e + m)] 


In the new representation, 


«; = V(2e)(£). 


(23.17) 


The Hamiltonian of the particle in this representation is 

H f = t/(a • p + /3m)U _1 = /3e, 


(23.18) 


where all the matrices /3, a and y belong to the standard representation. This 
Hamiltonian commutes with the matrix 


-ay 


(o :)• 


which is, in the new representation, the operator of a conserved quantity, the spin 
in the rest frame. 
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§ 24. Spherical waves 

The wave functions of states of a free particle (with spin 2 ) having definite 
values j of the angular momentum are spinor spherical waves. To determine their 
form, let us first state the corresponding formulae of the non-relativistic theory. 
The non-relativistic wave function is a three-dimensional spinor 





For a state having definite values of the energy e (and therefore of the momentum! 
p), the orbital angular momentum /, the total angular momentum j and its com¬ 
ponent m, the wave function is 


if/ = R pl (r)ll jlm (0, (f>). 


(24.1) 


The angular functions fij lm are three-dimensional spinors whose components (for 
the two values ] = l± \ which are possible for a given I) are 


N^-A 




USfv,.! 






(24.2) 


(see QM, §106, Problem). We shall call the fl J/m spherical harmonic spinors. They 
are normalized by the condition 




i'i'm' do 


(24.3) 


The radial functions R pi are the common factor in the two components of the 
spinor if/, and are given by 


R pl = yj~r~ Ji+{(pr) 

(QM, (33.10)). They are normalized by the condition 


(24.4) 


Jo 


r 2 R p iR p i dr = 2u8(p' - p). 


(24.5) 


t In this section, p denotes |p|. 
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Returning now to the relativistic case, let us note first of all that separate laws 
of conservation of spin and orbital angular momentum do not exist for a moving 
particle: the operators s and 1 do not separately commute with the Hamiltonian. 
But the parity of the state is still conserved (for a free particle). The quantum 
number l therefore no longer refers to a definite value of the orbital angular 
momentum, but it defines the parity of the state (see below). 

Let us consider the required wave function (bispinor) in the standard represen¬ 
tation: 

* = (*)■ 

Under rotations, </> and x behave like three-dimensional spinors. Their angular 
dependence is therefore given by the same spherical harmonic spinors Let 
</> a fljim, where l is a certain one of the two values j + \ and j - Under inversion 
</>(r)-*i<M“ r ) (see (21.18)), and ft jlm (—n) = (—iyftj lm (n), so that 

The components x(r), under inversion, become —i^(-r). In order that the state 
should have a definite parity (i.e. that all the components should be multiplied by 
the same factor on inversion), it is therefore necessary that the angular dependence 
in x should be given by the spherical harmonic spinor fl jrm with the other of the 
two possible values of l; since these two values differ by 1, (-l) r = -(-1) ! . 

The radial dependence of c p and x will be given by the same functions R pi and 
R p i> (with the values of l and V which give the order of the spherical harmonics in 
fljim). This is clear because each component of if/ satisfies the second-order 
equation (jp 2 - m 2 )t/> = 0, which for a given value of |p| becomes 

(A + p 2 )if/ = 0, 

and this is formally identical with Schrodinger’s non-relativistic equation for a free 
particle. 

Thus 


$ ~ AR p i( lji m , X ~ BRpi'fljrm, (24.6) 

and it remains to determine the constant coefficients A and B. To do so, we 
consider a distant region, where the spherical wave may be regarded as a plane 
wave. According to the asymptotic formula (QM, (33.12)), 

Rpi = j^{e i(pr ^ n - e- i,pr -^ l> }, (24.7) 

so that c p is the difference of two plane waves propagated in the directions 
± n (n = r/r). For each plane wave, by (23.8), 


e + m 


(±n • a )<\>. 



90 


Fermions 


§24 


From the previous results (formulae (24.6)) it is obvious that (n • <r)flji m = 
where a is a constant. This constant is easily found by comparing the values of the 
two sides of the equation when m = \ and n is along the z-axis. Using (7.2a), we find 

(n • a)flji m = (24.8) 

These formulae, on comparison with (24.6), show that 


B = 


P 

e + m 


A. 


Finally, the coefficient A is determined by the normalization of t/>. If this is 
specified by 

j i/tpjimftp'jTm' d 3 x = 2ir8 ]l -8 u S mia -8(p - p'), (24.9) 

we have 


1 / V(e + m)R p i(lji m \ 

^ pi,m V(2e) \-V(e - m)R p rCl iVm )’ 


i = 2j - t. 


(24.10) 


Thus, for given values of j and m (and of the energy e) there exist two states 
differing in parity. The parity is uniquely defined by the number I, which takes the 
values ]±\: on inversion, the bispinor (24.10) is multiplied by i(-l) 1 . The com¬ 
ponents of this bispinor, however, contain spherical harmonics of both orders l and 
I', showing that the orbital angular momentum has no definite value. 

When r-» oo, the spherical waves (24.7) may be regarded as plane waves in any 
small region of space, with momentum p = ± pn. It is therefore clear that the wave 
functions in the momentum representation differ from (24.10) essentially only in 
that the radial factors are absent and n denotes the direction of the momentum. 

In order to make a direct change to the momentum representation, we must 
carry out a Fourier transformation: 

4>(P') = j 4>(r)e~ if ' T dh. (24.11) 

The integral is calculated by means of the expansion of a plane wave in spherical 
waves: 

e ipr = v2 i (24.12) 

J Y 1=0 m=—l \JJ / \r J 


With an expansion of this kind for e lp r in (24.11) and using (24.5), we find that the 
Fourier components of the function 


tKr) = R p i(r){lji m (r/r) 



§25 


The Relation Between the Spin and the Statistics 


91 


are 


<Mp') = (£ 7 ) f Yt'^jda. 

The integral is equal to the coefficient of the spherical harmonic function in the 
definition (24.2) of the spherical harmonic spinors, and together with the factor 
Yimip'lp ') it yields the same spherical harmonic spinor, but with argument p 'Ip': 

<Mp') = Hp' - p)r l (ijim (^7). 

Applying this result to the bispinor wave function (24.10), we obtain the 
momentum representation 


</'pjlm(p')= S(p'-p) 


(2n) 2 /V(e + m)t 'O jim (p7p') \ 
pV(2e) \V(e - m)r r Qj rm (p'/p')/ 


(24.13) 


The states | pjlm) are the same as the states |pjm|A|) (with |A| = 2) discussed in 
§16: both have definite values of pjm and the parity. The spherical harmonic spinors 
flji m are therefore related in a certain way to the functions (both with argument 
p/p). When p -> 0, the wave functions (24.13) reduce to the three-dimensional spinors 
fljim, the parity of which is P = tj (-1)' (where rj = i is the “internal parity” of the 
spinor). A comparison with the results of §16 gives the formula 


ftjta = »" ± ^ )D $) 


(24.14) 


where l = j + \, and the w (A) are the three-dimensional spinors (23.14). 


§25. The relation between the spin and the statistics 

The second quantization of a field of particles with spin \ (a spinor field) is 
carried out in a similar way to that of a scalar field in §11. 

Without repeating the arguments, we shall immediately write down expressions 
for the field operators, which are exactly analogous to (11.2): 


4> = S yj(2e) U ”'' e m + bp- w p- " e ' PX )> 

$ - <p + y° = 2 (d + pa u pa e ipx + b pa u. p ^e^ x y, 


(25.1) 


the summation is over all values of the momentum p and over a = ± i The 
antiparticle annihilation operators b pa (like the particle annihilation operators d p<T ) 
appear as the coefficients of functions whose coordinate dependence (e lp r ) 
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corresponds to a state having momentum p.t 

To calculate the Hamiltonian of the spinor field, it is not necessary to determine 
the energy-momentum tensor (as we did for the scalar field), since in this case 
there exists a particle Hamiltonian which can be used to derive the wave equation 
(Dirac’s equation) (21.12). The mean energy of the particle in a state with wave 
function if/ is the integral 


J i(/*Hi(/d 3 x = i J d 3 x 

= ijh°^d 3 x. (25.2) 

It should be noticed that the “energy density” (the integrand) is here not a 
positive-definite quantity. 

Replacing the functions if/ and t// in (25.2) by (//-operators, using the ortho¬ 
gonality of the wave functions with different p or a, and also using the relation 
u± p(T y 0 u ±p(T = 2e for the wave amplitudes, we obtain the field Hamiltonian in the 
form 


H = X ^(dpcdp 


hpo-hpo-). 


(25.3) 


Hence it is seen that in this case Fermi quantization must be used: 

{^p o-? o-}+ 1) {hpo-? bpo-}+ 1, (25.4) 

and all other pairs of operators a, a + , b, b + anticommute (see QM, §65), since then 
the Hamiltonian (25.3) may be written 


H = 2) eCa^ap^ + - 1), 


and the energy eigenvalues are (with the usual omission of an infinite additive 
constant) 


E = 'Ze(N vtT + N ptT ), (25.5) 

p, tr 

and are positive-definite, as they should be. With Bose quantization, we should 
obtain from (25.3) the eigenvalues 

2 e(N pcr -N pa ), 

which are not positive-definite and have no meaning. 

t The two functions also correspond to the. same value a of the spin component in the rest frame; 
for the functions i f/- P - (T this will be proved in §26 (see (26.10)). 
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An expression analogous to (25.5) is obtained for the momentum of the system, 
i.e. the eigenvalues of the operator / d 3 x: 

P = 2p(N piJ + N piJ ). (25.6) 

p, <J 


The 4-current operator is 


r = (25.7) 

and the “charge” operator of the field is found to be 

Q = J d 3 x 

2 (Upo-Upcr + hpo-hpo-) 

P 

= 2 (Kcrdpcr ~ bp a b pa + 1); (25.8) 

P, & 

its eigenvalues are 

Q = 2 0V-N p<7 ). (25.9) 

P , CT 


Thus we again arrive at the concept of particles and antiparticles, and the whole 
of the discussion of these in §11 is applicable. 

But particles with spin \ are fermions, whereas those with spin zero are bosons. 
An examination of the formal origin of this difference shows that it is due to the 
different nature of the expressions for the “energy density” in the scalar and spinor 
fields. In the scalar field the expression is positive-definite, and the terms a + a and 
bb + therefore both have a positive sign in the Hamiltonian (11.3). If the energy 
eigenvalues are positive, the replacement of bb + by b + b must occur without change 
of sign, i.e. in accordance with the Bose commutation rule. For the spinor field, 
however, the “energy density” is not a positive-definite quantity, and hence the 
term bb + appears with the minus sign in the Hamiltonian (25.3); to obtain positive 
eigenvalues, the replacement of bb + must be accompanied by a change of sign, i.e. 
must occur in accordance with the Fermi commutation rule. 

The form of the energy density is directly related to the transformation 
properties of the wave function and to the requirements of relativistic invariance. 
In this sense we may say that the relation between the spin and the statistics 
obeyed by the particles is likewise a direct consequence of these requirements. 

The fact that particles with spin \ are fermions also leads to a general con¬ 
clusion: all particles with half-integral spin are fermions, and those with integral 
spin are bosons (including those with spin zero, as demonstrated in §ll).t 


t The origin of the relation between the spin of a particle and the statistics which it obeys was first 
elucidated by W. Pauli (1940). 


QE4 - H 
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This is evident because a particle with spin s may be regarded as “composed” 
of 2s particles with spin i When s is half-integral, 2s is odd; when s is integral, 2s 
is even. A “composite” particle containing an even number of fermions is a boson, 
and one containing an odd number of fermions is a fermion.t 

If a system consists of particles of various kinds, then creation and annihilation 
operators must be defined separately for each kind of particle. The operators 
pertaining to different bosons, or to bosons and fermions, commute. Operators 
pertaining to different fermions may be regarded, in the non-relativistic theory, as 
either commuting or anticommuting (QM, §65). In the relativistic theory, which 
allows transformations of particles into one another, the creation and annihilation 
operators of different fermions must be regarded as anticommuting, like those 
which pertain to different states of the same fermions. 


PROBLEM 


Find the Lagrangian of the spinor field. 

Solution. The Lagrangian corresponding to Dirac’s equation is given by the real scalar expression 

L = hifty^d^if/ - d^if/ • y^if/) - rruj/ifj. (1) 

Taking the components of if/ and if/ as the “generalized coordinates” q, we easily see that the 
corresponding Lagrange’s equations (10.10) are the same as Dirac’s equations for ifj and if/. The overall 
sign of the Lagrangian (like the common factor in it) is arbitrary. Since L involves the derivatives of if/ 
and i fs linearly, the action S = / L d 4 x can in any case have no minimum or maximum. The condition 
8S =0 here gives only a stationary point of the integral, not an extremum. 

The Lagrangian of the spinor field is obtained by replacing if/ in (1) by the operator ip. Applying 
formula (12.12) to this Lagrangian, we find the current operator (25.7). 


§ 26. Charge conjugation and time reversal of spinors 

The coefficients t f/ pa = u pa e~ ipx which appear with the operators a w in (25.1) are 
the wave functions of free particles (electrons, say) having momenta p and 
polarizations a: 


The coefficients - a of the operators b w are to be regarded as the wave functions 
of positrons having the same p and a. It is found, however, that the electron and 
positron functions are expressed in different bispinor representations. This is 
evident from the fact that if/ and ij/ differ in their transformation properties and 
their components satisfy different sets of equations. To eliminate this defect, it is 
necessary to carry out a certain unitary transformation of the components t Jf-p-v, 

t In this argument it is assumed that all particles with the same spin obey the same statistics 
(whatever the way in which they are. “compounded”). The truth of this assumption is seen by 
analogous arguments. For example, if there existed fermions with spin zero, then a fermion with spin 
zero and one with spin \ would yield a particle with spin which would be a boson, in contradiction with 
the general result demonstrated for spin 2 . 
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such that the new four-component function satisfies the same equation as This 
will be referred to as the wave function of the positron (with momentum p and 
polarization a). Denoting the matrix of the required unitary transformation by U c , 
we may write 


(26.1) 

The operation C whereby this function is obtained from i/r_ p is called charge 
conjugation of the wave function (H. A. Kramers, 1937). This concept is, of 
course, not restricted to its application to plane waves: for any function if/, there 
exists a “charge-conjugate” function 

C^(t, r) = UcHt, r), (26.2) 

which has the same transformation properties as if/ and satisfies the same equation. 

The properties of the matrix U c follow from this definition. If if/ is a solution of 
Dirac’s equation (yp - m)i// = 0, then ijj satisfies the equation 

ipiyp + m) = 0, or (yp + m)ij/ = 0. 

Multiplying this equation on the left by U c : 

Ucypif + mUcijj = 0 , 

we apply the condition that the function U c ij/ satisfies the same equation as \jr. 

(yp - m)U c y\f = 0. 


A comparison of the two equations gives the following “commutation relation” 
between U c and the matrices y^:t 

U c r = ~y (26.3) 


We shall further suppose that the wave functions are stated in the spinor or 
standard representation; the general case of any representation will be considered 
only at the end of this section. In these representations, we have 


7 0,2 = y 0,2 , 
( 7 °’l’ 3 )* = y 0 ’ 1 ’ 3 , 



(26.4) 


Then the condition (26.3) is satisfied by the matrix U c = i7cy 2 y°, the constant rjc 
being arbitrary. The condition C 2 = 1 shows that |t)c| 2= 1, and the matrix U c is 

t For particles with spin zero, this problem did not arise, since the scalar functions i}/ and i//* satisfy the 
same equation, and i//* p is identical with i jt p . 

$ From this there follows also the equation 


Ucy 5 = y 5 U c . 


(26.3a) 
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therefore determined apart from a phase factor. We shall take rjc = 1; thus 

U c = y 2 y°=~a y . (26.5) 

Noting also that ip = ip*y° = y°\p* = y°i/r*, we may write the effect of the operator C 
as 

Cip = y 2 y°ip = 7 2 i p*. (26.6) 

The explicit form of the transformation (26.6) for the spinor representation is 

C: Va->-i£t, (26.7a) 

or, equivalently, 

C: ta-t-h*, (26.7b) 

The charge-conjugation transformation for the plane waves \p ±p(J is easily 

carried out by using the explicit expressions (23.9) for the plane waves and the 
matrix U c in the standard representation: 

'«’)• (26 - 8) 


Since 


(TyCT* = — aC7y, 

we have, if w ((T)f is defined as in (23.16), 


UcU-p-v = w po -, UcU-p-a = u p<J . (26.9) 

Thus 

Ctp-p-cr = ipp<ji (26.10) 

so that the functions ip- p - a which appear with the operators b p(T in the i/f-operators 
(25.1) do in fact correspond to states of a particle having momentum p and 
polarization a. We see also that the electron and positron states are described by 
the same functions: 


typl = *Ppv = tPpCT- 

This is to be expected, since the functions \p pu embody information only as to the 
momentum and polarization of the particle. 

The operation of time reversal may be treated similarly. When the sign of the 
time is changed, the wave function must change to the complex conjugate. In order 
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to obtain the “time-reversed” wave function (Ti//) in the same representation as the 
original i//, we must also perform some unitary transformation on the components 
of ijj* (or i//). Thus the action of the operator T on if/ can be written, similarly to 
(26.2), as 


fi//(t, r)= Uri/K-t, r), 


(26.11) 


where U T is a unitary matrix. 

Dirac’s equation satisfied by if/ is 

( ly0 Jt + >y ' v - m )<K f > r) = o, 


and the equation for i jj is 

( 17 °^- +*7 • V+ r) = 0. 

In the latter equation we change t into —t and multiply on the left by -U T : 

^iUry 0 -^- iU T y • V^i//(-t, r) - mU T *p(-t, R) = 0. 

We want the function U T ijj(—t, r) to satisfy the same equation as if/(t, r): 

( iy °di +iy ‘ V ) u tH-^ r) - mU T ij/(-t, r) = 0. 

Comparing the two equations, we find that the matrix U T must satisfy the 
conditions 


U T y° = y°U T , U T y = —yU T - (26.12) 

In the spinor and standard representations, these conditions are satisfied by the 
matrixf 


U T = iy*y l y°- ( 26 - 13 ) 

Thus the effect of the operator T is given by 

fi//(t, r) - iy 3 y l y°^(~t, r) = iy 3 y l if/*(-t, r). (26.14) 

The explicit form of this transformation for the spinor representation is 

T: Vd->iy A *, (26.15a) 

t The choice of the phase factor in (26.13) depends on that in (26.5); see the second footnote to §27. 
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or 


T: t)“-> - irj*. (26.15b) 

In the standard representation, 

Mo - # J- <26 ' 16) 

To find the effect on if/ of all three operations P, T and C, we write successively 

fip(t, r) = —iy'y 3 t//*(—f, r), 

PU(t, r) = = y°yV **(-*, -r), 

CPfiPit, r) = y 2 (y°y'yV*)* = y 2 y°y'y >(-r, - r). 


or 


CPt<p(t, r) = iyV(-t, - r). (26.17) 

In the spinor representation, 

CPT: Va^iVa, (26.18) 

as is also easily seen directly from the transformation rules (20.4), (26.7) and 
(26.15).t 

The expressions given above for the matrices U c and U T assume the spinor or 
standard representation of if/. Let us finally see which properties of these expres¬ 
sions are retained for any representation of if/. 

If if/ is subjected to a unitary transformation: 

if/' = Uif/, y ' = UyU~\ - if/’* 7 °' = j/U + = if/U~\ (26.19) 

then in the new representation we have 

(Cif/)' = U(Cif/) = UU c ij/ = UUcWU) = UUcW. 

A comparison with the definition of the matrix Uc in the new representation, 
(Cif/y = Uc^/', shows that 


Uq — UU C U. (26.20) 

The transformation (26.20) is the same as that of the matrices y only if U is real. 
The expression (26.5) also is therefore valid only in representations which are a real 
transformation of the spinor or standard representation. 

t The notation CPT implies that the operators.act in the sequence from right to left. The sign of (26.17) 
and (26.18) depends on this sequence, since T does not commute with C and P (as regards their action on a 
bispinor). 
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U c U + c=l, U c — -U c . 


(26.21) 


These properties are unaffected by the transformation (26.20), and are therefore 
retained in any representation. The matrix (26.5) is also Hermitian (Uc = Uc), but 
this property is in general not preserved by the transformation (26.20). 

The above discussion and formulae (26.21) apply likewise to the properties of 
the matrix U T . 

In the second quantization formalism, the transformations C, P. T for (//-operators 
must be formulated as transformation rules for the particle creation and annihilation 
operators. These rules can be established (as in §13 for particles with spin zero) from 
the condition that the transformed (//-operators may be written 


4> c (t, r) = U c $(t, r), 
ij/ p (t,r)= iy°4i(t,-r), 
ij/ T (t,r) = U T 4i(-t,r). 


(26.22) 


PROBLEM 

Find the charge-conjugation operator in the Majorana representation (§21, Problem 2). 

Solution. The matrix Uc in the Majorana representation is obtained from the matrix Uc= ~ ot y in the 
standard representation by the transformation (26.20) with U = (a y + /3)/V2, and is Uc = -a y (where a y 
and /3 denote matrices in the standard representation). If primes denote quantities in the Majorana 
representation, we have Cip' = l/c(i//'*/3'), and since j3' = a y , 

Ci//' = a y (i//'*a!y) = a y a y ij/'* — i//'*, 
i.e. charge conjugation is the same as complex conjugation. 


§ 27. Internal symmetry of particles and antiparticles 

The wave function of a particle with spin in its rest frame, is a single 
three-dimensional spinor, which will be denoted by d>“. The behaviour of this 
spinor under inversion is related to the concept of the internal parity of the particle. 
However, as mentioned in §19, although the two possible laws of transformation of 
three-dimensional spinors (d>“ ± id>“) are not equivalent, there is no absolute 

significance in assigning a particular parity to a spinor. We therefore cannot speak 
of the internal parity of any one particle with spin but we can refer to the relative 
internal parity of two such particles. 

From two (three-dimensional) spinors <F (1) and <F (2) , a scalar <F ( a 1} <l> (2)a can be 
formed. If this is a true scalar, the particles described by the spinors are said to 
have the same internal parity; if it is a pseudoscalar, they are said to have opposite 
internal parities. 

We shall show that particles and antiparticles (with spin 2 ) have opposite parities 
(V. B. Berestetskii, 1948). 

Firstly, if the operation C (26.7) is applied to both sides of the P transformation 
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(19.5) (in the spinor representation) 


P: r 


we obtain 


-ri ca* >, jgc * 


• ca* 
Sa , 


where the index c marks the components of the bispinor 
ifj c = (^c'j charge-conjugate to ip = 

Taking the complex conjugate and interchanging the indices, we find 


(27.1) 


P: Tj (27.2) 

Thus charge-conjugate bispinors are transformed in the same manner by inversion. 

Let i// (e) be the wave function of a particle (say an electron) and i// (p) that of the 
antiparticle (a positron). The latter is a bispinor which is the charge conjugate of a 
“negative-frequency” solution of Dirac’s equation. In the rest frame, each function 
becomes a three-dimensional spinor: 

£(«)« = yjie) = (p( e ) a f £(P)« = Yj(p) = <p(p)«. 

According to (27.1), (27.2), these spinors are transformed as follows by inversion: 


(27.3) 

the same for both <F (e) and <F (P) . The product <F (e) <l> (p) , however, changes sign, and 
this proves the result stated above. 

A strictly neutral particle is one which coincides with its antiparticle (§12). The 
^//-operator of a field of such particles satisfies the condition 

r) = ip c (t, r). 

For particles with spin this implies the conditions (in the spinor representation)! 

t= -ir\ rja= -iil (27.4) 

Like any relation which expresses a physical property, these conditions are 
invariant under the transformation CPT.t It is easily verified that they are in fact 

t In the Majorana representation, strict neutrality implies simply that the operator i//' is Hermitian; 
see §26, Problem. 

t More precisely, the transformation CPT must here be defined so as to leave relations such as 
(27.4) unchanged. This is achieved by an appropriate choice of the phase factor in the definition of the 
matrix Ut; see the third footnote to §26. 
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invariant not only with respect to CPT but also with respect to each of the three 
transformations separately. 

In §19, inversion of spinors was defined to be a transformation for which 
P 2 = -1, and this definition has been used so far. The result derived above 
concerning the relative parity of particles and antiparticles is easily seen to be, as it 
should be, independent of the way in which inversion is defined. 

If inversion is defined by the condition P 2 = 1, then (27.1) becomes 

P: € a ^>Va,Vi^r- (27.5) 

The charge-conjugate function is then transformed according to 

r^-Va, Va^-r, 

which differs in sign from (27.5). Accordingly, the three-dimensional spinors will 
be transformed thus: 


(p(^)« $(p)« _> - 

and the product d> (e) d) (p) will again be a pseudoscalar. 

The only possible difference in the physical consequences of the two views of 
inversion is that with the definition (27.5) the condition for a strictly neutral field 
would not be invariant under this transformation (or the transformation CP), 
which would alter the relative sign of the sides of the equations (27.4). Actually, no 
strictly neutral particle with spin \ is known, and we cannot yet say whether this 
difference between the two definitions of inversion has any real physical meaning.! 

PROBLEM 

Find the charge parity of positronium (a hydrogen-like system consisting of an electron and a 
positron). 

Solution. The wave function of two fermions must be antisymmetric with respect to simultaneous 
interchange of coordinates, spins and charge variables of the particles (cf. §13, Problem). The 
interchange of the coordinates multiplies the function by (—l) 1 , that of the spins by (-l) 1+s , where S (=0 
or 1) is the total spin of the system, and that of the charge variables by the required parity C. The 
condition 


(-1)'(-1) ,+S C = -1 

gives C = (~l) ,+s . Since the internal parities of the electron and the positron are opposite, the spatial parity 
of the system is P = (—1) ,+1 . The combined parity CP = (-l) s+1 . 


§ 28. Bilinear forms 

Let us consider the transformation properties of various bilinear forms which 
can be constructed from components of the functions if/ and if/*. Such forms are of 
great importance in quantum mechanics. They include the current density 4-vector 
( 21 . 11 ). 

t The incomplete equivalence of the two definitions of inversion was first noted by G. Racah (1937). 
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Since ip and (//* have four components each, a total of 4x4=16 independent 
bilinear combinations can be formed from them. The classification of the trans¬ 
formation properties of these is evident from the ways listed in §19 of multiplying 
any two bispinors (in this case ip and i//*). We can form a scalar (denoted by S), a 
pseudoscalar (P), a mixed spinor of rank two equivalent to a true 4-vector V* (four 
independent quantities), a mixed spinor of rank two equivalent to a 4-pseudovector A* 
(four quantities), and a bispinor of rank two equivalent to an antisymmetric 4-tensor 
T^ v (six quantities). 

In a symmetrical form (for any representation of (//), these combinations may be 
written 

S = ipip, P = iipy 5 ip, 

(28.1) 

= ipy^ip, A* = ipy^ip, = tycr^i/r, 


where 


(T ^ = ' 1 (y^y‘’-y^) = (a,iX); (28.2) 

the components in (28.2) are stated as in (19.15).t All the expressions given above 
are real. 

The fact that S is a scalar and P a pseudoscalar is evident from their spinor 
representations: 


8 = ^ T)+T)*f, P = i(t*V~V*0, 

which agree with (19.7) and (19.8). The fact that the V* form a vector is then evident 
from Dirac’s equation: multiplying the equation p^y^ip = mip on the left by i//, we 
obtain 


= mipip. 

Since the right-hand side is a scalar, so is the left-hand side. 

The rule whereby the quantities (28.1) are obtained is obvious: they are 
constructed as if the matrices y* formed a 4-vector, y 5 were a pseudoscalar, and 
the ip and ip on either side together formed a scalar.$ The non-existence of bilinear 
forms which are symmetrical 4-tensors is seen from the spinor representation and 
also from this rule: since the symmetrical combination of matrices is y^y v + y v y* L = 
2 g^", any such form would reduce to a scalar. 

The second-quantized bilinear forms are obtained by replacing the (//-functions 
in (28.1) by (//-operators. For greater generality, we shall assume that the two 
(//-operators relate to fields of different particles, denoted by suffixes a and b. Let 

f_For a unitary transformation of i jj (change of representation), we have y -» UyU~\ 

i//-m j/U~\ and the invariance of the bilinear forms under such transformations is obvious. 

$ The “pseudoscalar” nature of y 5 is itself in accordance with these rules, since 

5 ^ \ U. V p 

7 =24«wy y 77- 
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us see how such operator forms are transformed under charge conjugation. We 
havet 

ip c = Uc$, | c = U + c4>, (28.3) 

and therefore, using (26.3) and (26.21), 

$a$b = 'PaUZUciji’b 
= —tjlaUcUcipb 
= - 4>a4>b, 

$aj' l >i>b = IpaU^y^Uc^b 
= - a U cy^UcH'b 
= Ipay^ipb- 

When the operators are restored to their original order (ip to the left of i//). the 
Fermi commutation rules (25.4) show that the sign of the product is changed (and 
moreover terms appear which are independent of the state of the field; we omit 
these, as in the corresponding treatment in §13). Thus we have 

Ip^lpb = Ma, Ipay^Pb = -ipty^lpa- 

Proceeding similarly with the other forms, we find the results for charge con¬ 
jugation!: 


C: 


Sab —* Sha* 

Aab M>a, 


r a b 


Pba, 

-TZ. 


VSfc-^-Vg, 




(28.4) 


The behaviour of these forms under time reversal may be ascertained similarly, 
remembering (see §13) that this operation brings about a change in the order of the 
operators, so that, for example, 


(Mbf = $Wa- 


t To derive the second of these equations from the first, we write 

t c =[UUh°*)h° 

= 'y 0 U'^7 0 i// 

= -y°U + cy°4' 

= y°y° *UH 

= uU, 

using (26.3), (26.21) and the fact that y° is Hermitian. 

t It should be noticed that, for bilinear forms constructed from ^-functions (not ^-operators), the 
transformations (28.4) would have the opposite signs, since the return to the original order of the factors 
ip and ip would not involve a change of sign. 
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Substituting here 

$ t =Ut$, $ T = -U + Tip, (28.5) 

we obtain 

(ifja*pb) T ~ —iffbUjU T^a 
= ifib UrUj^a 
= Ma- 


Treating the other forms in the same way, we obtian 

T: S ab ^S ba , P ab ^-P b a, (V°,V) ab ^(V°,-V) ba , 
(A 0 , A) ab -* (~A° A) ba , T£ b = (p, a) ab -> (p, - a) ba , 


where p and a are three-dimensional vectors equivalent to the components of t pv 
as shown in (19.15). 

Under spatial inversion we have, in accordance with the tensor properties,! 

P: S ab ^S ab , P ab ^-P ab , (V°,V) ab ^(V°,-V) ab , 

(28 7) 

(A°, A) ab ->(-A 0 , A) ba , til = (p, a) ab -»• (-p, a) ab . 

Finally, the simultaneous application of all three operations leaves all the S ab , P ab 
and unchanged, and changes the sign of all the V% b and AS*,, in agreement with 
the fact that this transformation is a 4-inversion: since 4-inversion is equivalent to a 
rotation of the 4-coordinates, it creates no difference between true tensors and 
pseudotensors of any rank. 

Let us now consider products of pairs of bilinear forms constructed from four 
different functions i// a , i// b , i// c , ip d . The result depends on which pairs of functions 
are multiplied together. It is possible, however, to reduce any such product to 
products of bilinear forms with specified pairs of factors (W. Pauli and M. Fierz, 
1936). We shall derive the relationship on which this reduction is based. 

If we take the set of four-rowed matrices 


1,7 5 ,7"AtVao-^ (28.8) 

where 1 is the unit matrix, arrange these 16 (=1 + 1 + 4 + 4 + 6) matrices in any 
definite order and denote them by y A (A = 1,..., 16), and also denote the same 
matrices with lowered 4-tensor indices (ja, v) by y A , then they will have the 
following properties: 


try A = 0 (y A ^l), 

,V=1, 4tr y A y B = Sb. I <28 ' 9) 

t To avoid any misunderstanding, it should be mentioned that the transformations T and P also 
involve a change in the arguments of the functions; the right-hand (transformed) sides in (28.6)-(28.7) 
are respectively functions of x T = (-t, r), x p = (t, -r), when the left-hand sides are functions of 
x=(t,r). 
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The last of these shows that the matrices y A are linearly independent. Since their 
number is equal to the number (4 x 4) of elements of a four-rowed matrix, the 
matrices y A form a complete set in terms of which an arbitrary four-rowed matrix 
T may be expressed: 


r = 2 c A y A , c A = Ury A r, (28.10) 

A 

or, in explicit form, with matrix suffixes i, k = 1, 2, 3, 4, 

Tik 4 r ImymiyAik • 

A 

Assuming, in particular, that in the matrix T only the element F (m is non-zero, we 
obtain the required relation (the “completeness condition”): 

= 4 2 7Aik7ml- (28.11) 

A 

Multiplying both sides of this equation by iwe have 

(*V)(*V) - i 2 (rjA^Xry^l (28.12) 

A 

This is one equation of the type mentioned above, reducing the product of two 
scalar bilinear forms to products of forms involving other pairs of factors.! 

Other equations of the same type may be obtained from (28.12) by the changes 

using the expansion 

y A y B =2 c R y R , c R = 4 tr j a j b jr 

R 


(see the Problem). 

Here we may also give for future reference, the relation for two-rowed matrices 
which corresponds to (28.11). The complete set of linearly independent two-rowed 
matrices cr A (A = 1, 2, 3,4) is 


1) 0"x, 0"y, 

These have the properties 

tr cr A = 0 (o-V 1), 
2 tr cr A cr B = 5 ab* 


(28.13) 


(28.14) 


t It should be mentioned, to avoid any misunderstanding, that we are referring here to forms 
constructed from ^-functions. The sign of the transformation would be opposite for forms constructed 
from the anticommuting ^-operators. 
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The completeness condition is 

2 

A 

= 20"ap • O'Sy + iM* (28.15) 

(a, J8, y, S = 1, 2), or 

a/3 ^8y 2^Tay " ^8/3 2^ayfis/3* (28.16) 


PROBLEM 

Derive formulae analogous to (28.12) for products of pairs of bilinear forms, P, V, A, T. 

Solution. We use the notation 

J s = /p = (tp a y 5 if/ b )(i^ c y 5 if/ d ), 

Jv = (ifj a y^ij/ b )(ifj c y^ d ), Ja = (^ a iy^y 5 ^)(ilf c iy^y 5 ^ d ), 

Jt = (^ a io-^> b )(i// c icr^i// d ), 

and the same symbols with primes to denote the products with i f/ b and i f/ d interchanged. The method 
used above gives 

4J s = Js + Jv + Jt + /a + Jp, 

4 J v = 4Js ~ 2Jv + 2 /a ~ 4/p, 

4/f — 6/s — 2 /t + 6/p, 

4/a = 4/s + 2/y -2 /a-4/p, 

4/p = /s — /v + Jt — Ja + /p, 

the first of these equations being the same as (28.12). 


§ 29. The polarization density matrix 

The dependence on the coordinates of the wave function i// which describes 
free motion with momentum p (a plane wave) reduces to a common factor e lp r , 
and the amplitude u p acts as a spin wave function. In such a state (a pure state), the 
particle is completely polarized (see QM, §59). In the non-relativistic theory this 
means that the particle spin has a definite direction in space (more precisely, there 
exists a direction in which the spin component has the definite value +!)• In the 
relativistic theory, this description of a state in an arbitrary frame of reference is 
not possible, because, as already mentioned in §23, the spin vector is not con¬ 
served. The term “pure state” signifies only that the spin has a definite direction in 
the rest frame of the particle. 

In a state of partial polarization, there is no definite amplitude, but only a 
polarization density matrix p ik (i,k = 1, 2, 3, 4 being bispinor indices). We define this 
matrix in such a way that in a pure state it reduces to products: 


Pik UpjMpfe. 


( 29 . 1 ) 
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tr p = 2m; 


(29.2) 


cf. (23.4). 

In a pure state, the mean value of the spin is given by the quantity 

s = 2 j 
= ^u*Xu p 

= ~ u p y°Xu p . (29.3) 

The corresponding expression for a state of partial polarization is 

s = ^tr(p 7 °2) = ^tr(p7 5 7). (29.4) 

The amplitudes u p and u p satisfy the algebraic equations (yp — m)u p = 0, 
u p (yp - m) = 0. The matrix (29.1) therefore satisfies the equations 

(yp - m)p = p(yp - m) = 0. (29.5) 

The density matrix must satisfy similar linear equations in the general case of a 
state which is mixed (with respect to the spin); cf. the analogous argument in QM, 
§14. 

If we consider a free particle in its rest frame, the non-relativistic theory is 
applicable. In that theory the state of partial polarization is completely defined by 
three parameters, the components of the mean spin vector s (see QM, §59). It is 
therefore clear that the same parameters will define the polarization state after any 
Lorentz transformation, i.e. for a moving particle. 

Let twice the mean spin vector in the rest frame be denoted by in a pure state 
|£| = 1, in a mixed state |£| < 1. For a four-dimensional description of the polariza¬ 
tion state it is convenient to define a 4-vector a^ which in the rest frame is the same 
as the three-dimensional vector £; since £ is an axial vector, a^ is a 4-pseudovector. 
This 4-vector is orthogonal to the 4-momentum in the rest frame (in which 
a^ = (0, £), p^ = (m, 0)); in any frame, we therefore have 

a^= 0. (29.6) 

In any frame, moreover, 

-£ 2 . (29.7) 

The components of the 4-vector in a frame in which the particle is moving 
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with velocity v = p/s are found by a Lorentz transformation from the rest frame, 
and are 


■•-Sfc 


a± = £±, 



(29.8) 


where the suffixes || and 1 denote the components of the vectors £ and a parallel and 
perpendicular to the direction of p.t These formulae may be expressed in vector form: 


a = £ + 


p(£ ■ p) 

m(s + m)' 


,o a * P _ P * S 




m 




(p-p 2 

m 2 


(29.9) 


Let us first consider the unpolarized state (£ = 0). The density matrix in this case 
can contain as parameters only the 4-momentum p. The only form for such a 
matrix which satisfies the equations (29.5) is 

p—2(yp + m) (29.10) 

(I. E. Tamm, 1930; H. B. G. Casimir, 1933). The constant coefficient is chosen in 
accordance with the normalization condition (29.2). 

In the general case of partial polarization (£ ^ 0), we seek the density matrix in 
the form 


P =-^ (JP + m)p’(yp + m), (29.11) 

which necessarily satisfies the equations (29.5). When £ = 0, the auxiliary matrix p' 
must become a unit matrix; since (yp + m) 2 = 2ra(yp + m), (29.11) is then the same 
as (29.10). The matrix p' must also contain the 4-vector a linearly as a parameter, 
i.e. must be of the form 


p'=l-Ay 5 (ya); (29.12) 

the second term includes the “scalar” product of the pseudovector a and the 
“matrix 4-pseudovector” y 5 y. To determine the coefficient A, we write the density 

t As regards their transformation properties, the components of the mean spin vector s (like those of 
any angular momentum) are, in relativistic mechanics, the space components of an antisymmetric tensor 
S kfl . The 4-vector a x is related to this tensor by the equations 

s *, = _L £ ^ VP( j> a A = _l e ^ pp 

It must be emphasized that, in an arbitrary frame of reference, the spatial part a of the 4-vector a A is not 
the same as the vector 2s: we easily see that 
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matrix in the rest frame: 


p = |m(l + 7°)(1 + Ay 5 y • 0(1 + y°) 

= 2 m(l + y 0 )(l + Ay 5 y • 0 

and calculate the mean spin by (29.4). Using the rules given in §22, we easily find that 
the only non-zero term in the trace is 

Is^^tTipy^y) 

= -Utr[( 7 - 07 l 
= A0 

Equating this to £, we have A = 1. The final expression for p is obtained by 
substituting (29.12) in (29.11) and interchanging the factors p' and yp + m; since a 
and p are orthogonal, the product yp anticommutes with y a : 

(ya)(yp) = lap - (yp)(ya) = - (yp)(ya), 

and therefore commutes with y 5 (ya). 

Thus the density matrix of a partially polarized electron is given by the 
expression 


P = 2 .(yp + m)(l - y s (ya)) (29.13) 

(L. Michel and A. S. Wightman, 1955). If the matrix p is known, the 4-vector a 
which describes the state can be found from 

a* = 2m tr (PT 5 T M ), (29.14) 

and the vector £ is therefore also known. 

The formulae for the density matrix of the positron are entirely analogous to 
those of the electron. If the positron (with 4-momentum p) were described by a 
positron amplitude w ( p pos) and by a density matrix p (pos) defined on the basis of this 
amplitude, then there would be no difference from the case of the electron, and the 
matrix p (pos) would be given by the same formula (29.13). But, in actual calculations 
of cross-sections of scattering processes involving positrons, it is necessary (as we 
shall see below) to deal not with mJ, pos) but with the “negative frequency” amplitudes 
u~p. Accordingly, the polarization density matrix (which we denote by p ( ) ) must be 
defined so as to reduce to M_ p>i M_ p>k for a pure state. 

According to (26.1), the positron amplitude i4 pos) = U C U- P . Conversely, 

u-p = U c u<r\ u-p = U cw p pos) = u ( p os) U$; 


QE4 - 
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cf. (28.3). If 


plk ) U-pj\l-pfa 


pt 


(pos) _ M (pos) I -(pos) 


KT 


then these formulae give 


p ( “ } = U c p (pos) Ut (29.15) 

Substituting for p (pos) the expression (29.13), we obtain, after some simple 
rearrangements using (26.3) and (26.21), 

p (_) = kyp ~ m)(l - y 5 (ya)) (29.16) 

In particular, for an unpolarized state 

P (_) — kyp — m). (29.17) 

In referring to positron density matrices below, we shall intend the matrices p ( ~\ 
and the index (-) will be omitted; the matrices p (pos) will not be needed in practice. 

In various calculations it will often be necessary to average over spin states an 
expression such as uFu (=UiF ik u k ) where F is a (four-rowed) matrix and u is the 
bispinor amplitude of a state having a definite 4-momentum p. This averaging is 
equivalent to replacing the products u k Ui by the density matrix p ki of a partially 
polarized state. 

In particular, complete averaging over two independent spin states is equivalent 
to changing to an unpolarized state, and, by (29.10), we have 

2 2 u p Fu p = 5 tr (yp + m)F. (29.18) 

polar. 

Similarly, for wave functions with negative frequency, 

2 2 u-pFu^p = \ tr (yp - m)F. (29.19) 

polar. 

If summation over spin states replaces averaging, the result is doubled. 

Let us see how the density matrix (29.13) tends to its non-relativistic limit. To 
do so, we use the rest frame of the electron. In the standard representation of the 
wave functions, the amplitudes u p in this frame have two components in the limit, 
and the density matrix must accordingly have two rows. For, in the rest frame, 

p=\m{ 7°+l)(l-7 5 7*0, 

and we find from the expressions ( 21 . 20 ) and (22.18) for the matrices y 


( Pnon-r 0 \ 

p = \o 0 > 


Pnon-r m(l“l~Cr*£), 


(29.20) 
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the zeros denoting two-rowed null matrices. If we use the normalization of the 
density matrix to unity (tr p non _ r = 1), as is customary in the non-relativistic theory, 
instead of the normalization to 2m, then the above expression must be divided by 
2 m, giving 

i(l + cF-£) 

in agreement with QM, (59.4), (59.5). 

Similarly, the non-relativistic limit for the positron density matrix is 

P=: (n )’ pnon-r= - tn(l + or • Q. 

W Pnon-r / 

Finally, there is a simpler expression for the density matrix in the ultra- 
relativistic case. Putting in (29.8) |p| ~ e (and thereby neglecting small quantities of 
order (m/s) 2 ), substituting these expressions in (29.13) or (29.16), and taking the 
direction of p as the x-axis, we can write 

P = iLe(y° - y l ) ± m] [l ~ (/“ y')£|| + £± * 7±)]> 

where the upper sign refers to the electron and the lower sign to the positron. 
When the product is expanded, the leading terms cancel, and those of the next 
order give 

P =b(7°- 7 J )[1 -7 5 (±£|, + £i-7±)] 

or, again writing e(y°- y 1 ) in the form yp, 

p = 2 (yp)[l - y 5 ( ± £h + • y±)]. (29.21) 

This is the required expression for the density matrix in the ultra-relativistic 
case. It should be noticed that all the components of the polarization vector £ 
appear in this expression equivalently, as terms of the same order of magnitude. It 
will be recalled that C\\ is the component of this vector parallel (if £||>0) or 
antiparallel (if C\\ < 0) to the particle momentum. In particular, for a helicity state of 
the particle, C\\ = 2A = ±1; the density matrix then has an especially simple form, 

P = 2 yp(l ± 2Ay 5 ), (29.22) 

which is, as it should be, the same as the neutrino or antineutrino density matrix, 
these being particles with zero mass and definite helicity (see §30). 


§30. Neutrinos 

We have seen in §20 that the necessity of two spinors (£ and tj) to describe a 
particle with spin \ is due to the mass of the particle. This necessity disappears if the 
mass is zero. The wave equation which describes such a particle can be derived from a 
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single spinor, say the dotted spinor rj: 

= 0, (30.1) 

or, equivalently, 

(Po + P * <t)v = 0. (30.2) 

It has also been noted in §20 that the wave equation containing the mass m is 
necessarily symmetrical with respect to inversion (the transformation (20.4)). When 
the particle is described by a single spinor, this symmetry is lost, but it is not needed, 
since symmetry with respect to inversion is not a universal property of Nature. 

The energy and momentum of a particle with m = 0 are related by e = |p|. For a 
plane wave (rj p ~ e~ ipx ), equation (30.2) therefore gives 


(n • ar)r] p = -rj p , 


(30.3) 


where n is a unit vector in the direction of p. A similar equation, 


(n • cr)r]- p = - T7-p, 


(30.4) 


applies to a wave with “negative frequency” (tj- p ~ e ipx ). 
The second-quantized i/z-operator is 


V S (Vp a p V-pbp )? 

p 

V + = 2(v*pa; + V^K)- 

p 


(30.5) 


Hence it follows, as usual, that tj* p are the wave functions of the antiparticle. 

The definition (20.1) of the operators p a( * shows that p“^* = -p a/3 . The complex 
conjugate spinor rj* therefore satisfies the equations p“^rj| = 0, or, equivalently, 


PtpV 13 * = 0. 


We write t) p * = thus expressing the fact that complex conjugation changes the 
dotted to the undotted spinor. The wave function of the antiparticle then satisfies the 
equation 

= 0, (30.6) 


or 


(p 0 - p • <r)£ = 0. 


(30.7) 


Hence, for a plane wave, 


(n • <r)£ p = &. 


(30.8) 
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But in • a is the operator which projects the spin on the direction of motion. 
Equations (30.3) and (30.8) therefore signify that states of the particle with a definite 
momentum are necessarily helicity states, for which the spin component in the 
direction of motion has a definite value. If the particle spin is opposite to the 
momentum (helicity - 5 ), then the antiparticle spin is along the momentum (helicity 
+ 2 ). 

The neutrinos which occur in Nature appear to be particles possessing these 
properties. The particle with helicity —i is conventionally called the neutrino, and that 
with helicity +5 the antineutrino.t 

In connection with the fact that the neutrino states are not degenerate with respect 
to spin directions, reference should be made to the comment in §8 that a massless 
particle has only axial symmetry about the direction of the momentum. For a strictly 
neutral particle (the photon), this symmetry includes both rotations about the axis and 
reflections in planes passing through the axis. For the neutrino, there is no reflection 
symmetry, leaving only the group of rotations about the axis, which conserve the 
angular momentum component along the axis and do not change its sign. The 
symmetry with respect to reflections exists only if the particle is at the same time 
replaced by the antiparticle. 

It should also be noted that the necessarily longitudinal polarization signifies that 
the spin of the neutrino cannot be distinguished from its orbital momentum, just as 
with the necessarily transverse photon fields (§ 6 ). 

From one spinor rj (or £), only four bilinear combinations can be constructed, 
which together form the 4-vector 

rj*arr]). (30.9) 

It is easily verified that the equations 

(p 0 + p • or)rj = 0, T7*(p 0 - p • a) = 0 

imply the continuity equation dj* = 0 , so that j* acts as a particle current density 

4-vector. 

It is convenient to normalize neutrino plane waves in a manner similar to that used 
in §23 for particles possessing mass: 

Ip = Upe ^ V - p = V(b) (30 ’ 10) 

the spinor amplitudes being normalized by the invariant condition 

M* p (l, or)u ±p = 2(e, p). (30.11) 

The particle density and particle current density are then j° = 1, j = p/s = n. 

Since a free neutrino with a given momentum is always completely polarized, there 

t The existence of neutrinos was theoretically predicted by W. Pauli (1931) in order to explain the 
properties of ]3-decay. Equation (30.1) was first discussed by H. Weyl (1929). The neutrino theory based on 
these equations was evolved by L. D. Landau, T. D. Lee and C. N. Yang, and A. Salam (1957). 
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are no states which are mixed (with respect to the spin). It may nevertheless be 
convienent to define a two-rowed polarization “density matrix” simply as the spinor 
of rank two 


pap = u A uj, (30.12) 

for which tr p = 2s. An expression for this matrix can be obtained by noting that it 
must satisfy the equations 


(s + p • cr)p = p(e + p • a) = 0 . 


Hence we have 


p = e-p-ar. (30.13) 

In the consideration of various interaction processes, neutrinos may appear 
together with other particles having spin \ and possessing mass, which are therefore 
described by four-component wave functions. In such cases it is convenient to retain 
uniformity of notation by formally defining for the neutrino also a “bispinor” wave 
function having two components zero: 

♦-©• 

But this form of i \j is in general not preserved in another (non-spinor) representation. 
This difficulty can be overcome by noting that in the spinor representation we have 
identically 


1 + y 5 
2 



(t?*£*) 


1 




where £ is an arbitrary “makeweight” spinor which does not appear in the final result; 
the matrix y 5 is given by (22.18). The condition for a true “two-component” neutrino 
will therefore be maintained when it is described by a four-component if/ in any 
representation, if ij/ is taken to be the solution of Dirac’s equation with m = 0: 


(yp)* = 0, (30.14) 

subject to the additional condition i(l + y 5 )i/> = i/t, or 

yV = <fc (30.15) 


This condition may be taken into account by replacing i// and *//, wherever they 
would occur, by the following expressions: 

i 1 "f" y 5 i 7 7 1 — y 5 

2~ fa y~. 


(30.16) 
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For example, using these expressions in the current density 4-vector may be 

written in the form 


F = itKl - + y 5 H 

= 2 «^y M (l + y 5 )<P- (30.17) 

In the same way, the four-rowed neutrino density matrix becomes 

p = i(i + y 5 )(yp)(i - y 5 ) = ki + y 5 )(y p)- (30.18) 

In the spinor representation it reduces, as it should, to the two-rowed matrix (30.13), 

_ / ° 0\ 

^ \e - or • p 0/ 

The corresponding formulae for the antineutrino differ from those given above by 
a change of the sign of y 5 . 

The neutrino is an electrically neutral particle, but, with the properties described 
above, it is not a strictly neutral particle. Here it must be noted that the “neutrino field” 
described by a two-component spinor is equivalent, as regards the number of possible 
particle states (but not, of course, as regards its other physical properties) to a strictly 
neutral field described by a four-component bispinor. Instead of states of particles and 
antiparticles with definite helicity, we should here have the same number of states of 
one particle with two possible values of the helicity, and the property of symmetry 
with respect to inversion would automatically occur. However, the zero mass of the 
“four-component” neutrino would be, so to speak, “accidental”, since it would be 
unrelated to the symmetry properties of the wave equation describing the neutrino 
(which allows also a non-zero mass). The various interactions of such a particle would 
therefore necessarily imply the existence of a small but not zero rest mass. 


§31. The wave equation for a particle with spin 3/2 

A particle with spin 3/2 is described, in its rest frame, by a three-dimensional 
symmetrical spinor of rank three (having 25 + 1 = 4 independent components). 
Correspondingly, in an arbitrary frame of reference, its description may involve the 
4-spinors £ a/3T , r]^ y and £ aPy , Xd&y, each of which is symmetrical in all the indices of one 
kind (dotted or undotted). The spinors in each pair are interchanged by inversion. 

In order that the 4-sponors % afiy and Tj d<37 should become in the rest frame 3-spinors 
symmetrical in all three indices, they must satisfy the conditions 

P* p riafiy = 0, Pa^ = 0: (31.1) 


in the rest frame we have 


p^-tp 0 8 £ = m8%, 
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as is seen from (20.1), and the conditions (31.1) therefore imply the equations 

8gw = 0, 8tt' a py = 0, 

where the primed letters denote the corresponding three-dimensional spinors. Thus 
these spinors give zero on contraction with respect to the indices a , /3, which means 
that they are symmetrical in these two indices, and hence in all three. 

The differential relations between the spinors £ and rj are 

P Si VaS = m^, | 

Psjiit* — mrjts- , ^ 31 ‘ 2 ^ 

The conditions (31.1) ensure that the left-hand sides of (31.2) vanish on con¬ 
traction with respect to any other pair of indices, and hence that these quantities are 
symmetrical in /3, y or a, 8. In the rest frame, the three-dimensional spinors £' and V 
are the same according to (31.2). On eliminating rj or £ from (31.2), we find that each 
component of the spinors £ and rj satisfies the second-order equation 

(p 2 -m 2 )^ = 0. (31.3) 

The equations (31.1), (31.2) form a complete set of wave equations for a particle 
with spin 3/2.f No further results would be obtained by using the spinors £ and x- Their 
structure is as follows: 


m r py = p a6 vi\ 

WlXafiy PatS^jSy* 

The equations of particles with spin 3/2 can also be put in a different form, using the 
vectorial properties of spinors (W. Rarita and J. Schwinger, 1941; A. S. Davydov and I. 
E. Tamm, 1942). One four-dimensional vector index /jl is assigned to a pair of spinor 
indices a/3. Thus the components of the spinor of rank three can be put into 
correspondence with the components of the “mixed” quantities ipl, which have one 
vector and one spinor index. Similarly, the spinor r]^ ay is correlated with i// y , and the 
two spinors together correspond to a “vector” bispinor if/^ (omitting the bispinor 
index). The wave equation then becomes a “Dirac equation” for each of the vector 
components i 


(yp - m) i/v = 0, 


(31.4) 


with the added condition 


7^=0. (31.5) 

Using the expressions for the matrices in the spinor representation and the 

t See the paper by Fierz and Pauli, cited in §15, concerning the Lagrangian formulation of these 
equations. 
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relations (18.6), (18.7) between the spinor and vector components, we can easily verify 
that equation (31.4) implies equations (31.2), and that the condition (31.5) is equivalent 
to the condition for the spinors £ af3y and tj al3y to be symmetrical in the indices /3y or /3y. 
Multiplying (31.4) by y* and using (31.5), we find 

y^y v Pv^n =0, 

or, with the commutation rules for the matrices y*\ 

2g^p v ^-y v p v y^=0. (31.6) 

The second term in turn is zero by (31.5), and the first term gives 

P^= 0. (31.7) 

This condition, which is implied by (31.4), (31.5), is easily seen to be equivalent to the 
conditions (31.1). 

Finally, yet another way of expressing the wave equation is to use quantities ijjiki (i, 
k, 1 = 1, 2, 3, 4) with three bispinor indices, in which they are symmetrical (V. 
Bargmann and E. P. Wigner, 1948). The set of these quantities is equivalent to the 
components of all four spinors £, rj, £, x • The wave equation becomes a set of “Dirac 
equations” 


P ixy^imlpmkl Wllffikb (31.8) 

We easily see that these equations yield the necessary number (four) of independent 
components i fj ik i, and there is therefore no need to impose any further conditions. In the 
rest frame, (31.8) becomes 


y fm^mkl ~ tyikh 

according to which all the components with /, k, l = 3, 4 are zero (in the standard 
representation), i.e. the i l/ ikl reduce to the components of a three-dimensional spinor of 
rank three. 

The results given above have an obvious generalization for particles with any 
half-integral spin s. In the description by equations of the form (31.4), (31.5), the wave 
function is a symmetrical 4-tensor of rank \(2s - 1) with one bispinor index. In the 
description by equations of the form (31.8), the wave function has Is bispinor indices 
and is symmetrical in these. 
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§ 32. Dirac’s equation for an electron in an external field 

The wave equations of free particles express essentially only those properties 
which depend on the general requirements of space-time symmetry. Physical 
processes involving the particles, however, depend on their interaction properties. 

The description of the electromagnetic interactions of particles in relativistic 
quantum theory can be effected by a generalization of the method used in classical 
non-relativistic quantum theory. 

This method, however, is applicable to the description of electromagnetic 
interactions only of particles that are not capable of strong interactions. These 
include electrons (and positrons), and the very wide domain of electron quantum 
electrodynamics is therefore accessible to the existing theory. There are also 
unstable particles, the muons, which are not capable of strong interactions; they 
are described by the same quantum electrodynamics as regards phenomena occur¬ 
ring in times short in comparison with their lifetime (with respect to weak 
interactions). 

In -this chapter we shall discuss problems of quantum electrodynamics which 
fall within the scope of single-particle theory. These are problems in which the 
number of particles is unchanged, and the interaction can be represented in terms 
of an external electromagnetic field. Besides the conditions which ensure that the 
external field may be regarded as given, there are conditions arising from “radiative 
corrections” which also impose limits on the validity of such a theory. 

The wave equation of an electron in a given external field can be derived in the 
same way as in the non-relativistic theory (QM, §111). Let A* = (<3>, A) be the 
4-potential of the external electromagnetic field (A being the vector potential and <I> 
the scalar potential). We obtain the desired equation on replacing the 4-momentum 
operator p in Dirac’s equation by p - eA, where e is the charge on the particle t: 

[y(p “ eA) — m]i// = 0. (32.1) 

The corresponding Hamiltonian is found by making the same change in (21.13): 

H = a. • (p - e A) + /3m + e$>. (32.2) 

The invariance of Dirac’s equation under gauge transformations of the elec¬ 
tromagnetic field potential is shown by the fact that it is unchanged in form if the 
transformation A A + ipx (where x is an arbitrary function) is accompanied by 

t The charge together with its sign is meant, so that for the electron e = — \e\. 
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ilf^ilje iex ; (32.3) 

cf. the corresponding transformation for Schrodinger’s equation in QM, §111. 

The current density is expressed in terms of the wave function by the same 
formula (21.11), 


j = i/jyijj, 


as when there is no external field. It is easily seen that, when the calculations used 
in deriving (21.11) are repeated with the equation (32.1) (and the equation (32.4) 
below), the external field disappears, and the continuity equation contains the same 
expression for the current as previously. 

Let us apply the operation of charge conjugation to equation (32.1). To do so, 
we write the equation 


ij/[y (p + eA) + m] = 0, (32.4) 

which is obtained as the complex conjugate of (32.1), in the same way as equation 
(21.9) was derived in Chapter III, and using the fact that the 4-vector A is real. 
Putting this equation in the form 

[y(p + eA) + m]ijjf = 0, 

multiplying it on the left by the matrix U c and using the relations (26.3), we find 

[y(p + eA) - m](Cif/) = 0. (32.5) 

Thus the charge-conjugate wave function satisfies an equation which differs 
from the original equation by a change in the sign of the charge. The operation of 
charge conjugation, however, corresponds to a change from particles to antiparti¬ 
cles. We see that, if the particles possess an electric charge, the signs of the 
electron and positron charges are necessarily opposite. 

The first-order equations (32.1) can be transformed into second-order equations 
by applying to them the operator y(p - eA) + m : 

[y'VCPd - eA^iPv - eA v ) - m 2 ]^ = 0. 

The product y^y v may be written as follows: 

7*V = 2(y'V + y V) + 2 ( 7*7 ” - 7 ”7*) 

= g» V + 


t The transformation (32.3) with a function x(t, r) is sometimes called a local gauge transformation, 
in contrast to the global gauge transformation (12.10) with a constant phase a. 
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where cr* v is the antisymmetric “matrix 4-tensor” (28.2). On multiplying by or we 
can antisymmetrize by the substitution 

(P„ - eA^ip, - eA„)-^{(ft* - eA^Xpr - M„)}_ 

= \e(~ AJi v + p p A„ - P^A, + A v p^) 

= 2 ieid^A^ — d^A,,) 

= -2ieFp„ 

(with = d )l A v - d v A n the electromagnetic field tensor). The result is the second- 
order equation 


[(p - eAf - m 2 - = 0. (32.6) 

The product F^cr 71 " may be written in three-dimensional form in terms of the 
components 


= (a, iX), F' 1 ” = (-E, H). 


Then 


[(p - eAf - m 2 + eX ■ H - iea • E]«^ = 0, (32.7) 


or, in ordinary units, 

[(7¥-f ,,> ) J -( i ' lv + f A ) ! - mV + ? I - H - i T“- E ]* = 0 - (32 ' 7a) 

The occurrence in these equations of terms in the fields E and H is due to the spin 
of the particle, and will be further discussed in §33. 

The solutions of the second-order equation include, of course, “redundant” 
solutions which do not satisfy the original first-order equation (32.1), being solu¬ 
tions of that equation with the opposite sign of m. The choice of the appropriate 
solutions in particular cases is usually obvious and causes no difficulty. The 
customary procedure is that, if 4> is any solution of the second-order equation, then 
a solution of the correct first-order equation is 

^ = [y(P ~ eA) + m](f). (32.8) 

For, on multiplying this equation by y(p - eA) - m, we see that the right-hand side 
vanishes if c/> satisfies (32.6). 

It should be emphasized that the introduction of the external field into the 
relativistic wave equation by replacing p by p - eA is not self-evident. In doing so, 
we have essentially made use of a further principle: this substitution must be 
applied to first-order equations. For this reason equation (32.6) contains additional 
terms which would not appear if the substitution were made directly in the 
second-order equation. 
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The stationary-state solutions of Dirac’s equation in an external field may 
include states of both the continuous spectrum and the discrete spectrum. As in the 
non-relativistic theory, states of the continuous spectrum correspond to infinite 
motion, in which the particle can be at infinity; it may there be regarded as a free 
particle. Since the eigenvalues of the Hamiltonian of a free particle are ±V(p : + 
m 2 ), it is clear that the continuous spectrum of energy eigenvalues is in the ranges 
e^m and e^-m. If -m<e<m, the particle cannot be at infinity, and the 
motion is therefore finite and the state belongs to the discrete spectrum. 

As in the case of free particles, the wave functions with “positive frequency” 
(e >0) and with “negative frequency” (e <0) appear in a definite manner in the 
second quantization procedure. For particles in an external field, there is a natural 
generalization of this procedure, the plane waves in formulae (25.1) being replaced 
by appropriately normalized eigenfunctions i// ( n +) and i// ( n ~ } of Dirac’s equation, 
corresponding to positive and negative frequencies (e ( „ +) and -e ( n _) ): 


ip = 2 {fln'A < „ +) e is " M ‘ + bt4> ( n ) 

n 

$ = 'Z {atip n +) e ie " <+, ‘ + b n ip 

n 


(32.9) 


However, as the potential well becomes deeper, the energy levels may cross the 
boundary 8=0, so that positive levels become negative (or vice versa when the 
potential has the opposite sign). Nevertheless, for the sake of continuity we must 
still regard these as electron (not positron) levels. That is, the electron states are to 
be regarded as all those which approach the positive limit of the continuous 
spectrum (e = m) when the field is removed with infinite slowness. 

Although Dirac’s equation for an electron in an external field does, as already 
mentioned, yield solutions for a large class of problems in quantum elec¬ 
trodynamics, we must at the same time emphasize that the applicability of the 
concept of an external field in the one-particle problem of relativistic theory is 
nevertheless restricted, because of the spontaneous formation of electron-positron 
pairs in sufficiently strong fields (see §§35 and 36). 

We shall not deal in this book with the inclusion of an external field in the wave 
equations for particles with spin other than since the topic has no immediate 
physical significance: actual particles having such spins are hadrons, and their 
electromagnetic interactions cannot be described by wave equations. 


PROBLEM 

Determine the electron energy levels in a constant magnetic field. 

Solution. The vector potential is A x = A z = 0, A y = Hx (the field H being along the z-axis). The 
components p y , p z of the generalized momentum (as well as the energy) are conserved. 

We use the second-order equation for the auxiliary function <p (see (32.8)), and assume that 4> is an 
eigenfunction of the operator 2 Z (with eigenvalue a = ±1) and of the operators p y , p z . The equation for (f> 
is 




Py) 2 -eH(T^4 


-( E 2 -m 2 -pl)4>. 
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This equation is the same in form as Schrodinger’s equation for a linear oscillator. The eigenvalues of e 
are given by 


£ 2 m 2 P z — \e\H(2n + 1) - eHa, n = 0,1, 2,... ; 

cf. QM, §112. The wave function i J/, which is to be determined from $ according to (32.8), is not an 
eigenfunction of the operator 2 Z , in accordance with the fact that the spin is not conserved for a particle 
in motion. 


§33. Expansion in powers of 1/ct 

We have seen in §21 that, in the non-relativistic limit (v -»0), 


two components (x) of the bispinor t jj = 


vanish. 

X> 


Hence x ^ <t> when the electron velocity is small. This leads to an approximate 
equation involving only the two-component quantity c£>, obtained by a formal 
expansion of the wave function in powers of 1/c. 

Dirac’s equation for an electron in an external field may be written 


ih = |ca • ^p - ^ + /3me 2 + e<5> Ji//. (33.1) 

The relativistic energy of the particle includes also its rest energy me 2 . This must 
be excluded in arriving at the non-relativistic approximation, and we therefore 
replace ^ by a function defined as follows: 

= e ~ imc2tlh . 


Then 


(ift ~^+ = jea • ^p + /3me 2 + e3> ji//. 

Substituting ifj f = we obtain the equations 

= ccr- (p-^Ajx', (33.2) 

jj- e<P + 2mc 2 ^jx’ = ccr • (p-^- A^</>'. (33.3) 

The primes to 4> and x will henceforth be omitted; this will cause no misunder¬ 
standing, since only the transformed function if/' is used in the present section. 


f In this section, ordinary units are used. 
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In the first approximation, only the term 2 mc 2 \ is retained on the left-hand side 
of (33.3), which gives 


p-f A V (33 - 4) 

(thus * ~ c pic). Substitution of this in (33.2) gives 

For the Pauli matrices we have the relation 

(a • a)(a • b) = a • b + icr • a x b, (33.5) 

where a and b are arbitrary vectors (see (20.9)). In the present case, a = b = 
p- eAlc, but the vector product a x b is not zero, since p and A do not commute: 

(p-^A)x(p-jA)]^ = i^{AxV + VxAH 

.eh T 

= i — curl A • d >. 
c 

Thus 

(a-(p-f A )) =(p-f A ) -f a-H, (33.6) 

where H = curl A is the magnetic field, and for c/> we obtain the equation 

* !r= r (p - f A )’ + " • H ]* < 33 - 7 > 

This is Pauli's equation. It differs from the non-relativistic Schrodinger’s 
equation by the last term in the Hamiltonian, which has the form of the potential 
energy of a magnetic dipole in the exterhal field (cf. QM, §111). Thus, in the first 
approximation (with respect to 1/c), the electron behaves as a particle having both 
a charge and a magnetic moment 


p = — hs. (33.8) 

me 

The gyromagnetic ratio el me is twice its value for a magnetic moment due to 
orbital motion.! 

t This remarkable result was first derived by P. A. M. Dirac in 1928. The two-component wave 
function satisfying equation (33.7) was introduced by W. Pauli (1927), before Dirac’s discovery of his 
equation. 
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The density p = = cf)*(f) + x*X • The second term must be omitted in the first 

approximation, so that p = |$| 2 , as would be expected for Schrodinger’s equation. 
The current density is 

j = cif/^aif/ 

= c(4>*crx + 

We substitute here, from (33.4), 

and transform the products containing two factors a by means of (33.5) in the form 
(a • a)a = a + icr x a, a(a • a) = a + ia x a. (33.9) 

The result is 

j = - 4>*V4>) - ^ A ^ curl (<f>*a<t>), (33.10) 

in agreement with the expression in the non-relativistic theory, QM (115.4). 

Let us now derivet the second approximation, continuing the expansion as far 
as terms of order 1/c 2 , and assuming that there is only an electric external field 
(A = 0). 

First, we note that, when terms ~ 1/c 2 are included, the density is 
P = \4>\ 2 +\x\ 2 = \4>\ 2 + -^p\<r ■ V<H 2 . 

This differs from the Schrodinger expression. In order to find (in the second 
approximation) the wave equation corresponding to Schrodinger’s equation, we 
must replace c ft by another (two-component) function c^ S ch, for which the time- 
independent integral would be of the form / |^> S ch| 2 d 3 x, as it should be for 
Schrodinger’s equation. 

To obtain the required transformation, we write the condition 

I <t>$ch<t>schd 3 x = J {»V + 4-V (V»* • w)(<T • V*)} d 3 x 

t The method used here is due to V. B. Berestetskii and L. D. Landau (1949). 
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J (V<t>* • ct)(ct • V<j>) d 3 x = — J • V)(ct • V)<f> d 3 x 
= - J <f>*A(j> d 3 x 


(or the same with c/> and c/>* interchanged). Thus 


f <f>l h <t>schd 3 x = I {</>*</> -^p(4>*A<t> + d> A4>*)]d 3 x, 


whence it is evident that 


* = < 331 » 

To simplify the notation we shall assume a stationary state, replacing the 
operator ih dldt by the energy e (with the rest energy subtracted). In the next 
approximation after (33.4) we have from (33.3) 


- 1 /i e — ed> 

* 2mc\ 2 me 2 


)(cr • p)</>. 


This is to be substituted in (33.2) and c/> then replaced by (/> Sc h according to (33.11), 
omitting all terms of higher order than 1/c 2 . A simple calculation leads to an 
equation for </> Sc h in the form ec/>s C h = H</> Sc h> where the Hamiltonian is 

»=£- sS? ++ ^> 1 - 


The expression in the braces is transformed by means of the formulae 

(a • p)d>(a • p) = d>p 2 + (a • pd>)(a • p) 

= d>p 2 + ih(cr • E)(a • p), 
p 2 <I> - <$p 2 = - ft 2 A4> + 2iftE • p, 

where E = -Vd> is the electric field. The final expression for the Hamiltonian is 




eh 2 A . _ 

;— 2~2 div E. 


The last three terms are the required corrections of order lie 2 . The first of these 
three terms is due to the relativistic dependence of the kinetic energy on the 
momentum (the expansion of the difference cV(p 2 +m 2 c 2 )-me 2 ). The second, 
which may be called the spin-orbit interaction energy, is the energy of the 


QE4 - J 



126 


Particles in an External Field 


§34 


interaction of the moving magnetic moment with the electric field.! The last is zero 
except at points where there are charges creating the external field (for instance, in 
the Coulomb field of a point charge Ze , Ad> = - 47 rZeS(r)) (C. G. Darwin, 1928). 

If the electric field is centrally symmetric, then 


and the spin-orbit interaction operator can be put in the form 


eh 


2~~2Z°' , r x P 


4m c r 


d<&_ h 2 dU 
dr 2 m 2 c 2 r dr 


1 • s, 


(33.13) 


where 1 is the orbital angular momentum operator, s = Ut is the electron spin 
operator, and U = e$> is the potential energy of the electron in the field. 


§ 34. Fine structure of levels of the hydrogen atom 


Let us determine the relativistic corrections to the energy levels of the 
hydrogen atom—an electron in the Coulomb field of a fixed nucleus.! The velocity 
of the electron in the hydrogen atom is v/c ~ a < 1. The required corrections can 
therefore be calculated by the use of perturbation theory, averaging over the 
unperturbed state (i.e. over the non-relativistic wave function) the relativistic terms 
in the approximate Hamiltonian (33.12). For somewhat greater generality we shall 
take the charge of the nucleus as Ze , assuming, however, that Za < 1. 

The field of the nucleus is E = Zer/r 3 , and its potential satisfies the equation 
Ad> = -AirZeb{r). Substituting this in the last three terms in (33.12) and using the 
fact that the electron charge is negative, we obtain the perturbation operator 


V = 


8m 3 


Za - Za7r , . 

^■s+j^tSW. 


2 r 3 m 


(34.1) 


Since, according to the non-relativistic Schrodinger’s equation, 

p 2 i ff — 2m ^8 0 + 

(where e 0 = -mZ 2 a 2 lln 2 is the unperturbed level and n the principal quantum 


t With the magnetic moment (33.8) and the velocity v = p/m, this energy becomes -p - Ex v/2c. At 
first sight this result may appear unlikely, because on changing to a frame of reference fixed to the 
particle there arises a magnetic field H = Ex v/c, in which the energy of the magnetic moment should be 
-pH. The occurrence of the factor 2 (the “Thomas half”; L. H. Thomas, 1926) is due to the general 
requirements of relativistic invariance together with the particular properties of the electron as a 
“spinor” particle with the corresponding value of the gyromagnetic ratio (see §41). 

t The effect of the motion of the nucleus on these corrections is a quantity of a higher order of 
smallness, which will not be considered here. 
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p 4 = 4m 2 (e 0 + ^) . 

This quantity, like the mean value of the second term in (34.1), is calculated by 
means of the formulae (see QM, §36) 

r” 1 = maZ/n 2 , 

7^ = (maZ) 2 ln\l+b, (34.2) 

= (maZ) 3 /n 3 I(I + £)(J + 1), 

the last of which is valid if 1^0; the eigenvalue is 

i • s= lua —id +1) - 3i if i 

I • s = 0 if l = 0. 


Finally, the third term is averaged by means of the formulae 


■ l=0; 


<MO) = o, 


l 7 ^ 0 . 


(34.3) 


The result of a simple calculation using the above formulae may be written for 
all cases (for all j and /) as 


Ae = 


m(Za) 4 / 1 __3\ 
2 n 3 \j~+l 4 n) m 


(34.4) 


Formula (34.4) gives the required relativistic correction to the energy of the 
hydrogen levels; that is, it gives the fine-structure energy.t In the non-relativistic 
theory, there is both degeneracy with respect to spin direction and Coulomb 
degeneracy with respect to /. The fine structure (spin-orbit interaction) removes 
this degeneracy, but not completely: there remain levels with mutual double 
degeneracy, having the same n and j but different l - j ± The levels with the 
maximum possible value for j for a given n, 

j max l max "l" 2 ^ 2? 

are then not degenerate. Thus the sequence of hydrogen levels, with allowance for 


t This formula, and the more exact formula (36.10), were first derived by A. Sommerfeld from the 
old Bohr theory before the development of quantum mechanics. 
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the fine structure, is 


lsi /2 ; 

2s 1/2, 2 p 1/2, 2 p 3 / 2 ; 

3s 1/2, 3pi/2, 3p3/2, 3^3/2, 3d 5 / 2 ; 


The level with principal quantum number n is split into n fine-structure com¬ 
ponents. 

In non-relativistic mechanics, the “accidental” degeneracy of the energy levels 
in a Coulomb field is due to the existence of a conservation law peculiar to this 
field, relating to a quantity A whose operator is 


A = 


- + 

r 


1 

2 ma 


(lxp-px 1); 


see QM, (36.30). This specific conservation law is also responsible for the twofold 
degeneracy which remains in the relativistic case: the Hamiltonian H = 
a • p + ftm - e 2 /r of Dirac’s equation commutes with the operator 


/ = -•£ + — /3(2 • i + 1 )y 5 (H - m/3) 
r ma 

(M. H. Johnson and B. A. Lippmann, 1950). In the non-relativistic limit, I • A. 

We shall see later (§123) that this remaining degeneracy is removed by “radia¬ 
tive corrections” (the Lamb shift), which are neglected in Dirac’s equation for the 
single-electron problem. 

To anticipate, it may be mentioned here that the order of magnitude of these 
corrections is mZ 4 a 5 log (1/a). The second-order spin-orbit interaction correction 
would be ~m(Za) 6 , and the ratio of this to the radiative corrections is therefore 
~Z 2 a/log (1/a). For hydrogen (Z = 1), this ratio is certainly small, and the exact 
solution of Dirac’s equation is therefore of no significance in that case, but it may 
be significant as regards the electron energy levels in the field of a nucleus with 
large Z (§36). 


§35. Motion in a centrally symmetric field 

Let us now consider the motion of an electron in a centrally symmetric electric 
field. 

Since the angular momentum and the parity (relative to the centre of the field, 
which is taken as the origin) are conserved in a central field, the discussion in §24 
regarding spherical waves of free particles is entirely applicable to the angular 
dependence of the wave functions of such a motion; only the radial functions vary. 
Accordingly, we shall seek the wave function of the stationary states (in the 
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standard representation) in the form 


* = 



, f(r)fl,i m 

(-lf' +l - n g(r)n irm 


)■ 


(35.1) 


where l=j±\, J' = 2 j-Z, and the power of -1 is chosen for subsequent con¬ 
venience. 

Dirac’s equation in the standard representation yields the following equations 
for </> and x : 


( e-m - U)(f> = a • p*, 
(e + m - U)x = a • p 


(35.2) 


where U(r ) = e<&(r) is the potential energy of the electron in the field. The result of 
substituting the expressions (35.1) is calculated by evaluating the right-hand sides 
of these equations. 

Expressing the spherical harmonic spinor n jrm in terms of by 


(Ijrm = i l 



n 


jlm 


(see (24.8)), we can write 


(<r • p)x = - Ho- • p)(<T • r) ^ 

Now transforming the product (a • p)(a • r) by means of the formula (33.5), and 
expanding the vector operators, we have 

(<r • p)* = -i{p • r + itr • p x r} ^ 0, jlm 

= {-div r - (r • V) - a • r x p}^ tl jlm 

where 1 = r x p is the orbital angular momentum operator; the prime denotes 
differentiation with respect to r. The eigenvalues of the product cr • I = 21 • s are 

21 • s = j 2 -1 2 - s 2 

= j(j + l)-l(l + l)-t 
r j-i if i=j-2, 

l-i-1 if 1 = J + i 


In order to be able to use the same formulae for both cases (I = j ± 2 ), it is 
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convenient to write 


k = -O' + i) = -Cl + 1) for j = I + 2 , | 

, . (35.3) 

= +0' + 2 ) = i for j = 1-1. J 

The number k takes all integral values except zero, the positive numbers cor¬ 
responding to the case ] = l— \, and the negative numbers to the case j = i + i Then 
1 • a = -(1 + k), and 


(<T • p)x = - (g' + -y-^ 


When this expression is substituted in the first equation (35.2), the spherical 
harmonic spinor (1 jtm cancels from the two sides. Proceeding similarly with the 
second equation, we finally obtain the following equations for the radial functions: 


f' + ^y L f-(e + m-U)g=0, 
g' + ^g + (e-m-L/)/ = 0 , 


(35.4) 


or 


(fr)' + j(fr)-(e + m-U)gr = 0, 


(35.5) 


(g r )' - ~ (gf) + (e - m - U)fr = 0. j 

Let us examine the behaviour of / and g at small distances, assuming that the 
field U(r ) increases more rapidly than 1/r as r->0. Then, for small r, equations 
(35.4) become 


f'+Ug= 0 , g'~ Uf = 0 . 
These have real solutions, of the form 


/ = constant x sin^J U dr + 
g = constant x cos (J Udr + dJ, 


(35.6) 


where 8 is an arbitrary constant. These functions oscillate as r->0, but tend to no 
limit. It is easy to see that this situation corresponds, in the non-relativistic theory, 
to the “fall” of a particle to the centre. 

First of all, we note that the smallness of r here places no restrictions on the 
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choice of solution, since there is no condition at r = 0 for the oscillatory function, 
and so the choice of 8 remains arbitrary (the correct behaviour of the wave 
function for large r can be ensured by an appropriate choice of 8 , for any value of 
e). This indeterminacy can be eliminated by regarding the potential with a sin¬ 
gularity (at r = 0) as the limit, when r 0 ^0, of a potential cut off at some r 0 , i.e. 
equal to U(r) for r > r 0 and U(r 0 ) for r < r 0 . With r 0 finite, we of course obtain a 
definite set of energy levels, but the energy of the ground state tends to as 
r 0 ^0. 

In the non-relativistic theory, this signifies a “fall” to the centre, since a particle 
at a deep level is localized in a small region near r = 0. In the relativistic theory, 
such a situation is impossible, since it would imply that the system was unstable 
with respect to the spontaneous generation of electron-positron pairs. For, whereas 
an energy exceeding 2m is needed to create such a pair in a vacuum, a smaller 
energy is sufficient in a field. In the presence of an electron bound state with energy 
e < m, a pair can be formed by expending an energy e + m < 2m, the result being a 
free positron and an electron in a bound state. If, on the other hand, the bound 
state energy is e <-m, such a field can create positrons (with energy -e > m) 
spontaneously, without taking energy from an external source. In the field under 
consideration, as r 0 ^0, there is an infinity of such “anomalous” levels with 
8 < m. Thus fields whose potential 3>(r) increases more rapidly than 1/r as r^O 
cannot be dealt with by means of Dirac’s theory. This applies to potentials of either 
sign. Although a “fall” can occur, of course, only with attraction, the sign of 
U = depends also on that of the charge, so that electron levels behave 
anomalously in one case and positron levels in the other; in the latter case, the field 
generates free electrons. 

Let us next consider the behaviour of the wave functions at large distances. If 
the field U(r) decreases sufficiently rapidly as r^>° °, it may be entirely neglected in 
the equations when determining the asymptotic form of the wave functions at large 
distances. When e > m, i.e. in the continuous spectrum, we then return to the 
equation of free motion, so that the asymptotic form of the wave functions 
(spherical waves) differs from that for a free particle only by the presence of 
additional “phase shifts”, whose values are determined by the form of the field at 
short distances.t These shifts depend on the values of j and /; that is, on the 
number k defined above (and also, of course, on the energy e). Denoting the phase 
shifts by 8 K and using the expresssion (24.7) for a free spherical wave, we can 
therefore immediately write down the required asymptotic formula: 

2 1 / V(e + m)ilji m sin (pr — + S K ) \ n5 

V r V(2e)\—V(e - sin (pr -\Ytx 4- K)V K ' ’ 

or, with the definition (35.1), 

/l V2 le ±m sin . 

[ = — V- (pr- 2^1 + 5k), (35.8) 

g J r V e cos 

t Cf. QM, §33. As in the non-relativistic theory, U(r ) must decrease more rapidly than 1/r. The case 
U ~ 1/r will be discussed separately in §36. 
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where p=V(e 2 -m 2 ). The common coefficient here corresponds to the nor¬ 
malization of the radial functions by (24.5). 

The wave functions of the discrete spectrum (e <m) decrease exponentially as 
r oo; 


/ = - = y exp [-rV(m 2 -e 2 )], (35.9) 

where A 0 is a constant. 

As in the non-relativistic theory, the phase shifts 8 K (more precisely, the 
quantities e 2 ' 8 * - 1 ) determine the scattering amplitudes in a given field, as will be 
further discussed in §37. We shall not pause to investigate here the analytical 
properties of these amplitudes (cf. QM, §128), but merely note than e 2 ' 8 * again has, 
as a function of energy, poles at the points corresponding to the levels for bound 
states of the particle. The residue of e 2 ' 8 * at such a pole is related in a certain 
manner to the coefficient in the asymptotic expression for the corresponding wave 
function of the discrete spectrum. This relation may be found by a generalization 
of the non-relativistic formula, QM (128.17). The necessary calculations are 
entirely similar to those in QM, §128. 

Differentiation of equations (35.5) with respect to the energy gives 


\ de J r de de 

«^s) + _ M) 

\ de ) r de de 


= rg. 


= ~rf. 


We multiply these two equations by rg and -rf respectively, and the two equa¬ 
tions (35.5) by -rg and rf, and add all four term-by-term. After simplification, we 
have 


d_ 

dr 




= r 2 (f 2 + g 2 ). 


We now integrate with respect to r: 




4- g 2 )r 2 dr. 


and take the limit as r^oo. The integral on the right tends to unity, by the 
normalization condition. On the left-hand side, we use the fact that in the asymp¬ 
totic region the functions / and g are related by 
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1 

e + m 




(35.10) 


This formula differs only in the coefficient (g + m replacing 2m) from the 
corresponding non-relativistic formula (for the function x)- There is therefore no 
need to repeat the subsequent calculations; the final formula, valid near the point 
g = g 0 (where g 0 is the energy level), is 


e 


2iS 


, 2 Ap l m - e 0 
' ’ e - e 0 > m + e 0 ’ 


(35.11) 


where A 0 is the coefficient in the asymptotic expression (35.9). 


PROBLEM 

Find the limiting form of the wave function for small r in a field U ~ r~\ s < 1. 

Solution. For a free particle we have, when r is small, / — r 1 , g ~ r v , so that f > g if / < /', and 
/ < g if l > l'. We make the assumption (which is confirmed by the result) that this relationship exists 
also in the field considered here. If / < /' (i.e. I = j - k = - l- 1), the term in g may be omitted from the 
first equation (35.4), so that f ~ r l as before. The second equation then gives g ~ rfU, i.e. g ~ = 

r l ~ s . The case l > 1' is treated similarly. The result is 

for I < /', /~r', g-r r ~ s ; 

for l > T, f ~ r'~\ g ~ r l 


§ 36. Motion in a Coulomb field 

We shall begin the study of the properties of the motion in the very important 
case of a Coulomb field by considering the behaviour of the wave functions at 
short distances, taking the particular case of an attractive field: U = -Za/r .t 
For small r, the terms in e ± m may be omitted in equations (35.5), leaving 

(fryi-jfr~gr = 0, 

(gr)'~jgr + ~fr = 0 . 

The two functions fr and gr appear in an equivalent manner in these equations, and 
we therefore seek them as equal powers of r : fr = ar y , gr = br y . Substitution gives 

a(y + k) — bZa = 0, aZa + b(y — k) = 0, 

whence 


y 2 = k 2 -(Zol) 2 . 


(36.1) 


t In ordinary units, U = - Ze 2 /r. In relativistic units, e 2 is replaced by the dimensionless quantity a. 
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Let (Zaf<K 2 . Then y is real, and the positive value must be taken: the 
corresponding solution either does not diverge at r = 0 or does so less rapidly than 
the other. The choice may be justified by considering a potential which is “cut off” 
(see §35) at a certain small r 0 and then taking the limit r 0 ^O; cf. the analogous 
discussion in QM, §35. Thus 

/ = g = constant x r ~ x+y , 

y + K (36.2) 

y - V(k 2 - ZV) - V[(j + \f ~ ZV]. 

Although the wave function may become infinite at r = 0 (if y < 1), the integral of 
\if/\ 2 remains finite, of course. 

If (Za) 2 > k 2 , both values of y given by (36.2) are imaginary. The corresponding 
solutions oscillate as r~ x cos(|y| log r) when r-» 0, and this again corresponds to a 
situation which is inadmissible in the relativistic theory, as already shown above. 
Since k 2 ^ 1, this means that a purely Coulomb field can be discussed in Dirac’s 
theory only if Za < 1, i.e. Z < 137. 

Let us now give a qualitative description of the situation which arises when 
Z > 137. In order to avoid an indeterminacy in the boundary condition at r = 0, we 
must again consider a potential cut off at a distance r 0 (I. Ya. Pomeranchuk and Ya. 

A. Smorodinskii, 1945). This has a direct physical significance as well as a formal 
one. The charge Z > 137 can in practice be concentrated only into a “superheavy” 
nucleus of finite radius. Let us therefore see how the configuration of levels varies 
as Z increases for a given r 0 . 

In the Coulomb field when not cut off, the energy e x of the lowest level tends to 
zero when Za = 1, and the e x (Z) curve terminates, the level e x becoming imaginary 
for Za > 1; see (36.10) below. In the cut-off field, for a given ro^O, the level e x 
passes through zero only for some Za > 1. The value ei = 0 has no physical 
distinctiveness, and when r 0 ^ 0 it also has no formal distinctiveness, the e x (Z) 
curve not terminating there. When Z increases further, the levels continue to 
descend, and at a certain “critical” value Z = Z c (r 0 ) the energy e x reaches the 
bottom (~m) of the lowest continuum of levels. As explained in §35, this means 
that zero energy is required for the creation of a free positron. The critical value Z c 
is therefore the maximum charge that the “bare” nucleus can have for a given r 0 . 

When Z > Z c , the level e x <-m, and the formation of two electron-positron 
pairs becomes energetically favourable. The positrons go to infinity, carrying 
kinetic energy 2(|ei| - m), and the two electrons occupy the level ei. This gives an 
“ion” with an occupied K shell and a charge Z ef[ = Z-2 (S. S. Gershtein and Ya. 

B. Zel’dovich, 1969). The system is stable for Z > Z c , up to values of Z for which 
the limit -m reaches the next level.! 

Lastly, it may be noted that, even for a point charge, the form of the potential at 
short distances is affected by radiative corrections, but the resulting corrections to 
Z c a are only of the order of a. 

t For example, if the nuclear charge is uniformly distributed in a sphere with radius r 0 = 
1.2 x l(T l2 cm, the critical value Z c = 170, and the next level reaches the limit -m when Z = 185 (V. S. 
Popov, 1970). A detailed account of the quantitative theory is in the review article by Ya. B. Zel’dovich 
and V. S. Popov, Soviet Physics Uspekhi 14, 673, 1972. 
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Let us now turn to the exact solution of the wave equation (C. G. Darwin, 1928; 
W. Gordon, 1928). 

(a) Discrete spectrum (e < m). We seek the functions f and g in the form 

/ = V(m + £ )e-5'>p^ 1 (Q 1 + Q 2 ), 

. , , (36.3) 

g = -V(m - e) e 2P p y (Q, - Q 2 ), J 

with the notation 

p = 2Ar, \=V(m 2 -£ 2 ), y = V(k 2 - Z 2 a 2 ). (36.4) 

This is reasonable, since we already know the behaviour of the functions as p-*0 
(36.2) and their exponential decrease (~e~ 1P ) as o. Since, as p^ 00 , the func¬ 
tions / and g must have the same asymptotic behaviour, we must expect that 
Qi > Q 2 as p 

Substitution of (36.3) in (35.4) yields the equations 

p(Qi + QiY +(y + k)(Q, + Q 2 ) - P Qi + Zayl^~(Q 1 - Q 2 ) = 0, 
p(Qi - QiY + (y - K)(Q, - Q 2 ) + pQ 2 - Za + QO = 0, 

where the prime denotes differentiation with respect to p. The sum and difference 
of these give 


pQi + (y - ^)Q. + (k - ^)Q 2 = 0, 
PQ 2 + (y + ^^-p)Q2+ (k = °, 

or, eliminating either Qi or Q 2 , 


(36.5) 


pQT + (2y + 1 - p)Qi - (y - ^)q, = 0, 

pQS + (2y + l-p)QJ-(y + l-^ £ )Q 2 = 0, 

where we have used the fact that y 2 - (Zae/A) 2 = k 2 - (Zam/A) 2 . The solution of 
these equations which is finite when p = 0 is 

Q, = AF(y-^,2y + l,p), 


(36.6) 


Q 2 = BF(y+l-^p,2y + l,p), 


A 
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where F(a, /3, z) is the confluent hypergeometric function. Putting p = 0 in either of 
the equations (36.5), we obtain the relation between the constants A and B : 


— _ y ~ a 

K-Zamjk 


(36.7) 


The two hypergeometric functions in (36.6) must reduce to polynomials, since 
otherwise they would increase as e p when p^ 00 , and the wave function itself 
would increase as e* p . The function F(a , /3, z) reduces to a polynomial if a is a 
negative integer or zero. We write 

y — Zaelk — —n r . (36.8) 


If n T — 1,2,..., the two hypergeometric functions reduce to polynomials. If n r = 0, 
only one of them does so. In that case, y = Zaelk , and Zamlk = |k|, as is easily 
verified. If k < 0, the coefficient B (36.7) is zero, so that Q 2 — 0 and the necessary 
condition is satisfied. If k >0, however, then B = — A, and Q 2 remains divergent 
when n r = 0. Thus the following values are possible for the quantum number n r : 


n r = 0, 1, 2,... for k < 0, 
= 1, 2, 3,... for k > 0. 


(36.9) 


The definition (36.8) then yields the following expression for the discrete energy 
levels: 


8 

m 


1 + (Za > 2 

{V[K 2 -(Za) 2 ] + n r } 2 


(36.10) 


In particular, the energy of the ls^ ground level (|k| = 1 , n r = 0) is 

e, = mV[l-(Za) 2 ]. 


For Za< 1, the leading terms in the expansion of (36.10) are 

i = (Z«) 2 fi , (Za) 2 fl 3 1] 

m 2(|k| n r ) 2 l |K| + n r L|/<| 4(|k| n r )J J‘ 

On writing n r + \k\ = n (=1,2,...) and noting that \k\ = j + we return to formula 
(34.4), which was previously derived by means of perturbation theory. As already 
mentioned at the end of §34, the further terms in this expansion have no 
significance, since they are certainly exceeded by the radiative corrections. For¬ 
mula (36.10) as it stands, however, is meaningful when Za ~ 1. The double 
degeneracy of the levels shown by the approximate formula (34.4) exists also in the 
exact formula, which involves only |k|, so that levels with the same j and different I 
again coincide. 

We have still to determine the common normalization factor A in the wave 
function. The wave function of the discrete spectrum must, as usual, be normalized 



§36 


Motion in a Coulomb Field 


137 


by the condition f \ip\ 2 d 3 x = 1; the corresponding condition on the functions / and g 
is 


f (f 2 + g 2 )r 2 dr= 1. 

0 

The value of A is most simply determined from the asymptotic form of the 
functions as r-> oo. Using the asymptotic formula 

F(-B„2 T + i,p)« r ~Sti r |L(-pr' 


(see QM, (d. 14)), we find 


/ 


(- l)" r AV(m 


+ e) 


T(2 Y + 1) 

T(n r + 2y + 1) 


e~ kr (2k ry +n '-\ 


Comparing this with (36.22) derived below, we can find A. Collecting together the 
formulae, we can write out in full the final expressions for the normalized wave 
functions: 


f,g = 


±(2A) 32 (m ± e)r(2y + n r + 1) 
T{2y + 1) _4m(Zam/A)(Zam/A 




K ) F (~ n r, + 1,2Ar) + n r F(l - n r , 2y + 1,2Ar)}, (36.11) 


where the upper signs refer to f and the lower signs to g. 

(b) Continuous spectrum (e >m). There is no need to solve the wave equation 
afresh for the states of the continuous spectrum. The wave functions for this case 
are obtained from those of the discrete spectrum by the substitutions! 


V(m - e)-> -iV(e - m), \->-ip, -n r -> y - iZas/p; (36.12) 


see QM, §128 concerning the choice of sign in the analytical continuation of the 
square root V(m - e). The normalization of the functions must, however, be done 
again. 

Making these substitutions in (36.11), we may write 


/ = V(e + m)) 

g = iV(e - m)J 


x A' e ipr (2pr) y ~ l 


x 


X 0‘ e F (y - iv, 2y + 1, -2 ipr) -+- e ,( F(y + 1 - iv, 2y + 1, -2 ipr)], 


t In the rest of this section, p denotes |p| = V(e 2 - m 2 ). 
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where A' is another normalization constant, 

"= z “ e/ p- ,3613 > 

the value of £ is real, since y 2 + (Zae/p) 2 = k 2 + (Zamlp) 2 . 

According to the formula 

F(a, J3, z) = e z F(p - a , J3, -z) 


(see QM, (d. 10)), we have 

F(y + 1 - iV, 2y + 1, -2 ipr) = e~ 2ipr F(y + ii>, 2y + 1,2ipr) 

= e~ 2ipr F*(y - iv, 2y + 1, -2ipr). 

Hence 

/, g = 2 iA'V(e ± m)(2pry ] im, re{6 l(pr+ ^F(y - tV, 2y + 1, -2ipr)}. (36.14) 

The normalization coefficient A' is found by comparing the asymptotic expression 
for this function with the general formula (35.7) for a normalized spherical wave. The 
resulting expression for the wave functions of the continuous spectrum (which we 
shall afterwards verify) isf 


= ,3/2 j m±e i jr(y + 1 + iv )| (:2 pr) y 

1,8 V S r(2y + l) r 

x im, r e{e l(pr+i) F(y - iv, 2y + 1, -2ipr)}. (36.15) 

The asymptotic expression for this function is derived by means of QM (d. 14), 
where only the first term is now significant, the second decreasing as a higher 
power of 1/r: 


f,g = 


V2 Is ± m 

r V e 


sin, cos(pr + 8 K + v log 2 pr - \ Itt), 


(36.16) 


where 


8 k — £ — arg T(y + 1 + iv) — \i:y + \lir , 


or 


p 2 i 8 K = k - ivmie T(y + 1 - iV) 
y — iv T(y + 1 + iv) e 


(36.17) 


(36.18) 


For future reference, we shall give an expression for the phase in the ultra- 


t The wave functions for a repulsive field are obtained by changing the sign of Za, i.e. that of v. 
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. 2 us. = K r(y+l -iZa) Ml _ y) 

y — iZa T(y 4- 1 + iZa) 


(36.19) 


The expression (36.16) differs from (35.8) only by the logarithmic term in the 
argument of the trigonometric function. As in Schrodinger’s equation, the slowness 
of the decrease of the Coulomb potential affects the phase of the wave, which 
becomes a slowly varying function of r. 

Analytical continuation into the region e <m gives, in place of (36.18), 


p 2 is K = k - Zam/X T(y + 1 - Zae/X) iv( i- y) 
y —Zae/X T(y + 1 + Zae/X) 


(36.20) 


This expression has poles at the points where y + 1 - Zae/X = 1 — n r , n r = 1,2,... 
(poles of the gamma function in the numerator), and also at the point y ~ Zae = 
-n r = 0 (if also k <0); these points coincide with the discrete energy levels, as they 
should. 

Near any of the poles with n r ^ 0, we have 


e 


2 iS 


(Zam/X — k) e ilT(l ~ y) 
n r T(2y + 1 + n r ) 


T(y + 1 — Zae/X). 


The form of the gamma function near its pole is found by means of the familiar 
formula r(z)T(l - z) = tt /sin ttz : 

r( ■ i Zas \ __ tt _ 

V A / r(n r ) sin 7r(y + 1 — Zae/A)’ 

sin ir(y + 1 — Zaelk )« tt cos irn r ■ — £ °^ 

= (—l)" r (7rZam 2 /A 3 )(e — e 0 ), 

where e 0 is the energy level. Thus we havet 


*2 is* 


(- 1 ) 


l + n r ; 


Y (Zam/X — k) X 3 1 
n r !T(2y + 1 + n r ) Zam 2 e - e 0 ' 


(36.21) 


At the end of §35 a formula (35.11) was derived which relates the residue of the 
function e llbK at its pole to the coefficient in the asymptotic expression for the wave 
function of the corresponding bound state. For a Coulomb field, however, the 
formula (35.10) must be slightly modified, because the constant phase shift 8 K in 
(35.7) is replaced in (36.16) by the sum 8 K + v log2pr. We must therefore replace 
e 2l8 \on the left-hand side of (35.11) by 

exp(2iS K + 2 iv log 2 pr )-> e 2lbK {2iXr) 2(flr+y \ 
t This formula is easily seen to be valid even if n r = 0. 
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Using (36.21) and determining from (35.11) the coefficient A 0 (which will now be a 
power function of r), we find the asymptotic form of the normalized wave function 
of the discrete spectrum: 


f = f (Zam/A - x)(m + e)A 2 Tp -> 

1 [2n r \Zam 2 r(2y + l + n r )j^ ’ r 


(36.22) 


This has already been used to determine the coefficient in (36.11). 


§ 37. Scattering in a centrally symmetric field 

The asymptotic expression for the wave function which describes the scattering 
of particles in the field of a fixed centre of force may be written! 

e ipr 

i// = u ep e ipz + u' e p > —. (37.1) 

Here u ep is the bispinor amplitude of the incident plane wave. The bispinor u' ep > is a 
function of the direction of scattering n', and for any given value of n' its form (but 
not, of course, its normalization) is the same as that of the bispinor amplitude of 
the plane wave propagated in the direction n'. 

We have seen in §24 that the bispinor amplitude of the plane wave is entirely 
determined by specifying a two-component quantity, the three-dimensional spinor w, 
which is the non-relativistic wave function in the rest frame of the particle. The flux 
density is expressed in terms of the same spinor, and is proportional to w*w, with a 
proportionality coefficient which depends only on the energy e and is therefore the 
same for the incident and scattered particles. The scattering cross-section is 
da = (w'* w'/w* w) do or, if as in §24 the incident wave is normalized by the condition 
w*w = 1 , 


da = w'*w' do. 

We define the scattering operator / by 

w' = /w. (37.2) 

Since the quantities w, w' have two components, the operator thus defined is 
exactly analogous to the operator scattering amplitude which appears in the 
non-relativistic scattering theory taking account of spin (QM, §140). We can 
therefore apply immediately the formulae derived there which express the operator 
in terms of the phase shifts of the wave functions in the scattering field. It is only 
necessary to transform these phase shifts by expressing 8t and 8i from QM, §140, 
in terms of the phase shift 8 K which appears in the relativistic formula (35.7). The 
phases 8t and 8i referred to states with orbital angular momentum / and total 


t In §§37 and 38 p denotes |p|, and e and p will be written separately as suffixes to the amplitude. 
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angular momentum j = l and j = l According to the definition (35.3), k = 
-l - 1 for j = J + 2 and k = l for j = l - We must therefore make the changes 


81 5-d+i), 81 -> 8i 


and remember that the suffix to 8 now represents the value of k. Thus we find 

/ = A + Bva, (37.3) 

A = XT- f, W + l)(e 2i6 - 1) + l(e m ' - l)]P(cos 6), (37.4) 

lip i=0 

5=^-2 (e 2iS ' 1 - e 2i6 ')P'(cos 6), (37.5) 

IP l = J 


where v is a unit vector in the direction of n x n'. 

Since w is the spinor wave function in the rest frame, the polarization proper¬ 
ties of the scattering are given in terms of / by the same formulae as in QM, §140. 

For a Coulomb field, it is possible to express both functions A(6) and B(6) in 
terms of one function. The calculation is briefly as follows.! 

In a Coulomb field, the phases 8 K are given by (36.18), which we write in the 
form 


n — r(y ~ iv) j7r(| K |-7). 
T(y + 1 + iv) 


(37.6) 


e lrrl = e l1TK when k > 0, and e l7Tl = -e l7TK when k < 0. Using the quantities thus defined 
we can put the series (37.4), (37.5) in the form 

1 7p 2 m 

A(0) = ±G(0)-i*y !L F(6), 

B(6) = -^tanifl • G(0) + ^ L cot^0 ■ F(0), 

where 

G(0) = Ut i2 C(P + P-i), F(0) = ii 2 1C,(P - P-i). 

/-I 1=1 


(37.7) 


(37.8) 


In transforming the series B(0), we have used the following recurrence relations 
between Legendre polynomials: 

Pl + P!-, = -cot 10 ■ l(P, - P_,), (37.9) 

Pi-P = tani 0 ■ 1(P + P_i). (37.10) 

t R. L. Gluckstern and S. R. Lin, Journal of Mathematical Physics 5, 1594, 1964. 


QE4 - K 
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According to the identity 

(1 4- cos 0 ) , ^ ■ - [P/(cos 0 ) - Pi- i(cos 0)] = ![P/(cos 0 ) 4- P ; _i(cos 0)], 
a cos 

(37.11) 


the functions F(0 ) and G(6) are related by 

G = (1 -“ s9) i£7r (3712) 

Thus A(0) and B(0) are expressed in terms of the single function F(0).t 


§ 38. Scattering in the ultra-relativistic case 

We shall now discuss separately the scattering in the ultra-relativistic case 
(e > m). In the first approximation, we neglect altogether the mass m in the wave 
equation. It is convenient to use for if/ the spinor representation 



since the equations for £ and t) are separable when m = 0: 


-tor • = (e — l/)£, 


tor • Vrj = — (e — U)rj J 


(38.1) 


(the “neutrino” form, §30). 

A helicity state of an electron polarized in the direction of p corresponds to 

a wave function if/ = and for polarization opposite to p we have i// = 

Since the equations for £ and rj are separable, it is evident that this property is 
unaffected by scattering. Thus helicity is conserved in the scattering of ultra- 
relativistic electrons. From considerations of symmetry (longitudinal polarization) 
it is obvious that there is no azimuthal asymmetry in the scattering of helical 
(longitudinally polarized) particles. We can also say that the scattering cross- 
section of helical electrons is independent of the sign Of the helicity; this follows 
because a central field is invariant under inversion, while the sign of the helicity is 
reversed. 

In the ultra-relativistic case, formulae (37.3)—(37.5) may be considerably sim¬ 
plified (D. R. Yennie, D. G. Ravenhall and R. N. Wilson, 1954). 

t The function F(0) cannot be expressed in a closed form in terms of the elementary functions, but 
it can be written as a certain double integral; see the paper cited in the last footnote. 
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Let the incident electron be polarized, say in the direction of motion n. For a 
plane wave with a definite value of n • cr, the spinor £ (=(</> + ^)/V2) is propor¬ 
tional to the same three-dimensional spinor w as appeared in the standard 
representation of the wave. The relation between the spinor amplitudes of the 
incident and scattered waves in the new representation is therefore given by the 
same operator /. 

As a result of the scattering, the polarization is rotated with the momentum to 
the direction n'. The effect of the operator / on the spin wave function of the 
electron therefore reduces to a rotation of the spin through the angle 6 (between n 
and n') about the axis v. This rotation is itself equivalent to a rotation of the 
coordinates about that axis but in the opposite direction, i.e. through an angle -6. 
Hence it follows that the operator / must be the same (apart from a factor) as the 
operator which transforms the wave function when the coordinates are changed in 
the way described, i.e. the operator (18.17) with -6 instead of 6. A comparison of 
(37.3) with (18.17) shows that 


B/A = -i tan \6. (38.2) 

Thus, in the ultra-relativistic limit, 

/ = A(0)[l-i tan^fl • vcr]. (38.3) 

The expression (37.4) for A(6) can also be simplified if a relation between S K 
and 8 - k which exists in the ultra-relativistic limit is used. To derive this relation, we 
note that, when the terms in m are omitted, the equations (35.4) for the functions / 
and g become invariant with respect to the changes 

k->-k, /->g, g-»-/, 

which do not affect the parameters of the particle or field itself. We must therefore 
have fJg K = —g-Jf- K , and substitution of the asymptotic expressions gives 

tan(pr — \ hr + S K ) = -cot(pr -\Vn + 6_ K ), 

5 k = 5_ k - \(V - 1)tt + (n + \)tt. 


whence 


g 2i5 K = g 2i5_ K> (38>4) 

From this relation, and replacing the summation variable l by l - 1 in the first term 
of the sum in (37.4), we find 

A(0) = 4- i l(e m ~ l)][P,(cos 0) + P,_,(cos 9)]. (38.5) 

Zip 1 = 1 

From (38.2) it follows that re(AB*) = 0. Hence, in the approximation con¬ 
sidered, the cross-section is independent of the initial polarization of the particles, 



144 


Particles in an External Field 


§39 


and an unpolarized beam remains unpolarized after scattering (see QM, (140.8)- 
(140.10)). We may also note that, when 6->tt, the expression (38.5) for A(0) tends 
to zero as ( 7 r - 6) 2 (since P t (— 1) = (-1)'). The cross-section 

^ = |A| 2 + |B | 2 = |A(0)| 2 /cos 2 \6 (38.6) 

therefore tends to zero also. These properties do not occur, of course, in higher 
approximations with respect to the small quantity m/e. In particular, analysis shows 
that as 0 -> tt the cross-section tends to a limit proportional to (m/e) 2 . 

For a Coulomb field in the ultra-relativistic case, the phases 8 K are independent 
of the energy, as is seen from (36.19).f Hence, in a purely Coulomb field, the 
scattering cross-section for e > m has the form 

da = ^ do, (38.7) 

e 


where r is a function of the angle only. 


§ 39. The continuous-spectrum wave functions for 
scattering in a Coulomb field 

In later sections (§§95, 96) we shall consider various inelastic processes which 
occur when ultra-relativistic electrons are scattered in the field of a heavy nucleus 
(Za ~ 1). To calculate the relevant matrix elements, we need wave functions whose 
asymptotic form (as r -> ^) is the sum of a plane wave and a spherical wave. 

We shall see that, in the ultra-relativistic case (electron energy e > m), the most 
significant values of the momentum transfer from electron to nucleus in scattering 
are q = |p'-p| ~ m. These values of q correspond to impact parameters p ~1 /q ~ 
1/m, the electron being deflected through angles$ 

0 ~ qlp ~ m/e. (39.1) 

In terms of the coordinates r (distance from the centre) and z = r cos 6 , this 
represents the region 

p = r sin 6 ~ 1/m, p(r - z) = pr( 1 - cos 6) ~ 1, (39.2) 

and r ~ e/m 2 , so that the distances concerned are large. 

We write Dirac’s equation in the form 

(e — U — m/3 + ia • V)i// = 0, U = — Za/r , (39.3) 

and transform it into a second-order equation by applying the operator e - U + 

t This is also evident directly from equations (38.1), since for a Coulomb field the energy e may be 
eliminated from the equations by the substitution r-»r'/e. 

$ In this section, p denotes |p|. 
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(A + p 2 -2e[/)t/' = (-ia ■ V17 - U 2 )ip. (39.4) 

Since r>Za/e in the region considered, U <£ e. As a first approximation, the 
right-hand side of (39.4) may be neglected. The remaining equation, 

(A + p 2 + 2 eZa/r)i// = 0, (39.5) 

is of the same form as the non-relativistic Schrodinger’s equation in a Coulomb 
field: 



A + S- + ^ 

2 m r 




= 0 , 


(39.5a) 


differing only in an obvious change in the notation for the parameters (the 
“potential energy” containing an extra factor e/m). We can therefore write down 
immediately the solution which has the required asymptotic form (see QM, §136). 

For example, the wave function which asymptotically comprises a plane wave 
( oc e lp r ) and an outgoing spherical wave is 


=c 




V(2e)' 


JiZae 


, 1, i(pr — p • r) 


C = e” Zae,2p T(l - iZaelp ), 


(39.6) 


where F is the confluent hypergeometric function and u ep the constant bispinor 
amplitude of the plane wave, normalized by the condition stated earlier (23.4): 

u rp u ip = 2m. (39.7) 

The wave function (39.6) is normalized in such a way that the plane wave in its 
asymptotic limit has the usual form, 


Ugp 

V(2e) 


e 


ipr 


corresponding to “one particle in unit volume”. Since p ~ e in the ultra-relativistic 
case, we can write Zaelp ~ Za in (39.6): 

= c e' pr F(iZa, l,i(pr-p- r)), 

(39.8) 

C = e Za7rl2 r( \ - iZa). J 

It should be noted that, although we are considering distances so large that 
pr> 1, the hypergeometric function in (39.8) cannot be replaced by its asymptotic 
form: the argument of F is not pr but pr(l - cos 6 ), which is not assumed large.t 

t In QM, §135, we were concerned with arbitrarily large r, and this approximation was therefore 
allowable for all values of 6. 
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In applications, the next approximation for ip is also needed, which has a spinor 
structure different from (39.8) (the latter reducing to the factor w ep ). To calculate 
this approximation, we write ip in the form 

* = vfe e ' p ' r( "-’ F+ * ) - 

On the right-hand side of (39.4) we now retain the term linear in 17, obtaining for </> 
the equation 


(A + 2ip • V - 2eU)(p = -iu ep a • V U. (39.9) 

The solution of this may be found by noticing that the function F satisfies the 
equation 

(A + 2ip • V - 2sU)F = 0, 

as may be seen by substituting (39.6) in (39.5). Applying the operator V to this 
equation, we obtain 


(A + 2ip • V - 2eU)VF = 2eFVU. 
A comparison with (39.9) shows that 


= “2^-(a ■ V)w ep F. 

The final expressions for i p {+) and for a similar function i p { ~ ] whose asymptotic 
form contains an ingoing spherical wave are 

e ip r (l -j- e a • v)F(iZa, 1, i(pr ~ p • r))u ep , 

e ip - r(1 - ^ a • v)f ( - iZa, 1 , -i(pr + p • r)) u ep , ' (39 ' 10) 

c = e lrZai 2 r( 1 - iZa) 

(W. H. Furry, 1934). We shall also write out the corresponding functions (ip - e ,_ p ) 
with “negative frequency”, which are needed when dealing with processes which 
involve positrons. These can be derived from the functions i p ep by the substitutions 
p->-p, 8->-s, with p = |p| unchanged; the parameter iZa of the hypergeometric 
function therefore changes sign, as will be seen from the original expression (39.6), 
where this parameter occurs in the form iZaelp. Thus we have 


4>-l - P = V(^ ~ e ) e ^ r ( 1 + 7e a ’ 1. i(pr + p • r))M_ e ,- p , 

4 >-l -p = yf( 2 e ) e iP ' r (l + ^ « ' V^F(iZa, 1, ~i(pr — p • r))u- e ,- p , 


(39.11) 


C = e-” Zal2 m + iZa). 
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The following comment is necessary regarding the above calculations. Our 
asymptotic condition is not in itself sufficient to provide a unique choice of the 
solution of the wave equation; this is clear, since we can always add to ip any 
outgoing Coulomb spherical wave without violating the condition. By writing the 
solution of equation (39.5) in the form (39.6), we have tacitly presupposed the 
choice of a solution finite at r = 0. This requirement was necessary in QM, §§135, 
136, where we were considering solutions, valid in all space, of the exact 
Schrodinger’s equation.t In the present case, however, equation (39.5) applies only 
to large distances, and therefore the choice of solution demands further 
justification. 

This is provided by the fact that large impact parameters p = r sin 6 correspond 
to large orbital angular momenta l and small scattering angles 0 : when p ~ 1/m, we 
have 


I ~ pp ~ pe ~ elm > 1, 

and the angle 6 may be estimated by a quasi-classical procedure: 

p J dr p e 

Thus, in the expansion of ip in terms of spherical waves the main contribution (in 
this range of r and 0) will come from waves with these large values of /. But a 
spherical wave with large l will certainly decrease to small values at distances from 
the origin r<^l/e which are “classically inaccessible” (because of the centrifugal 
barrier). Hence, if we “join” the solution of equation (39.5) to that of the exact 
equation (39.4) at short distances r ~ r u where lie > r\ > Za/e, then the boundary 
condition for the solution of equation (39.5) will be that it is small, and this justifies 
our choice. 


PROBLEM 

For an attractive Coulomb field with Za < 1, find the correction (of relative order Za ) to the 
non-relativistic wave function of the discrete spectrum. 

Solution. The electron velocity in a bound state is v ~ Za, and therefore, for Za< 1, the wave 
function is non-relativistic in the zero-order approximation, i.e. 

ifr — Ulpnon-r, 

where i// non -r is the Schrodinger function and u a bispinor of the form 

with w a spinor describing the polarization state of the electron. In the next approximation, we write 
ifj = Mi// n0 n-r+ »^ (1) and, substituting this in (39.4), obtain for ip (1) the equation 

(s; a - I'-i * t)*'" “ 1 i; ( v ')' <«“>*■— 

t In the method of solution given in QM, §135, this condition was satisfied by taking the particular 
integral in the form (135.1) instead of as a general sum of integrals with different values of /3 1 and P 2 . 
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where e n is the non-relativistic discrete energy level. Here we have omitted terms of relative order 
~(Za) 2 ; in the non-relativistic case, the important distances are of the order of the Bohr radius, 
r ~ 1 ImZa. The solution of this equation is i/r ( ) = ~(il2m)au • Vi/r n0 n-r, and therefore 

* = (1- 


2m 


• V Wn( 


§40. An electron in the field of an electromagnetic plane 
Wave 

Dirac’s equation can be solved exactly for an electron moving in the field of an 
electromagnetic plane wave (D. M. Volkov, 1937). 

The field of a plane wave with wave 4-vector k ( k 2 = 0) depends on the 
4-coordinates only in the combination (/> = kx, so that the 4-potential is 

= A^((/>), (40.1) 

and satisfies the Lorentz gauge condition 

= = 0, 

the prime denoting differentiation with respect to cp. Since the constant term in A is 
unimportant, we can omit the prime, writing the condition as 


kA = 0. (40.2) 

We start from the second-order equation (32.6), in which the field tensor is 

Jv = Mi ~ k ^ (40.3) 

When expanding the square (id eA ) 2 it must be remembered that, from (40.2), 
d^(A p ip) = A^d^ip. The result is 

[- d 2 - 2 ie(Ad) + e 2 A 2 - m 2 - ie(yk)(yA')]ijt = 0, (40.4) 

where d 2 = d^d* 1 . 

We seek a solution of this equation in the form 

= e- ipx F(<f>\ (40.5) 

where p is a constant 4-vector. This form of the function ip is unaltered by adding 
to p any constant multiple of the vector k, if the function F(<fi) is appropriately 
redefined. We can therefore, without loss of generality, impose one further con¬ 
dition on p. Let 

p 2 =m 2 . (40.6) 

Then, when the field is removed, the quantum numbers p^ become the components 
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of the free particle 4-momentum. The significance of the components of the 
4-vector p, when the field is present, is more clearly seen in a particular frame of 
reference chosen so that A 0 = 0. Let the vector A in this frame be along the x*-axis 
and k along the x 3 -axis; the electric field of the wave is then along x 1 , the magnetic 
field along x 2 , and the wave itself is propagated along x 3 . Then (40.5) will be an 
eigenfunction of the operators 


Pl = l aP’ 


P2 = 'aP 


P0~ p3 


.(_d _ d\ 

l W° dx 3 )’ 


with eigenvalues p u p 2 , P 0 -P 3 ’, the operators themselves are easily seen to 
commute with the Hamiltonian of Dirac’s equation. Thus, in this frame of 
reference, p 1 and p 2 are the components of the generalized momentum along the x 1 
and x 2 axes; p°-p 3 is the ditference between the total energy and the x 3 - 
component of the generalized momentum. 

In substituting (40.5) in (40.4), we note that 

d^F = k^F' d d^F = k 2 F” — 0 


and obtain for F(cp ) the equation 

2 i(kp)F' + [-2 e(pA) + e 2 A 2 - ie(yk)(yA')]F = 0. 


The integral of this equation is 


kx 


F 



e 

( kp) 


(pA)- 


2 (kp) 



e(yk)(yA) ) u 

2 (kp) JV(2 


where u/V( 2 p 0 ) is an arbitrary constant bispinor; the reason for writing it in this 
form will be shown below. 

All powers of (yk)(yA) above the first are zero, since 


(yk)(yA)(yk)(yA) = -(yk)(yk)(yA)(yA) + 2(kA)(yk)(yA) = ~k 2 A 2 = 0. 


We can therefore write 


exp 


e(yk)(yA) 
2 (kp) 


1 + 


2 (kp) 


(yk)(yA), 


so that \p becomes 


^ = [ 1 + 2(fej (7kX Hv^ e “ 


( 40 . 7 ) 
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wheret 


s ‘- px -flw> (pA> -2(W) A! l d4 ’- ms> 

0 

To determine the conditions to be imposed on the constant bispinor w, we must 
suppose that the wave is “switched on” with infinite slowness, starting from 
t = -oo. Then A -> 0 when kx->-° o, and i p must become the solution of the free 
Dirac’s equation. Consequently, u = u(p) must satisfy 

(yp - m)u = 0. (40.9) 

This condition rejects the “redundant” solutions of the second-order equation. 
Since u is independent of time, the condition remains valid for finite kx. Thus u(p) 
is the same as the bispinor amplitude of the free plane wave; we shall take it to be 
normalized by the same condition (23.4): uu = 2m. 

The foregoing arguments also show immediately the normalization of the wave 
functions (40.7). The infinitely slow application of the field does not alter the 
normalization integral. Hence it follows that the functions (40.7) satisfy the same 
normalization condition, 

J i/rjS’ifrp d 3 x = J i/y-y V P d 3 x = (2ir) 3 8(p' - p), (40.10) 

as the free plane waves. 

Let us calculate the current density corresponding to the functions (40.7), first 
noting that 


=: 




and hence obtaining by direct multiplication 


Je(pA ) e 2 A 2 \\ 


r = = j-y ~ ‘A- + ^ 


(40.11) 


If the are periodic functions, and their time-average value is zero, the mean 

value of the current density is 

(40 - 12 > 

We can also find the kinetic momentum density in the state i p p . The kinetic 


t This S is the same as the classical action for a particle moving in the field of a wave; cf. Fields, 
§47, Problem 2. 
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momentum operator is the difference p - eA = id - eA. A direct calculation gives 


r P (r - eA*)*, = * P y V ' 1 - eA^„ 


= D* — eA* 1 + k^( e ^P A ) — —\ ———Fx (u*a Xy u) 

p eA +K y (kp) 2 (kp)/ 8(kp)p 0 kA 


The time-average value of this 4-vector, denoted by q is 

e^A 1 


q»=p»- 


2 (kp) 


k». 


(40.13) 


(40.14) 


Its square is 


q 2 = m l, m * = m )/(l _ ^ A j’ 


(40.15) 


where m* acts as an “effective mass” of the electron in the field. A comparison of 
(40.14) with (40.12) shows that 


j^q^lpo. (40.16) 

The normalization condition (40.10), expressed in terms of the vector q, is 

f = (2tt) 3 f S(q' - q); (40.17) 

J P 0 

this is most simply proved in the particular frame of reference mentioned above. 


§41. Motion of spin in an external field 

The quasi-classical approximation in Dirac’s equation is reached in the same 
way as in the non-relativistic theory. In the second-order equation (32.7a) we 
substitutet 


i\f — u e (lltl)S , 

where S is a scalar and u a slowly varying bispinor. The usual condition of the 
quasi-classical case is assumed to be satisfied: the momentum of the particle must 
vary only slightly over distances of the order of the wavelength ft/|p|. 

In the zero-order approximation with respect to ft, we obtain the usual classi¬ 
cal relativistic Hamilton-Jacobi equation for the action S. All the terms which 
contain the spin (and are proportional to ft) are absent from the equations of 
motion. The spin would appear only in the next approximation with respect to ft. 

t Ordinary units will be used at first. 
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Thus the influence of the magnetic moment of the electron on its motion is always 
of the same order of magnitude as the quantum corrections. This is to be expected, 
since the spin is a purely quantum property and its magnitude is proportional to ft. 

We can therefore reasonably formulate the question of how the electron spin 
will behave when the electron is executing a given quasi-classical motion in an 
external field. The answer to this question is contained in the next approximation 
with respect to ft in Dirac’s equation. We shall, however, use another method 
whose significance is more obvious and which does not directly involve Dirac’s 
equation. It has the advantage of allowing a treatment of the motion of any particle, 
including a particle which has an “anomalous” gyromagnetic ratio not describable 
by Dirac’s equation. 

The objective is to derive an “equation of motion” for the spin when the 
particle moves in any (given) manner. Let us first take the non-relativistic case. 

The non-relativistic Hamiltonian of a particle in an external field is 

H = H' — jita • H, (41.1) 

where H f includes all terms independent of the spin (see QM, §111), and /x is the 
magnetic moment of the particle. This form of the Hamiltonian relates to any kind 
of particle. For electrons, /x = efi/2mc (the electron charge being e = — \e\), and for 
nucleons /x also contains the “anomalous” partf 

lx' = fi — ehl2mc. (41.2) 

According to the general rules of quantum mechanics, the operator equation of 
motion for the spin is obtained from the formula 

s = = (41.3) 


Substitution of (41.1) gives 


Si 


EL k {cr k (ji - di(j k ) 


i£ 

ft 


e ik iH k di, 


or 


s = ^sxH. (41.4) 

We average this operator equation over the state of the quasi-classical wave 
packet moving in a given path. This is equivalent to replacing the spin operator by 

t When radiative corrections are taken into account the magnetic moment of the electron also 
contains a very small “anomalous” part. 
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its mean value s, and the vector H by the function H (t), which represents the 
change in the magnetic field at the position of the particle (or wave packet) as the 
latter moves along its path. In the non-relativistic approximation (i.e. in terms of 
Pauli’s equation), s = \<j is the spin operator of the particle in its rest frame, whose 
mean value was denoted in §29 by Thus we obtain the equation 

f = ^{x H (D. (41.5) 

This form of the equation is, in essence purely classical. It signifies that the 
magnetic moment vector precesses about the direction of the field with angular 
velocity -2pH /ft, remaining constant in magnitude.! 

Again in the non-relativistic case, the velocity v of the particle varies in 
accordance with the equation 


d\/dt = e\ x H /me, 

i.e. the vector v rotates about the direction of H with angular velocity -eH I me. If 
p' = 0 , then p = eh/lmc, and this angular velocity is the same as the angular 
velocity -2pH/fi with which the vector £ rotates; thus the polarization vector is at 
a constant angle to the direction of motion. We shall see below that this result 
remains valid in the relativistic case. 

Let us now proceed to the relativistic generalization of equation (41.5). For a 
covariant description of the polarization it is necessary to use the 4-vector a 
defined in §29, and the equation of motion of the spin will determine its derivative 
with respect to the proper time r.t 

The form of this equation is given by considerations of relativistic invariance: 
its right-hand side must be linear and homogeneous in the electromagnetic field 
tensor F^ and in the 4-vector a*, and apart from these can include only the 
4-velocity = p^lm. The only form of equation satisfying these conditions is 

da^ldr = aF» v a v + pu»F vk u v a^ (41.6) 

where a and /3 are constant coefficients. It is easily seen, from the condition 
a^u^ = 0 and the antisymmetry of the tensor F* v (whence F^ v u^u v = 0), that no 
other expressions with the required properties can be constructed. 

As u-»0, this equation must become the same as (41.5). Putting a fi = (0,Q, 
= (1, 0), t = t, we have 

dildt = a£xH. 

A comparison with (41.5) shows that a = 2p. 

t The classical equation (41.5) can be derived directly from the equation 

dMldt = jjixH, 

where M is the angular momentum and p. the magnetic moment of the system; p. x H is the torque acting 
on the system. Putting M = p. = (ja/2s)£ = we have (41.5). 
t From here onwards we again take c = 1, h = 1. 
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To determine /3, we use the fact that a^u^ = 0. Differentiating this with respect 
to t and using the classical equation of motion of a charge in a field, 


m du^ldr = eF^Uy, 


(see Fields , §23), we obtain 


da ** _ _ du ** _ 

dj - a » dr 


m 


■ F^Uy 


= — F^a v . 
m * 


Hence, on multiplying both sides of equation (41.6) by using the equation 
= 1 and cancelling the common factor F^u^a^ we have 

Thus the final relativistic equation of motion for the spin is 

= 2[LF^ v a v - 2^u^F vK Uya, (41.7) 


(V. Bargmann, L. Michel and V. L. Telegdi, 1959).t 

We can change from the 4-vector a to the quantity £ which directly represents 
the polarization of the particle in its “instantaneous” rest frame. The relation 
between a and £ is given by formulae (29.7)-(29.9). First of all, from (41.7) we 
necessarily have a fX da^ldr = 0, and therefore a^a* = constant. Since a^a lx = -t > 2 , 
this is equivalent to the obvious result that the polarization £ of the particle remains 
unchanged in magnitude during its motion. 

The equation which shows the change in direction of the polarization is 
obtained by using three-dimensional notation in (41.7). The space components of 
this equation are, in explicit form, 


^ = iML a x H + iHUL (a . y) E - v(a . E ) + v ( v . a X H) + 

dt e emm 

+ 2iL£ v ( a . V )( V . E ). 

P 


Here we must substitute (29.9), using in the differentiation the equations p = ev, 
e 2 = p 2 + m 2 , and the equations of motion 


dp/dt — eE + e\ x H, deldt — e\’ E. 


(41.8) 


A lengthy but elementary calculation leads to the result^ 


t This equation was first derived, in another form, by Ya. I. Frenkel’ (1926). 

t If the gyromagnetic ratio (Lande factor) g is used (as is often done) for charged particles, with 
Ijl = g(e/2m) • \ (= g(el2mc ) • \h), this equation becomes 


dt 2m V 


- 2+2 ”) txH+ s; (s - 2, 7T^« v ' ,I| ’ i<t+ s;( 8 


2e 

e + m 


)Ex(Exv). 


(41.9a) 
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^ = 2pm+2pXe-m) 2^ Ipr^+l p Je 

dt e b g + m ' b £ + m * 

(41.9) 

The variation of the direction of polarization relative to the direction of motion 
is of more interest than the variation of its absolute position in space. We write 

£ = n £„ + £i, (41.10) 

where n = v/u, and derive the equation for the component £u of the polarization in 
the direction of motion. A calculation using (41.8), (41.9) leads to the resultf 

^ = 2p% 1 -Uxn + l(^-p')l,-E. (4U1) 

The problems at the end of this section include a number of examples of the 
application of the above formulae. Here it may be noted that, in motion in a purely 
magnetic field, the polarization of a particle having no anomalous magnetic moment 
is at a constant angle to the velocity (£| = constant). Thus this result, already 
mentioned previously for the non-relativistic case, is in fact a general one. 

The conditions for the above formulae to be applicable can be stated more 
precisely. The requirement specified initially, that the momentum of the particle 
should vary sufficiently slowly, is equivalent to a certain condition that the fields E 
and H should be small; in particular, the Larmor radius in the magnetic field 
(~p/eH) must be large compared with the wavelength of the particle. There is also, 
however, another condition which must, strictly speaking, be fulfilled: the fields 
must not vary too rapidly in space, and must vary only slightly within the 
dimensions of the quasi-classical wave packet. That is, the field must vary only 
slightly over distances of the order of the particle wavelength (1/p) and of the 
Compton wavelength (l/m).t 

In practical problems of motion in macroscopic fields, however, the condition of 
slow variation is certainly satisfied, and only the condition of smallness remains. 

In §33 we have derived the first relativistic corrections for the Hamiltonian of 
an electron moving in an external field. For an electron in an electric field the 
approximate Hamiltonian is (see (33.12)) 

ft = ft' -or • E x p/m, p = -iV, (41.12) 

where H' includes the terms which do not contain the spin. In our case, since the 


t This equation can be obtained a little more directly by writing explicitly the time component of 
equation (41.7). 

$ The latter requirement arises from the condition that the spread of velocities in the wave packet, in 
its rest frame, must be small compared with c, since otherwise the non-relativistic formulae could not be 
applied in this frame. 

If the field varies too rapidly, the equations may contain significant additional terms in the 
derivatives of the field with respect to the coordinates. 
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field varies slowly, we neglect the term in H f which involves derivatives of E (i.e. 
the term in div E); the small term in p 4 may also be omitted, since it is unrelated to 
the field effects in question here. Thus H', in the absence of a magnetic field, 
reduces to the non-relativistic Hamiltonian H' = p 2 /2m + ed>. 

Formula (41.12) can also be derived from (41.9) without making direct use of 
Dirac’s equation. This method will generalize it (in the quasi-classical case) to 
particles with anomalous magnetic moment. 

The equation of motion of the spin in an electric field, as far as first-order terms 
in the velocity v, is obtained from (41.9) as 

f t = (f* + **')£ X (E x V) = + 2^)e X (E x V). 

If we impose the condition that this equation should be derived quantum- 
mechanically by commuting the spin operator with the Hamiltonian (as in (41.3)), 
then it is easily seen that we must put 

H = H' - ' + 4 ^") or • E x p/m. (41.13) 

This is the required expression. If p/ = 0, we again obtain (41.12). It should be 
noted that the “normal” magnetic moment e/2m is multiplied by an extra factor \ in 
comparison with the anomalous moment p/.t 


PROBLEMS 

Problem 1. Determine the change of the direction of polarization of a particle when it moves in a 
plane perpendicular to a uniform magnetic field (vlH). 

Solution. The right-hand side of equation (41.9) is reduced to its first term, and the vector £ 
therefore precesses about the direction of H (the z-axis) with angular velocity 

_ 2 JL m+2M , (e-m) H = _g + v ^ 

The projection of £ on the xy-plane (denoted by £i) rotates in that plane with the same angular velocity. 
The vector v rotates in that plane with angular velocity -eH/e, as can be seen from the equation of 
motion p = ev = e\ x H. Hence £i rotates with angular velocity -2p,'H relative to the direction of v. 

Problem 2. The same as Problem 1, but for motion parallel to the magnetic field. 

Solution. When v and H are in the same direction, equation (41.9) reduces to 

^ = 2ML txH , 

at e 

so that { precesses about the common direction of v and H with angular velocity -2pmHle. 

Problem 3. The same as Problem 1, but for motion in a uniform electric field. 

Solution. Let the field E be along the x-axis, and let the motion be in the xy-plane (with 
p y = constant). According to (41.9), the vector £ precesses about the z-axis with instantaneous angular 


t This is the “Thomas half” mentioned in the last footnote to §33. Its origin is clearly shown by 
the derivation given here. 
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velocity 




E—. 


We again resolve £ into components £i (in the xy-plane) and £ 2 . Then 
£\\ = £\ cos <f>, ^ • E = -£\ sin 4> • u v / v. 

From (41.11), £i rotates relative to the direction of v with instantaneous angular velocity 

hjy l fim 2 






§42. Neutron scattering in an electric field 

In collisions between neutrons and nuclei, the scattering through large angles is 
determined by the main interaction, the nuclear forces. In small-angle scattering, 
however, it can be shown that the interaction of the magnetic moment of the 
neutron with the electric field of the nucleus becomes important (J. Schwinger, 
1948). 

We shall assume that the neutron is non-relativistic, so that the interaction in 
question is described by the approximate Hamiltonian (41.13). The magnetic 
moment of an electrically neutral particle is wholly “anomalous” and the operator 
H ' reduces in this case to the kinetic-energy operator:! 

H = - A + i — a • E x V. (42.1) 

2m me 

Since the electromagnetic interaction of the neutron is small, the corresponding 
scattering amplitude / em may be calculated by the Born approximation: 

(see QM, §126), or 

/em = 2^iF CT ' EqXp ’ Eq = J E(r) e _iqr d 3 x, (42.2) 

where p and p' are the neutron momenta before and after scattering, and hq = 
p'-p. In this form, the amplitude / em is an operator with respect to the spin 
variable. 

Before continuing the calculation, we should note the following point. Formula 
(42.1) has been derived in §41 for slowly varying fields (which in practice meant 
neglecting terms in the Hamiltonian containing coordinate derivatives of the field). 
As applied to the Coulomb field of the nucleus, this means that the wavelength hip 

t In this section, ordinary units are used, and m denotes the mass of the neutron. 
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must be small compared with the distances r ~ 1 /q which are important in the 
integral E q . Hence h q <^p, so that the scattering angle d~hqlp<£ 1. Thus the 
required condition is in fact satisfied for small-angle scattering. 

For a Coulomb field with potential d> = Ze\r, the Fourier component of the field 
is 


E q = -i qO q = -iq 


47rZe 


see Fields, (51.5). Substitution in (42.2) gives 


£ • f 

/em = , iW a,pXp - 

For small scattering angles, hq ~ pO and pxp'~ p 2 Sv, where v is a unit vector in 
the direction of p x p'. Thus 


r . 2Zep, 


The nuclear scattering amplitude must be added to this expression. Owing to the 
rapid decrease of the nuclear forces with increasing distance, this amplitude tends 
for small angles to a finite (energy-dependent) complex limit, which we denote by 
a. The total scattering amplitude is therefore 

/ = a + i(bld)<r • v, b = IZepb/ch = IZapile. (42.3) 

We see that the electromagnetic scattering is indeed predominant at sufficiently 
small angles. 

The expression (42.3) is the same in form as that discussed in QM, §140. We can 
therefore make direct use of the formulae derived there. The scattering cross- 
section summed over all possible final polarization states is 

^ = H 2 + ^2 + 2f> ima • v • 5, (42.4) 


where £ is the initial polarization of the neutron beam (called P in QM, §140). If the 
initial state is unpolarized (£ = 0), then the polarization after scattering is 


Y , _ 2 bO im a 
4 ~\a\ 2 8 2 +b 2V - 


(42.5) 


This is a maximum when 0 = bl\a\, and £!nax = im a/|a 
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§43. The electromagnetic interaction operator 

The interaction of electrons with an electromagnetic field can, as a rule, be treated 
by means of perturbation theory. This is because the electromagnetic interaction is 
comparatively weak, as is shown by the smallness of the corresponding dimension¬ 
less “coupling constant”, viz. the fine-structure constant a = e 2 /hc = 1/137. The 
smallness of this number is of fundamental importance in quantum elec¬ 
trodynamics. 

In classical electrodynamics (see Fields, §28), the electromagnetic interaction is 
described by the term 

-ej^A, (43.1) 

in the Lagrangian density of the “field + charge” system (A being the 4-potential of 
the field and j the particle current density 4-vector). The current density satisfies 
the equation of continuity, 

= 0, (43.2) 

which expresses the law of conservation of charge. According to Fields, §29, the 
gauge invariance of the theory is closely related to this law: when A^ is replaced by 
A^ + d„x (4.1), a term -ej^d^x is added to the Lagrangian density (43.1), and this, by 
(43.2), may be written as the 4-divergence -ed^ixj^); it therefore disappears on 
integration over d 4 x in the action S = f L d 4 x. 

In quantum electrodynamics, the 4-vectors j and A are replaced by the 
corresponding second-quantized operators. The current operator is expressed in 
terms of the ^-operators by j = if/yij/. The generalized “coordinates” q in the 
Lagrangian 



are represented by the values of if/, ip and A at each point in space. Since the 
Lagrangian density is found to depend only on the “coordinates” q themselves 
(and not on their derivatives with respect to x), the change to the Hamiltonian 
density by formula (10.11) amounts simply to a change in the sign of the Lagran¬ 
gian density.! Thus the electromagnetic interaction operator (the space integral of 

t Independently of these arguments, it may be noted that, when only the first-order small correction 
is considered, any small correction in the Lagrangian appears in the Hamiltonian with just a change of 
sign (see Mechanics , §40). 


159 



160 


Radiation 


§43 


the interaction Hamiltonian density) has the form 

V = e j (j A) d 3 x. (43.3) 

The free electromagnetic field operator is the sum 

A = 2[c„A„(x) + c;A*(x)], (43.4) 

n 

which contains the operators of photon creation and annihilation in various states 
labelled by the suffix n. Each operator has matrix elements only for an increase or 
decrease of the corresponding occupation number N n by 1 (the other occupation 
numbers remaining unchanged). The operator A therefore also has matrix elements 
only for transitions in which the number of photons changes by 1. That is, only 
processes of the emission or absorption of a single photon occur in the first 
approximation of perturbation theory. 

According to (2.15), the matrix elements are 

(N n - l|c„|N„> = (N n \c + n \N n - 1) = VN„. (43.5) 

If there are no photons (of type n ) in the initial state of the field, then (l|cJ|0) = 1. 
The matrix element of the operator (43.3) for photon emission is 

V fi (t) = e f(j fi A*)d 3 x, (43.6) 

where A„(x) is the wave function of the emitted photon and j fi the matrix element 
of the operator j for a transition of the emitter from the initial state i to the final 
state /.f The 4-vector j# = ( p fh j /f ) is called the transition current. 

Similarly, we obtain the matrix element for photon absorption: 

V/,(f) = e f (j n A„) d 3 x. (43.7) 

This differs from (43.6) only by having A n (x) in place of AJ(x). 

The argument t of V/,- is shown in order to emphasize that the matrix element is 
time-dependent. By separating the time factors in the wave functions, we can 
change in the usual way to time-independent matrix elements: 

V/i(t)= V fi er i(ErEf:fa))t , (43.8) 

where E„ E f are the initial and final energies of the emitting system, and the sign + 
is for emission and absorption respectively of a photon c o. 

t The notation in (43.6) is slightly inconsistent. The suffixes in V/« refer to states of the whole system 
“emitter + field”, those in jfi to states of the emitter only. 
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The wave function of a photon with a definite momentum k and a definite 
polarization is 


A' l = V(4ir)y^-^e tk ' r (43.9) 

(see (4.3); the time factor is omitted). Substituting in (43.6), we find the matrix 
element for the emission of such a photon: 


v„ = eV(4 IT) e*jfi(k), (43.10) 

where j//(k) is the transition current in the momentum representation, i.e. the 
Fourier component 


J/i(k) = f J/i (r) e _ik r d 3 x. (43.11) 

The corresponding formula for photon absorption is 

Vf, = eV(47T) ej?i(-k). (43.12) 

The equation of conservation of current in the momentum representation is the 
condition of 4-transversality of the transition currents: 

kjfi = wp/,(k) - k • j/i(k) = 0. (43.13) 

The formulae given in this section do not assume any particular form of the 
current operator, and are generally valid for electromagnetic processes involving 
any charged particles. The existing theory allows the form of the current operator 
to be determined (and hence, in principle, its matrix elements to be calculated) only 
for electrons. For applications to systems of strongly interacting particles, includ¬ 
ing nuclei, a semi-phenomenological theory will be used, in which the transition 
currents appear as empirically determined quantities subject only to the conditions 
of space-time symmetry and to the equation of continuity. 


§44. Emission and absorption 

The transition probability under the action of a perturbation V is given, in the 
first approximation, by the well-known formulae of perturbation theory (QM, §42). 
Let the initial and final states of the emitting system belong to the discrete 
spectrum.! Then the probability (per unit time) of the transition i ->/ with emission 


f This certainly implies that recoil is neglected, the emitter as a whole remaining at rest. 
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of a photon is 


dw = 2ir\Vfi\ 2 8(Ei -E f -co) dv, (44.1) 

where dv arbitrarily denotes the ensemble of quantities describing the state of the 
photon and taking a continuous sequence of values; the photon wave function* is 
assumed normalized by the delta function “on the v scale”. 

If a photon having a definite angular momentum is emitted, the only continuous 
variable is the frequency co. Integration of (44.1) with respect to dv = dco eliminates 
the delta function, co being replaced by E* - E f , and the transition probability is 

w — 2771 V/i| 2 . (44.2) 

If, however, we consider the emission of a photon having a given momentum k, 
then dv = d 3 kl(2rr ) 3 = co 2 do) do/(2rr) 3 . Here it is presupposed that the photon wave 
function (plane wave) is “normalized to one photon in the volume V = 1”, as 
always in this book; dv is the number of states in the phase volume V d 3 k. Thus the 
probability of emission of a photon with a given momentum is 

dw = 2ir\Vfi\ 2 8(Ei - E f - a>) d 3 k/( 2tt) 3 , (44.3) 

or, after integration over dco. 


dw =t^-i I V/i| 2 w 2 do. (44.4) 

477 

In this we must substitute the matrix element V fi from (43.10). 

In subsequent sections we shall use these formulae to calculate the probability 
of emission in various specific cases. Here we shall consider certain general 
relations between radiative processes of various kinds. 

If in the initial state of the field there is already a non-zero number N n of the 
photons in question, the matrix element for the transition is multiplied by 

(N„ + l|cit|N„) = V(N„ + 1), (44.5) 

i.e. the transition probability is multiplied by N n + 1. The 1 in this factor cor¬ 
responds to the spontaneous emission wdiich occurs even if N n = 0. The term N n 
represents the stimulated or induced emission: we see that the presence of 
photons in the initial state of the field stimulates the further emission of photons of 

the same kind. 

The matrix element V tf for the transition with the opposite change of state of 
the system (/ —> f) differs from V fi in that (44.5) is replaced by 


(N„-l|c„|N„) = VN„ 

(and the other quantities are replaced by their complex conjugates). This opposite 
transition is a transition of the system from the level E f to the level E; with 



§44 


Emission and Absorption 


163 


absorption of a photon. Thus the photon emission and absorption probabilities for a 
given pair of states i,f are related byt 

W e /w a = (N n + 1 )IN n , (44.6) 

an expression first derived by A. Einstein (1916). 

The number of photons can be related to the intensity of the external radiation 
incident on the system. Let 


I ke da) do (44.7) 

be the radiation energy incident on unit area per unit time and having polarization 
e, frequency in the range da) and wave-vector direction in the solid-angle element 
do. These ranges correspond to k 2 dk dol(2rr) 3 field oscillators, each having N ke 
photons of the specified polarization. Hence the same energy (44.7) is given by the 
product 


c 


k 2 dk do 
(2tt) 3 


N ke ha> = 


hco 3 

8 t rV 


N ke do) do. 


From this we find the required relation: 


N ke = 


87T 3 C 2 t 
~h^ lke ' 


(44.8) 


Let dWkf be the probability of spontaneous emission of a photon with 
polarization e into the solid angle do, and let the indices (in) and (a) denote the 
corresponding probabilities for induced emission and for absorption. According to 
(44.6) and (44.8), these probabilities are related as follows: 

dw!£» = dwg' = dwif ■ I ke . (44.9) 


If the incident radiation is isotropic and unpolarized (I ke independent of the 
directions of k and e), then the integration of (44.9) with respect to do and 
summation with respect to e gives similar relations between the total probabilities 
of radiative transitions (between given states i and f of the system): 

2 2 

w (a) =w (in) =w (sp> ZA-I, (44.10) 


where I = 2 x 47rl ke is the total spectral intensity of the incident radiation. 

If the states i and / of the emitting (or absorbing) system are degenerate, the 
total probability of emission (or absorption) of the photons concerned is found by 
summation over all mutually degenerate final states and averaging over all possible 


t In the rest of this section, ordinary units are used. 
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initial states. Let the degrees of degeneracy (statistical weights) of states i and / be 
gi and gf. For processes of spontaneous or induced emission, the states i are the 
initial states, and for absorption the states /. Assuming in each case that all g, or g f 
initial states are equally probable, we obviously have instead of (44.10) the relations 

g f w (a> = g;W iin) = g,w <sp) j-jp- I. (44.11) 

In the literature one frequently meets the Einstein coefficients , defined as 

A if = w isp \ B if = w iin) dl B fi = w (a) c/I, (44.12) 

where J/c is the spatial spectral density of radiation energy. They are related by the 
equations 


gfB fi = giB if = giA if 7r 2 c 3 /h(o 3 . 


(44.13) 


§45. Dipole radiation 

Let us apply the formulae derived above to the emission of a photon by an 
electron (in general, a relativistic electron) moving in a given external field. In this 
case the transition current is the matrix element of the operator 

J = 

in which the ^-operators are assumed expanded in terms of the wave functions of 
stationary states of the electron in a given field (§32). The matrix element 
(0jl/|j|lj0/) corresponds to a transition of the electron from state i to state /. This 
change in the occupation numbers is brought about by the operator d/d;, and the 
transition current is 


ifi = (45.i) 

where i//; and ifo are the wave functions of the initial and final states of the electron. 

Let the wave function of the photon be chosen in the three-dimensionally 
transverse gauge (the polarization 4-vector e = (0, e)). Then the product j/,e* = 
— j/i • e* in (43.10). Substituting V fi in (44.4), we obtain the following expression for 
the probability (per unit time) of emission of a photon with polarization e into the 
solid-angle element do : 


dw en = e 2 (co/27r)|e* • j^k)! 2 do , 


(45.2) 


where 


j/i(k) = J if/faif/i • e lk r d 3 x. 


(45.3) 
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Summation with respect to the polarization of the photon is effected by 
averaging over the directions of e (in a plane perpendicular to the given direction 
n = k/co), and the result is then doubled because of the two independent possible 
transverse polarizations of the photon.t Thus the result is 

dw B = e 2 (tu/2-7r)|n x j /; (k)| 2 do. (45.4) 

A very important case is that where the photon wavelength A is large compared 
with the dimensions a of the radiating system. This usually means that the velocity 
of the particles is small compared with that of light. In the first approximation in 
al A (corresponding to dipoie radiation: cf. Fields , §67), the factor e tk r varies only 
slightly in the region where «//, or *fa is appreciably different from zero, and it can be 
replaced by unity in the transition current (45.3). This implies that the photon 
momentum is neglected in comparison with the momenta of the particles in the 
system. 

In the same approximation, the integral j /t (0) may be replaced by its non- 
relativistic value, which is simply the matrix element \ fi of the electron velocity 
with respect to the Schrodinger wave functions. In turn, this element \ fi = - icor fi , 
and eYji = d/„ where d is the dipole moment of the electron (in its orbital motion). 
Thus we have the following formula for the probability of dipole radiation: 

dw en = (co 3 / 27 r)|e* • d fi \ 2 do. (45.5) 

(Here the direction of n occurs implicitly: the vector e must be perpendicular to n.) 
Summation with respect to the polarizations gives 

dw n = (co 3 /27r)|n x d/;| 2 do. (45.6) 

Since these formulae are non-relativistic (as regards the electron), they can be 
immediately generalized to any electron system by taking d/,• as the matrix element 
of the total dipole moment of the system. 

Integrating (45.6) over all directions, we have the total probability of radiation: 

w = (4co 3 /3)|d/j| 2 , (45.7) 

or, in ordinary units, 

w = (4w 3 /3ftc 3 )|d/j| 2 . (45.7a) 

t In the averaging, we use the formula 

e x e\=\ (Sik-niftk) (45.4a) 


or 


(a • e)(b • e*) = 5{a • b - (a • n)(b • n)} 
= 5 [a x n] • lb x n], 


where a and b are constant vectors. 


(45.4b) 
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The intensity I is found by multiplying the probability by hco: 

I = (4o) 4 /3c 3 )|d/,| 2 . (45.8) 

This is directly analogous to the classical formula (see Fields , (67.11)) for the 
intensity of dipole radiation from a system of periodically moving particles: the 
intensity of radiation at frequency co s = stu (where co is the frequency of the 
particle motion and s an integer) is 

I s =(4o>i/3c 3 )|d i | 2 , (45.9) 

where d s are the Fourier components of the dipole moment, i.e. the coefficients in 
the expansion 


d(0= 2 (45.10) 

S =-oo 

The quantum formula (45.8) is got from (45.9) by replacing these Fourier com¬ 
ponents by the matrix elements of the corresponding transitions. This rule (which is 
an expression of Bohr’s correspondence principle) is a particular case of a general 
relation between the Fourier components of classical quantities and the quantum 
matrix elements in the quasi-classical case (see QM, §48). The radiation is quasi- 
classical for transitions between states having large quantum numbers; the tran¬ 
sition energy hco = E,- - Ef is then small in comparison with the energies E* and E f 
of the radiator. This, however, would not lead to any change in the form of (45.8), 
which isT valid for all transitions. This explains the fact (which is something of an 
accident) that the correspondence principle for the radiation intensity is valid not 
only in the quasi-classical but in the general quantum case. 


§ 46. Electric multipole radiation 

Instead of considering the emission of a photon in a given direction (i.e. with a 
given momentum), let us now consider the emission of a photon with definite 
values of the angular momentum j and its component m in some chosen direction z. 
We have seen in §6 that such photons can be of two kinds, electric and magnetic. 
Let us take first the emission of electric photons, and again assume that the 
dimensions of the radiating system are small in comparison with the wavelength. 

The calculations are conveniently carried out by means of the photon wave 
functions in the momentum representation, i.e. by expressing the 4-vector A^(r) as 
a Fourier integral. Then the matrix element is 

Vf, = e f jfi(r)A*(r) d 3 x 

= e J d 3 x ■ jjti( r) j" A*(k) e~ ikr ; (46.1) 


for simplicity, we omit the suffixes cojm to the photon wave functions. 
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For an Ej photon we take the wave function from (7.10), with the arbitrary 
constant C having the value 



The reason for this choice is to ensure that, in the spatial components of the wave 
function (A), the terms containing spherical harmonics of order j - 1 cancel (as is 
seen from formulae (7.16)). Then A will include only spherical harmonics of order 
j + 1, and therefore the corresponding contribution to V fi is (as will be clear from 
the subsequent calculation) of a higher order of smallness (in a/A) than the 
contribution from the component A° = d>, which includes spherical harmonics of 
the lower order j. 

Thus we put 

A* = (<!>, 0), <!> = -Jctl^ [ 8(\k\- ta )Y Sm (n) 

V J CO 

(n = k/co). Substituting this expression in (46.1) and carrying out the integration 
over d|k|, we obtain 

dix 'Pf >(r) J do n e~ ik 'Yf m (n). (46.2) 

To calculate the inner integral, we use the expansion (24.12), written in the form 
e ik r = 4ir 2 2 i l gl (kr)YUklk)Y lm (rir), (46.?) 

1= 0 m = —l 

where 

gi(kr) = Jl+ 2 ( kr ) ; ( 46 - 4 ) 

see QM, 134.3)A 

SiiHtlp't;;:n of this expansion in (46.2) gives 

J e ik ' r Yf m (n) do n = 4 ttI J g i (kr)Yj& l (r/r); 

the remaining terms are zero because of the orthogonality of the spherical har¬ 
monics. On account of the condition a/A 1, only distances such that kr < 1 will be 
important in the integral with respect to d 3 x. We can therefore replace the 

t The normalization of the functions gi is such that their asymptotic form as kr is 


gi(kr) « (1/kr) sin (kr-ihr). 


(46.4a) 
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functions g,(kr) by the first terms of their expansions in powers of kr:t 

a (kr)«(kry/(2j + l)!!. (46.5) 


The result is 


V fi = (-!)" 


'“4 


(2 j + l)(j + 1) 


J + 2 


IT] 


(2j + l)!! 




with the notation 


(46.6) 


(Qth = { Pfi(ryY im (rlr) d 3 x (46.7) 

(Yj ,- m = (-l) j-m YjU- The quantities (46.7) are called the 2 ] -pole electric transition 
moments of the system, by analogy with the corresponding classical quantities 
(Fields, §41).$ 

For an electron in an external field, p fi = t/'/t/'i, and the quantities (46.7) are then 
calculated as the matrix elements of the classical quantity 



In the non-relativistic case (as regards the particle velocities), the transition 
moment can in principle be calculated similarly for any system of N interacting 
particles. The transition density is expressed in terms of the wave functions of the 
system by 

P/i(r) = [ ... r N )i/»i(ri,... ,r N ) 2 S(r-r„) d 3 x,... d 3 x N , (46.8) 

where the integral is taken over the whole of configuration space.§ 

The photon wave function used here corresponds (in the coordinate represen¬ 
tation) to normalization by the delta function on the co scale, as assumed in formula 
(44.2). Substituting (46.6), we find the probability of Ej radiation:|| 

< = 2 ^ 2 )| )( 1 J ) m ] ' ) « 2i+ V|(Ql c ’ m )/i| 2 - (46.9) 


t The power of kr is equal to the order of the function Y Jm by which gj is multiplied. This justifies 
the neglect of the terms in A which contain higher-order spherical harmonics. 

$ The multipole moments are defined without the factor e, since in this book the currents also are 
defined without the charge factor. 

§ A situation can occur where the transition probability vanishes according to the approximate 
selection rules, valid only when the spin-orbit interaction of the electrons is neglected. Then, to obtain a 
non-zero result, we must use the wave functions with the relativistic correction which takes account of 
this interaction. 

|| It might appear at first sight that, owing to the isotropy of space, the total probability of photon 
emission ought not to depend on the value of m. The incorrectness of this conclusion is easily seen if we 
notice that different final states of the system (for a given initial state) correspond to the emission of 
photons with different values of m; cf. the rule (46.16) below. 
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In particular, for j = 1 we have 


w\i=^fe 2 \(Q\% m ) fi | 2 . (46.10) 

The quantities Q { S are related to the components of the electric dipole moment 
vector by 


eQW = id z , eQt l, = +^(d x ± id,). (46.11) 

Summing (46.10) with respect to m, we naturally obtain the earlier formula (45.7) 
for the total probability of dipole radiation. 

The angular distribution of multipole radiation is given by formula (7.11). When 
this is normalized to the total emission probability w jm , we have 

dw im = |Y$(n)| 2 w /m do 

= |(ffTjl v ny jm | 2 ^. (46.12) 


In particular, for j = 1, 




cos 0, Yi,±i 




sin 6 




where 6 and <£ are the polar angle and azimuth of the direction n relative to the 
z-axis. On calculating the gradient, we find that the angular distribution of dipole 
radiation with a definite value of m is given by 


dw io = Wio 3— sin 2 6 do , 

077 


dw i,±i = 


Wl,±l 


3 1 + cos 2 6 
871 2 


do. 


(46.13) 


These expressions could also, of course, be obtained from formula (45.6) by putting 
firstly (for m = 0) d x = d y = 0, d z = d, secondly (for m = ± 1) d y = + id x = d/V2, 
d 2 = 0. 

If the order of magnitude of the dimensions of the system (atom or nucleus) is 
a, then that of the electric multipole moments is, in general, C® ~ a ] . The 
probability of multipole radiation is 

ak(ka) 2} . (46.14) 

When the multipole order increases by one, the probability decreases by a factor 
~(ka) 2 . 

The laws of conservation of angular momentum and parity imply certain 
selection rules which restrict the possible changes in the state of the radiating 
system. If the initial angular momentum of the system is J h then, after emission of 
a photon with angular momentum j, the angular momentum of the system can have 
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only those values J f which are in accordance with the angular momentum addition 
rule (J f - J f = j): 


(46.15) 

For given values of Ji and J f9 the same rule (46.15) specifies the possible values 
of the photon angular momentum j. But, since the probability of emission decreases 
rapidly with increasing j, the emission occurs principally with the lowest possible 
multipole order. 

The components and M f of the angular momenta J ( and J f , and m of the 
photon angular momentum, satisfy the relation 

Mi - M f - m, (46.16) 

which is obvious from the same law of addition of angular momenta. 

The parities P, and P f of the initial and final states of the radiating system must 
be such that P f P ph = P*, where P ph is the parity of the emitted photon. Since the 
parities can have only the values ±1, this condition may also be written 

PiP/-Pph. (46.17) 

For an electric photon P ph ■= (-l) j , and the parity selection rule for electric multi¬ 
pole radiation is therefore 


PiP f = (-\y. (46.18) 

The selection rules for total angular momentum and for parity are entirely 
rigorous and must be satisfied in emission by any systems. There may also be 
other rules which are more restrictive and which arise from certain properties of 
the structure of particular radiating systems. These latter rules must of necessity be 
approximate to some extent; they will be discussed in later sections of this chapter. 

The dependence of the emission probability on the quantum numbers m, M, and 
M f is entirely determined by the tensor character of the multipole moments.. The 
quantities Q jm with a given j form a spherical tensor of rank j. The dependence of 
its matrix elements on these quantum numbers is given by the formula 

Kn / J / M / |Q j ,_ ra |n,J i M i >| 2 =(^ ^ (46.19) 

(see QM, (107.6)), where n conventionally denotes all the quantum numbers 
specifying the state of the system, other than J and M. The reduced matrix 
elements on the right of (46.19) do not depend on m, M„ M f . On substituting this 
formula in (46.9), we obtain the required dependence, which is proportional to 

( Jf J Ji \ 2 . 

\M f m -Mj ’ 
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here it is, of course, assumed that the emitter is not in an external field, and that the 
transition frequency co is thus independent of M f and M f . 

Summing the probability over all values of M f (for a given Mj), we have the 
total probability of emission of a photon of a given frequency from the initial level 
Mi, Ji of the system. It is obvious from the isotropy of space that this quantity must 
also be independent of the initial value M ( . The summation is carried out by means 
of the formula 


2 \( n fJfM f |Qj, |« f J,-M,-)| 2 

Mf 


2 jT^T K n / J /IIQjlM>l 2 


(see QM, (107.11)). 


(46.20) 


§47. Magnetic multipole radiation 

The wave function of a magnetic photon is A* = (0, A), where A is given by (7.6). 
Substitution in (46.1) gives for the transition matrix element 

Vfi = ~ e jfl d ' X ' j/i(r) / d ° n ‘ eHkrY !- , *( n )- (47.1) 

The components of the vector can be expressed in terms of the spherical 
harmonics of order j, as shown in (7.16). Again using the expansion (46.3), we 
obtain for the inner integral 

J e~ ik ' r Yjm > *(n) do n = 4irr'g,(kr)Y$ ) *(r/r), 

and, on substituting g, from (46.5),t 

v fi = - er‘ (2jrry!! I j/i(r)ri ' Yl ' r * (r/r) dh - 

Here we must substitute, in accordance with the definition (7.4), 


V ' : ' <r,r) = ViKrTiji rxV '''- ; 

we then transform the integrand by means of the formula 


r’ifi • r x V Yf m = - r x j /( • V(r'Yf m ), 


obtaining 


= n 


.-V 21 


+ i)(i + D » 


i+2 


irj (2j + 1)!! 


eiQT’mk, 


(47.2) 


t The current j must not be confused with the angular momentum j. 



172 


Radiation 


§47 


with the notation 

(QWh = ~T[ VtTTT/ r x hl ' V(r ' Yj> " ) d? ' x - (47 - 3) 

These are called the 2 ! -pole magnetic transition moments . 

Because of the analogy between the expressions (47.2) and (46.6) for the 
emission probability, we obtain a formula which differs from (46.10) only in that the 
electric moments are replaced by magnetic moments. Formula (46.12) for the 
angular distribution also remains valid (as has already been mentioned in con¬ 
nection with (7.11)). 

Let us analyse the form of (47.3) when j = 1. In this case, the functions are 

xj~rY w =iz, yJ~rY u±i = +^(x±iy), 

and their gradients are simply the spherical unit vectors e (0) , e (±1) (7.14). The 
quantities e(Q\Z% are therefore the spherical components of the vector 

lift = k j r x j /f d 3 x, (47.4) 

which is similar in form to the classical magnetic moment (see Fields , §44). The 
total probability of M 1 radiation is given in terms of this quantity by the formula 
(in ordinary units) 

w = (4co 3 /3fic 3 )|jx/j| 2 . (47.5) 

We shall show how formula (47.4) is related to the usual non-relativistic quantum 
expression for the magnetic moment operator. 

The expression for the transition current is (see QM, §115) 

j/i = -j^(ipJVipi - ip i V4>J) + -^curl(4>Jsip i ), (47.6) 

where fx is the magnetic moment of the particle and s its spin. Hence 

^ = ~?m / x Wi d 3 x + J d 3 x+j^ f r x curl(i//fsi//i) d 3 x. 

(47.7) 

In the second term, we write 

J ipi(r x V)t//* d 3 x = - J if/*(r x d 3 x + J curl(n //Jif/i) d 3 x. 

The last integral can be transformed into one over an infinitely distant surface, and 
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is zero. Thus the first two terms in (47.7) are equal. In the third term, we transform 
the integral as follows (temporarily writing F = 

f r x (V x F) d 3 x =|rx (df x F) — f (FxV)xr d 3 x. 


The surface integral is zero, and in the last term 

(F x V) x r = - F div r + F = - 2F. 

Thus, 

J r x curl F d*x = 2 J F d*x. 

The expression for |jL/i therefore becomes 

iifi= IM^ t+ f s h d3x ’ (47 - 8) 

where L = - ir x V is the particle orbital angular momentum operator. This is, as it 
should be, the matrix element of the operator 

£■ = ^-L + —s, (47.9) 

2 ms 

which contains the operators of the orbital and intrinsic magnetic moments of the 
particle. 

The selection rules for magnetic multipole radiation are analogous to those for 
the electric case: the rules (46.15), (46.16) again apply to the total angular momen¬ 
tum, and the parity rule is 


PiP^O-l)^ 1 , (47.10) 

which is obtained by substituting in (46.17) the parity of the Mj photon, P ph = (-l) i+1 . 


§48. Angular distribution and polarization of the radiation 

The formulae derived in §§46 and 47 relate to the emission of a photon with 
definite values of the angular momentum j and component thereof m. It was 
accordingly assumed that the radiating system (a nucleus, say) has not only definite 
values of the angular momentum J but also definite polarizations, i.e. values of M, 
both before and after the emission. 

Let us now consider the more general case of emission by a partially polarized 
nucleus (whose dimensions are again assumed small in comparison with the 
wavelength). The emitted photon again has a definite angular momentum j, but may 
be partially polarized. Let us find the emission probability as a function of the 


QE4 - M 
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direction n of the photon. This probability must be expressed in terms of density 
matrices which describe the polarization states of the nucleus and the photon. 

For this purpose, we shall first write down the emission probability as a 
function of the direction n and helicity A of the photon (A = ± 1), for the case 
where the initial and final nuclei have definite values J h M f ; J f , M f . 

The matrix element for emission of a photon with definite values j, m is 
proportional to the matrix element of the (electric or magnetic) 2 j -pole moment of 
the nucleus: 


(JfMfi jm\V\JiMi) « (48.1) 

The wave function of the emitted photon (in the momentum representation) is 
proportional to Y$(n) or Y^n). The wave function of a photon whose momentum 
is in the direction n and whose helicity is A is proportional to the polarization 
vector e (A) . The matrix element for emission of a photon n, A is found by 
multiplying (48.1) by the projection of the wave function of the state |jm) on that of 
the state |nA): 


{J s Mf, nA|V|J,M,) oc (-l) ra (J / M / |Q i ,_ m |J i M j )e <A) * • Y jm . 


According to (16.23), for photons of either type 

e (A) * • Yj m (n) a Df m ( n). (48.2) 

The matrix element of the multipole moment can be expressed in the usual way in 
terms of the reduced element. Thus we find the transition probability amplitude in 
the form 


(JfMf ; nA | V|J.-M,) (- i) J / _M / +m ( _ ^ ^JqD&Oi), (48.3) 

where Q denotes (J/||Q||Ji). 

We can now proceed to the general case of mixed polarization states. According 
to the general rules of quantum mechanics, the transition probability is proportional 
to the expression! 


2 nk\V\JiMi)(J f Mf m 9 nA'| V|jT ( M'i>* x 

(m) 

x (Mi|p (i) |M;>(M/|p (/) |M/>(A'|p (7) |A>, (48.4) 

t If the initial and final states of the system are described by the superpositions 

* (,, = 2 * m = EMSP, 


<f|V|i>=2 bUnV m „.. 

m, n 


then the matrix element is 
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where p (0 , p^, p (7) are the density matrices of the initial nucleus, the final nucleus 
and the emitted photon; the symbol (m) beneath the summation sign indicates that 
the sum is taken over all the m-type quantities which occur twice (M„ M\, M f , M}, 
A,A'). Then (48.3) is to be substituted in (48.4). 

Let w(n) do denote the probability of emission of a photon into the solid angle 
do. The total probability of emission, in any direction and with any polarizations of 
the photon and the final nucleus, is evidently independent of the initial polarization 
state of the nucleus, is given by formulae already known, and is of no interest here. 
We shall therefore arbitrarily normalize the probability w(n) to unity. The result ist 

vv(n) = (2} + ^ (2J| + 1} 2 x 

077 <m\ 

x ( Jf 1 V '/ ^ ^ x 

\-Mf -m Mi)\-M’f -m' M\) 
x (M ( |p 0) |M5)(M/|p (/) |M/>(A'|p (7) |A); 


it will be seen below that the normalization is correct. This formula can be 
transformed by using the series expansion QM (110.2) for the product of the two D 
functions: 

= (-l)”"X( 2 L+l)(' 4 , _ L a )(' j m , 4 )d B , 

where A = A - A', p, = m - m' and L takes integral values ^2j. Thus we have finally 


w(n) = (2} + ^ (2J ‘ + ]) 2 2 (-l) 2J ‘~ Mi ~ M ' +m+, (2L + 1) x 

L (m) 


(i J L \(j j L \/ J, j JA/ J f j J, \ 
U -A' -A }\m -m' -jtA - M, -m - m' M’J 


m - fij 

xD^(nKM i |p (i) |Mi)<M}|p (/) |M / >(A'|p w |A>. 


(48.5) 


and its square is 


|</|V|i>| 2 = 2 V mn V%n'a n at'b m 'b*. 


The case of mixed states is obtained by making the changes 

a„af'-^p ( „‘L pm'm, 

so that 

I(/|V|«)| 2 - 2 v^vsvpK-pSP,.. 

n, n\ m, m' 

f In transforming the sign factor note that the numbers 2/j, 2 Jf, 2M„ 2M/ have the same parity; j and 
m are integers, and A = ± 1. 
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As previously, 2 (m) denotes summation over all m-type quantities which occur 
twice. Here it must be noted that A and A' differ from the other quantities, since 
they have only two values, A, A' = ± 1, corresponding to the two polarizations of 
the photon, and not 2j + 1 values for any given j. 

Formula (48.5) embodies all the necessary information about the angular dis¬ 
tribution and polarization of the emitted photons, and also about the polarization of 
the secondary nuclei (i.e. those which have emitted a photon). It is assumed that 
the initial density matrix is given. 


Angular distribution 

The angular distribution of the photons is obtained by summation over all 
polarizations of the photon and the secondary nucleus. The averaging with respect 
to polarizations is done by substituting the density matrices of the unpolarized 
states: 


(A| P w |A'> = iS xx , = 2j~j7j' (48.6) 

after which the summation amounts to a multiplication by 2 for the photon or by 
2 J f + 1 for the nucleus. Thus the summation is effected by simply making the 
changes 


(A|p w |A')^S aa , (Vf |p tf) |M}> -*■ 8jvf ; M j, (48.7) 


and the angular distribution is 


w(n) = (2i + 1 j (2Ji + 1) ^(- 

OTT L (m) 


■l) m ' +l (2L+ l)D$(n)x 


x 


] 

u 


)(' 


J L )( Jf J Ji V Jf J h \ x 
-m’ -fL/K-Mf -m MiJK-Mf -m' M\i 


x<M i |p <i) |Mi). 


This formula can be considerably simplified by carrying out the summation over 
m-type quantities. First of all, we note that 


and therefore 



j l ) = ( -iWj i L) 

-A 0/ V ’ V-A A 0/’ 

-A o) _2 (l -1 o) foreVenL ’ 

= 0 for odd L. 


(48.8) 


In the sum over L, therefore, only the terms with even L remain, and it involves 
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only even-order spherical harmonics This result is obvious a priori, since, by 
the conservation of parity, the probability must be unchanged by inversion, i.e. by 
putting n-^-n. 

Thus we have 


H’(n)^ (2j + 1 ^ J - + 1) X(2L+l)({ n)x 

V Y /_iyn+l/ i i L \/ Jf j Jj \/ Jf j Ji \ , 

’ \m —m' — -m Mi)\ — M f —m' M\)' 

x (Mi|p (i) |M'i). 

The normalization here is easily verified: with the formula 

J D$( n) do/4rr = 8 U) 8^, 


integration over all directions leaves only the term with L = 0, jx = 0, and the 
formulae 


f] 
(m 



m 




V(2j + 1)’ 


m 


Ji\ 2 _ 1 

Mi) 2/i + r 


tr p (u = 1 


then show that the integral is equal to unity. 

The further summation with respect to m, m', M f in the inner sum in w(n) is 
effected by means of QM, (108.4). The final expression for the photon angular 
distribution is 


w(n) = (-1) i+J ‘ +J f (2j + 1 ^y (2J - l - + llX 

477 

x 1 ?„ ( -' )lv<2l+i, (! -i o){j't i)?«w 

(48.9) 

where 

(48.10) 

The inner sum in (48.9) is taken over all |/x| *£ L, and the outer sum over all even L 
such that 


L«2/, L « 2J, 


(48.11) 
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(These conditions result from the triangle rule which has to be satisfied by the 
quantities in the 3j-symbols that appear in (48.9), (48.10).) The number of terms in 
the sum is therefore usually small. For instance, when J t = 0 or only the term with 
L = 0 remains, and the radiation is isotropic; this term is easily seen to equal i as it 
should by the normalization condition. When Ji = 1 or 3/2, or j = 1, the two terms 
with L = 0 or 2 remain in the sum over L. If the density matrix p 0) is diagonal 
(Mi = Mi), then /jl = 0, and the distribution function (48.9) becomes an expansion in 
Legendre polynomials; according to (16.5) and QM, (58.23), the functions Dffl are 
the functions P L (cos 6). Finally, if 

(Mi|p (i) |M'i) = 2j~jT[ ‘W*i> 


i.e. if the initial nucleus is unpolarized, then all the are zero except = l.t 
The quantities ^ LjLt are convenient characteristics of the polarization state of the 
nucleus, and will be called polarization moments. Formula (48.10) defines them in 
terms of the density matrix p M M The inverse formula expressing the density matrix 
in terms of the polarization moments is easily verified: 

* mK (48 - 12) 

Let f Ltl be a spherical tensor depending on the polarization state of the nucleus. 
According to the general rules (see QM, (14.8)), its mean value in a state having the 
density matrix pmm' is 


Jl, = 2 (48.13) 

M, M' 

Expressing the matrix elements of the f Lll in terms of the reduced element (J||/l||J) 
by means of the formula 




t Using the result that 


we have 


/ J 0 J 
V-M' 0 M 



1 

V(2 J +1) 


8mm', 


2 (-i 

M, M' \ 


J L 
-M' /x 


— V(2 J 4-1) 



— V(2J + 1) Slo 8^ o, 


L 



J 0 J \ 
-M’ 0 M) 


and the conclusion stated then follows from the definition (48.10). 
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7 - , (W) „ 

V[(2L + 1)(2J + 1)] ^ (48.14) 

Photon polarization 

When the matrices p (7) and p^, as well as p (l) , are specified, formula (48.5) 
determines the probability of a transition in which a photon is emitted, and the 
nucleus left, in definite polarization states. Such states are essentially characteristic 
not of the emission process as such, but of the detectors which record the photon 
and the recoil nucleus and distinguish definite polarizations of these. There is 
another and more natural formulation of the problem, in which the final state of the 
“nucleus + photon” system is not specified from the start, and the polarization 
density matrix of this state is to be determined, with only the direction of the 
photon emission fixed. 

The answer to this problem is given by the same formula (48.5). If this is written 
as 


w = w(n) 2 {Mr, nA|p|M}; ny)(y\p (y) \k){M' f \p (I) \M f ), (48.15) 

(m) 

then the expression (M f ; nAjp|M}; nA') is the required density matrix, since accord¬ 
ing to the general rules of quantum mechanics the probability w of a transition to a 
specified state is given by its “projection” on the given p (7) , p^. The factor w(n) is 
written in (48.15) so that this matrix shall be normalized by the usual condition, 

2 (M/;nA|p|M/;nA)= 1. 

A, M f 

If we want the polarization of the photon alone, a summation over M f = M' f is 
necessary: 


(nA|p|nA') = X (M f ; nA|p|M/; nA'). 




Using a derivation exactly similar to that of (48.9), we obtain 
<n» |p|n* ■) = (-1) '*«*'< <2J+ g^g l - +1) x 


X £ (H)‘V(2L + !)(' 4, J ! jr}2 ( 48 . 


16) 


where A = A - A', and the summation is over all integral values of L which satisfy 
the conditions (48.11). 

In particular, circular polarization is determined by the Stokes parameter 


6 = <nl|p|nl> - (n, -l|p|n, -1); 
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see §8, Problem. Because of the relation (48.8), all terms with even L in this 
difference are zero, and the resulting formula for £ 2 differs from (48.9) only in that 
the summation is over odd instead of even values of L. 


Secondary nucleus polarization 

Finally, if we are interested only in the final polarization of the nuclei, we must 
put p (y) -+ 8. If the integration with respect to directions of the photon is also carried 
out, the density matrix of the secondary nucleus is 


(Mf\p\M'f) = J w(n)(M f n\p\M' f n) do 


= (2J, + 1) 2 (-l) 2/,_M,_i#i x 

m, Mj, M,' 


X (-M / -L M f )(-Mf -m 

The polarization moments calculated by means of this matrix are 


= (-l) J,+//+L+ V[(2Ji + l)(2Jf + l)]|jj * (48.17) 

If the initial nucleus is unpolarized, so is the final nucleus, but there exists a 
correlation polarization, i.e. a polarization of the nucleus after emission in a 
specified direction. Putting p (l) -^ 5/(27; + 1) (and correspondingly w(n) = 1/4 tt) and 
calculating as in the derivation of (48.9), we obtain for the density matrix describing 
this polarization 


<M, ; „| ( .|M;^-(2i + lX-l)''*»t*' i 2 i (ZL + l)(' I j, L 0 )(J' m , \ 4) x 

x(t J j J,} D ^ )(n) - (48 - 18) 

The corresponding polarization moments are 

= i L (-l) I+ ' ,+J/ (2j + 1)V[(2L + 1K2J/ + 1)] x 

x (i -i o){j 1 (4819) 

Only even-order moments occur (which is also a consequence of the conservation 
of parity already mentioned). 

If the secondary nucleus in turn emits a photon, it will generate an anisotropic 
distribution, being polarized. Since the polarization moments (48.19) depend on the 
direction n of the photon emitted in the first decay, there is a certain correlation 
between the directions of successively emitted photons (with an unpolarized 
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primary nucleus). Other correlation effects (of polarization, etc), in cascade emis¬ 
sion can be treated similarly.! 


PROBLEM 

Find the relation between the polarization moments 0^, and the mean values of the angular 
momentum vector J and the quadrupole moment tensor Qik. 

Solution. The reduced elements of the vector J and the tensor Qik are determined from 

J j = (/||/||J) 2 /(2/+1), 

Ol = <J||Q||J> 2 /(2J + 1); 

cf. QM, (107.10), (107.11). The operator Qik is expressed in terms of the angular momentum operators as 
in QM (75.2): 


Qik = 2J 0 ^\) + Skii “ 3J 2 8.-k). 


Hence we find the mean value 


Qik - 


3Q 


2J (2J - 1) 


J 2 (4J 2 - 3) = 


2 T 3(J + 1)(2J + 3) 1 
V L 2J(2J - 1) J' 


The reduced matrix elements are 


<J||/||/) = V[/(/ + l)(2J + l)], 

From (48.14) we now see that the polarization moments 0^ are equal to the spherical components of 
the vector 


VwTB 5 ' 

and the moments are equal to the spherical components of the tensor 

r 10J(2J-1) V7& 

[3(J + 1)(2J + 3)J Q* 


§49. Radiation from atoms: the electric typet 

The energies of the outer electrons of an atom (which take part in optical 
radiative transitions) have, as a rough estimate, the order of magnitude E ~ me 4 1 ft 2 , 
so that the radiated wavelengths A ~ ftc/E ~ ft 2 lame 2 . The dimension of the atom is 
a ~ ft 2 lme 2 . Thus, in the optical spectra of atoms, we generally have the inequality 
a/A ~ a < 1. The ratio v/c ~ a, where v is the velocity of the optical electrons, has 
a similar order of magnitude. 

Thus, in the optical spectra of atoms, a condition is satisfied which means that 

t A detailed account of these problems is given in the paper by A. Z. Dolginov, in: L. A. Sliv, ed., 
Gamma-luchi (Gamma Rays), USSR Academy of Sciences, Moscow 1961, pp. 523-681. 

$ In §§49-51 and 53-55, ordinary units are used. 
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the probability of electric dipole radiation (if this is allowed by the selection rules) 
considerably exceeds the probabilities of multipole transitions.f For this reason it 
is electric dipole transitions which are the most important in atomic spectroscopy. 

As has already been mentioned, such transitions are subject to strict selection 
rules as regards the total angular momentum J of the atom and the parity P:t 

|J'-J|^1^J + J', (49.1) 

PP' = - 1. (49.2) 

The inequality \J’-J\ ^ 1 signifies that the angular momentum J can change only 
by 0 or ±1; also, the transition 0->0 is forbidden by the inequality J +J’ ^ l. The 
parities of the initial and final states must be opposite.§ 

The probability of emission by the transition nJM is determined by 

the corresponding matrix element of the dipole moment of the atom: 

w(nJM -» n'J'M') = \(n’J'M’\d^ m \nJM)\ 2 , (49.3) 

(o — o)(nJ —> n f J 


On summing (49.3) over all values of M' = M - m (with M given), we obtain the 
total probability of emission with a given frequency from the atomic level n, J. The 
summation is carried out by means of (46.20), and the result is 

w(nJ ->n'J') = jfjp 2 J- -M K n ' J 1MH nJ >l 2 - ( 49 - 4 ) 

The squared modulus of the reduced matrix element is sometimes called the 
transition line strength ; it is symmetrical as between the initial and final states. 

The observed radiation intensity is found by multiplying w by hco and by the 
number N nJ of atoms in the source which are at the excitation level concerned. For 
example, in a gas at temperature T this number is N nJ ^ (2 J + 1) exp(- E nJ /T); the 
factor 2J + 1 is the statistical weight of the level with angular momentum J. 

Further deductions regarding transition probabilities in atomic spectra can be 
obtained only for specific kinds of atomic states. We shall not here discuss methods 
of calculating matrix elements where the degree of approximation has no clear 
theoretical significance, but simply derive some relations valid for a fairly large 
class of states (especially in light atoms) of the LS coupling type (see QM, §72). 
Such states are described not only by the total angular momentum but also by 
definite values of the orbital angular momentum L and the spin S, which in this 
case are conserved. 

t Typical values of the dipole transition probability in the optical region of the spectra of atoms are of 
the order of 10 8 sec -1 . 

$ We shall now denote the quantum numbers of the initial and final states by unprimed and primed 
letters respectively. The letters n, n' will denote all the quantum numbers which define the state of the 
system, other than those shown explicitly. 

§ The parity selection rule was first established by O. Laporte (1924). 



§49 


Radiation from Atoms: The Electric Type 


183 


Since the dipole moment is a purely orbital quantity, its operator commutes 
with the spin operator, i.e. its matrix is diagonal with respect to the number S. For 
the number L, the dipole moment is subject to the same selection rules as any 
orbital vector (see QM, §29). Thus transitions between LS-type states are subject 
to the following selection rules (in addition to (49.1), (49.2)): 

S'-S = 0, (49.5) 

\V - L| ^ 1 ^ L + L'. (49.6) 

It should again be stressed that these rules are approximate, and no longer apply 
when the spin-orbit interaction is taken into account. 

The rule (49.5), which forbids transitions between terms of different multi¬ 
plicity, is valid not only for electric dipole transitions but for all electric transitions: 
the electric multipole moments of all orders are orbital tensors, and therefore their 
matrices are diagonal with respect to spin. For instance, for electric quadrupole 
transitions, in addition to the general rules 

\J'-J\^2^J + J’, PP'= 1, (49.7) 

in the case of LS coupling we have the further rules 

S’-S = 0, \U - L| ^ 2 ^ L + L'. (49.8) 

The emission probability can be written in explicit form as a function of the 
numbers S, J, This is done immediately by means of the matrix elements of 
spherical tensors in the addition of angular momenta. According to QM, (109.3), we 
havet 

Kn'L'SJ'||d||nLSJ)| 2 = (2J + l)(2/'+l){y £ ^} 2 |<n'L'||d||nL>| 2 . (49.9) 

Substitution of this in (49.4) gives 

A, C T > T ' C 'j 2 

w(nLSJ-+n'L'SJ’) = ~(2J’+D[j L \j |<n'L'||d||nL>| 2 , (49.10) 


with « = a>(nLS -> n'L'S).t 

A sum rule can be derived for these probabilities. The squares of the 6j-symbols 
satisfy the summation formula (see QM, (108.7)) 

2(2i' + l,{y [' <49.11) 

t The “angular momenta of sub-systems 1 and 2” in the formulae in QM, §109, are here to be taken 
as the orbital angular momentum and spin of the atom, whose interaction is neglected; the quantities / Vq 
are represented by the orbital vector d q . 

t In neglecting the spin-orbit interaction in the calculation of the matrix elements, we also neglect 
the dependence of the frequencies on J and J\ i.e. the fine structure of the initial and final levels of the 
atom. 
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Using this, we obtain from (49.10) 

2 w(nLSJ -> n'L'SJ') = \(n'L'\\d\\nL)\ 2 . (49.12) 

This quantity is thus found to be independent of the initial value of J. 

For radiation from a gas whose temperature is much greater than the fine- 
structure intervals in the atomic term nSL , the states with different J are uniformly 
occupied, i.e. all values of J are equally probable. The probability that the atom is 
at a level with some definite value of J is then 


2J + 1 

(2L+1)(2S + 1)’ 


(49.13) 


i.e. is equal to the ratio of the statistical weight of the level to the total statistical 
weight of the term nSL. Averaging the expressions (49.10) or their sums (49.12) 
with respect to these probabilities is equivalent to multiplying by the factor (49.13). 
This averaging will be denoted by a bar over the letter w. The total probability of 
emission of all the lines in a spectral multiplet (formed by all possible transitions 
between the fine-structure components of the two terms nSL and n’SL') is the sum 


w(nLS -* n'L'S) = 22 w(nLSJn’L’SJ’). (49.14) 

J J' 


Since, of course, 


2 (2 J + 1) = (2S + 1)(2L + 1), 

J 

the result obtained for the total probability agrees with (49.12). Thus the relative 
probability (which is the same thing as the relative intensity) of a single line is 

w(nLSJ n'L’SJ') (2J + 1)(2J'+ 1) fL' J' S] 2 
w(nLS-+n'L'S) 2S +1 [j L lj' ( 

The analysis of the numerical values given by this formula shows that the 
strongest lines in the multiplet are those for which A J = A L (called main lines , 
while the remaining components of the multiplet are called satellites). The intensity 
of the main lines increases with the initial value of J. 

Summation of the quantities (49.15) with respect to J' and J gives respectively 


2 HnLSJ-> n’L’SJ’) 1 

_r_ _ _ _ T 1 _ 

w(nLS-+ n’L’S) ~ (2L + 1)(2S + 1)’ 

2 w(nLSJ n’L’SJ’) 2/ , + J 
w(nLS-+n’L’S) = (2L + 1)(2S + 1)'. 


(49.16) 
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Thus the total intensity of all the lines in a spectral multiplet having a common 
initial or final level is proportional to the statistical weight of that common level. 

We may also consider the hyperfine structure of atomic spectral lines. The 
hyperfine splitting of atomic levels is due to the interaction of the electrons with 
the spin of the nucleus if the latter is non-zero (see QM, §122). The total angular 
momentum F of the atom (including the nucleus) consists of the total electron 
angular momentum J and the angular momentum I of the nucleus. Each component 
of the hyperfine structure of the level n,J has a different value of the quantum 
number F. 

The rigorous law of conservation of angular momentum now leads to a rigorous 
selection rule for the total angular momentum F : for electric dipole radiation, 

|F'-F|^1^F + F'. (49.17) 


But, in view of the extreme weakness of the interaction of the electrons with the 
spin of the nucleus, this interaction may be neglected in calculating the matrix 
elements of the electric (and magnetic) moments of the electron shell of the atom. 
Thus the previous selection rules regarding the electron angular momentum J and 
the electron parity remain valid also. In particular, the latter selection rule prohibits 
electric dipole transitions between hyperfine structure components of the same 
term: all these levels have the same parity, whereas such transitions can occur only 
between states of different parity. 

Since the dipole moment operator commutes with the nuclear spin, the depen¬ 
dence of the matrix elements on the numbers I and F can be found explicitly, the 
calculations differing only by an obvious change of notation from those given 
above for LS coupling. The probability of emission, summed over the final values 
of the component of the total angular momentum F, is 


w 


(nJIF -> n'J'IF') = ^ ^fTT \< n ’ J ’ IF 'W d \\nJIF)\ 2 


o) = a)(nJ -> n'J'), 
and the square of the reduced matrix element is 


(49.18) 


Kn'J7F'||d||nJJF)| 2 = (2F + l)(2F'+l){^ j} 2 |(n'J'||d||nJ>| 2 . (49.19) 


PROBLEM 

The majority of the lines in the spectra of the alkali metals can be described as resulting from 
transitions of a single outer (optical) electron in the self-consistent field of the rest of the atom, which 
forms a configuration of closed shells; the state of the atom is governed by LS coupling. Under these 
conditions, determine the relative intensities of the fine structure components of the spectral lines. 

Solution. The total angular momenta L and S = \ of the atom are equal to the orbital angular 
momentum and spin of the optical electron. The parity of the state is therefore (-1) L (the parity of the 
closed configuration of the rest of the atom being positive). The parity selection rules therefore forbid 
the dipole transition with L' = L, and so only transitions with L' - L = ± 1 are possible. The transitions 
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n,L 


a 

b 

c 

i , 


n; L-1 j 



Fig. 1. 


between components of the doublet levels n, L and n',L- 1 give only three lines, because of the 
selection rule for J (Fig. 1). Their relative intensities (denoted by a, b, c) are most simply determined 
from the rules (49.16), instead of using (49.15) directly. The ratios of total intensities of lines having each 
initial (or final) level give two equations 

b + c 2L a + b 2 L 

a ~ 2L +2’ c ~2L-T 


whence 


a:b:c=(L+ 1)(2L - 1): 1: (L - 1)(2L + 1). 
If L = 1, the lower level is unsplit, line c does not appear and alb =2. 


§ 50. Radiation from atoms: the magnetic type 

The magnetic moment of an atom is equal, in order of magnitude, to the Bohr 
magneton: p, ~ eh/mc. This differs by a factor a from the order of magnitude of the 
electric dipole moment, d ~ ea ~ h 2 lme (since v/c ~ a, we have ja ~ dv/c , as is to be 
expected). Hence it follows that the probability of magnetic dipole (M1) radiation 
from the atom is about a 2 times less than that of electric dipole radiation at the 
same frequency. The magnetic radiation is therefore important in practice only for 
transitions forbidden by the selection rules for the electric case. 

The ratio of the probability of electric quadrupole (E 2) radiation to that of M1 
radiation is, in order of magnitude, 

E2 (ea 2 ) 2 (o 2 /c 2 a 4 m 2 a) 2 /A E\ 2 /crk 

m ]? ¥ (5(U) 

the quadrupole moment ~ ea 2 , E ~ h 2 lma 2 is the energy of the atom, and A E the 
change in energy in the transition. We see that, for medium atomic frequencies (i.e. 
when A E ~ E), the probabilities of E2 and Ml radiation are of the same order of 
magnitude (assuming, of course, that both are allowed by the selection rules). If, 
however, AE E (as for transitions between fine structure components of the 
same term), then M1 radiation is more probable than E2. 

The magnetic dipole transitions are subject to the rigorous selection rules 


\J'~J \^ 1 ^ J + J', 

PP'= 1. 


(50.2) 

(50.3) 
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For LS coupling, there are additional selection rules, which are even more 
restrictive than in the electric case. This is because of a particular property of the 
magnetic moment of the atom, which arises from the fact that all the particles 
(electrons) in the system are identical: the magnetic moment operator of the atom 
can be expressed in terms of the total orbital and spin angular momentum 
operators: 

|JL = /Jto (L + 2S) = - jLi 0 (J + S), (50.4) 

where fx 0 = \e\h\2mc is the Bohr magneton (see QM, §113). Owing to the con¬ 
servation of total angular momentum, the operator J has only matrix elements 
which are diagonal with respect to the energy, and in considering radiative tran¬ 
sitions it is therefore sufficient to put ji = - ju, 0 S.f 

The angular momenta L and S are separately conserved when the spin-orbit 
interaction is neglected. The spin operator is therefore diagonal in all the quantum 
numbers n, S, L which belong to the unsplit term. In order for a transition to occur 
at all, the number J must change. The selection rules are consequently 

n' = n, S' = S, L' = L, J'-J = ±l, (50.5) 

i.e. transitions are possible only between fine structure components of a single 
term. 

The emission probability can be calculated exactly in this case. By an ap¬ 
propriate change of notation in formula (49.10), we obtain 

w(nLSJ^nLSJ') = l^(2J’+l){j £ ^} 2 |<S||S||S>| 2 . 

The reduced spin matrix element with respect to the spin eigenfunctions is 

(S||S||S> = V[S(S + 1)(2S + 1)]; (50.6) 

see QM, (29.13). The 6j-symbol is 

[S J -1 LI 2 (L + S + J + 1)(L + S-J + 1)(L-S + J)(S-L + J) 

[J S 1J S(2S + 1)(2S + 2)(2J-1)2J(2J + 1) ’ 

(50.7) 

see QM, §108, Table 10. The result is then 

w(nLSJ -*• nLS, J - 1) = w(nLS, J - 1 -> nLSJ ) 

= 3hc^-l)/ (L + S + J + 1)(L + S - J + 1)X 
x (J + S - L)(J + L-S). (50.8) 

t An exception occurs in cases where the electronic angular momentum J of the atom is not 
conserved: when the hyperfine structure is taken into account, when an external field is present, and so 
on (see the Problems). 



188 


Radiation 


§50 


Transitions between hyperfine structure components of one level (whose 
frequencies are in the radio wave range) cannot occur as electric dipole transitions, 
since all the components have the same parity. E 2 and Ml transitions involve no 
change of parity. But, owing to the relatively very small intervals in the hyperfine 
structure, E 2 radiation has a low probability compared with Ml (cf. (50.1)), so that 
these transitions occur as magnetic dipole transitions. 


PROBLEMS 

Problem 1. Find the probability of an Ml transition between hyperfine structure components of a 
single level. 

Solution. The transition probability is given by formulae (49.18), (49.19), in which the diagonal 
reduced matrix element (nJ\\jji\\nJ) of the magnetic moment will now appear. Its value can be written 
down immediately by noting that the total (not reduced) matrix element (nJM|ja z |nJM) determines the 
splitting of the relevant level by the Zeeman effect (see QM, §113), and is -jaogM, where g is the Lande 
factor. The reduced matrix element is (see QM, (29.7)) 

<nJ|H|nJ> = ~ V[J(J + 1)(2 J + l)KreJM||nz|reJM) 

= - ju. 0 gV[J(/ + 1)(2J + 1)]. 

The required probability is thus found to bet 
2F + 1 

w(nJIF -> nJI, F - 1 ) = =^-7 w(nJI, F - 1 -> nJIF ) 

Zr — 1 

= JhP^+ljF ( J + I + F + 1)(J + I-F + l )(F + J~ I)(F -J + I). 

This expression differs from (50.8) only by an obvious change of notation and the extra factor g 2 . 

Problem 2. Find the probability of an Ml transition between Zeeman components of a single 
atomic level. 

Solution. This is a transition M—>M - 1 with the values of n and J unchanged; the transition 
frequency is (see (51.3) below) h(o = jJiogH , where g is the Lande factor. The matrix element of the 
spherical component fi~\ of the vector n is 

\(nJ, M - 

= - /nog V[2(J - M + 1 )(J + M)] 

(see QM, (27.12), and Problem 1). The transition probability is 

w = I (nJ, M - l|jii-,|nJM>| 2 


t An interesting example is the transition between the hyperfine structure components of the ground 
level (lsj) of the hydrogen atom, where both El and E 2 transitions are strictly forbidden, the latter by 
the rule which prohibits a quadrupole transition with J + J'=l. This transition has a frequency 
(o = 27t x 1.42 x 10 9 sec -1 (wavelength A = 21 cm). Putting g - 2, I = 2, J = 2 , F = 1, F' = 0, we obtain 


w = 4o)Vo/3ftc 3 = 2.85 x 1(T 15 sec“\ 
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§51. Radiation from atoms: the Zeeman and Stark effects 

In an external magnetic field H (assumed weak), each atomic level with total 
angular momentum J is split into 2J + 1 levels, 

E M = E (0) +/iogMH, (51.1) 

where E (0) is the unperturbed level, jjL 0 the Bohr magneton, g the Lande factor, and 
M the component of J in the direction of the field (see QM, §113). Thus the 
degeneracy with respect to directions of the angular momentum is entirely 
removed. 

Spectral lines resulting from transitions between two split levels are cor¬ 
respondingly split. The number of components of the line is determined by the 
selection rule for the number M, according to which, for dipole radiation, we must 
have 


m=M-M' = 0,±1. 


(51.2) 


In addition to this rule, the transitions with M = M' = 0 are forbidden if also 
J' = J. This is seen immediately from the general expressions (QM, (29.7)) for the 
matrix elements of an arbitrary vector. 

The components resulting from transitions with m = 0 and m = ± 1 are called tt 
and a components respectively. Their frequencies are 

ruo v = h<o m + fjioH(g-g')M, 
h(o a = h(o m> +tx () H[gM - g'(M ± 1)]. 


(51.3) 


In the particular case where g = g', we have 


h(o v = ha) (0 \ ha)* = ho) (0) + fiogH , (51.4) 

whatever the value of M; thus, in this case, the line is split into a triplet with an 
undisplaced tt component and two a components lying symmetrically on either 
side of it (called the “normal” Zeeman effect ). 

The total probability (for all directions) of emission of radiation is proportional 
to the squared modulus |(n'J'M'|d- m |nJM)| 2 . Hence, using formula (46.19) with 
j = 1, we see that the relative probability of emission of each of the Zeeman 
components of the spectral line is 

l 1 ' 1 J V (51.5) 

VM' m -MJ' K } 


In the particular case of the “normal” Zeeman effect there are only three 
components, each arising from transitions with all initial values of M for given m. 
Since 


y ( J ' 1 

mTm' W m 



(51.6) 


QE4 - 
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(see QM, (106.12)), the emission of all three components is equally probable in this 
case. 

The relative intensity of the Zeeman components when observed in a particular 
direction (relative to the direction of the magnetic field applied to the source) is of 
greater interest, however. According to (45.5), the probability of emission (and 
therefore the line strength) in a given direction n is proportional to X |e* - d/*| 2 , 
where the summation is over the two independent polarizations e which are 
possible for a given n. 

For observation along the field (along the z-axis), this sum is 

|(d x )/ i | 2 +K)/il 2 > 


or, in spherical components, 


i(d,), i i 2 +Kd_ 1 ), i | 2 . 


This means that only the two a components (m = ± 1) are observed in the 
longitudinal direction (along the field). Their intensities are proportional to 

(m*1 ±1 —m)' < 51 - 7 > 

These lines have definite values of the component m of the angular momentum in 
the direction of propagation, and either right-hand (m = 1) or left-hand (m = - 1) 
circular polarization (see §8). 

For observation in a direction perpendicular to the field (along the x-axis, say), 
the intensity is proportional to the sum 


|(d 2 ) /i | 2 + |(d,)„| 2 = |(do)/,f + l{|(d 1 ) /i | 2 + Kd-O/il 2 }. 


Thus two a components and a i r component are observed in the transverse 
direction, with respective intensities proportional to 


1 ( r 1 J V a ( Jf 1 J \ 2 
2\M + 1 ±1 -M) \M 0 -M) ’ 


(51.8) 


the intensities of the a components are half as great as in the case of longitudinal 
observation. The u component is linearly polarized along the z-axis; the a 
components, as observed in this direction, are linearly polarized along the y-axis. 

The relative intensities of the Zeeman components are seen to be entirely 
determined by the initial and final values of J and M, and not by any other 
properties of the levels. 

The selection rules forbid electric dipole transitions between Zeeman com¬ 
ponents of the same level, since all these have the same parity. Such transitions 
occur as magnetic dipole transitions, for the same reason as was mentioned at the 
end of §50 in respect of transitions between hyperfine structure components of a 
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level. Because of the selection rule for the number M, the transitions occur only 
between adjacent components (M f - M = ± l).f 

The splitting of atomic levels in a weak electric field (the Stark effect ), unlike 
that in a magnetic field, does not cause complete removal of the degeneracy with 
respect to directions of the angular momentum. All the levels except those with 
M = 0 remain doubly degenerate, each corresponding to two states with angular 
momentum components M and -M. 

The calculating of the relative intensities of the Stark components of a spectral 
line is exactly similar to that given above for the Zeeman effect.^ It must be remem¬ 
bered that the intensity of the u components includes contributions from the 
transitions M-h»M and (when MV 0), and that of the a components 

includes contributions from the transitions M M ± 1 and -M -» - (M ± 1). 
Hence, for example, in transverse observation the intensities of the tt components 
are proportional to 


2 


( r 

\M 


1 

0 


J 

-M 


)• 


and those of the a components are proportional to the sums 

1/ J' 1 J \ 2 1/ J' 1 J\ 2 / r 1 J \ 2 

2\M ± 1 +1 -M/ 2V-M + 1 ±1 M) \M± 1 +1 -M) 


(when all the numbers in the second row change sign, the 3j-symbols can at most 
change sign, so that their squares are unaltered). 

In an external field, even if it is weak, the total angular momentum J is no 
longer strictly conserved; in a uniform field, only the angular momentum component 
M is exactly conserved. Thus, in radiative transitions in a weak field, the con¬ 
servation of angular momentum need not be rigorously maintained, and the atomic 
spectra may contain lines which are forbidden by the usual selection rules. 

The calculation of the intensities of these lines is equivalent to the calculation 
of the corrections in the dipole moment matrix, which in turn requires the 
determination of corrections to the wave functions of stationary states. In the first 
approximation of perturbation theory (with respect to the weak external field), the 
wave function includes “admixtures” of states which are connected to the initial 
state by non-zero matrix elements of the perturbation (-E • d in the electric field): 
the admixture of a state ip 2 in a state t ft\ is 


~ E • d2i 

E x -E 2 


*p2- 


t The frequencies of these transitions are usually in the range corresponding to centimetre 
wavelengths, and are observed in absorption and induced emission (electron paramagnetic resonance): 
the absorbing atoms are in a strong constant magnetic field (which causes the Zeeman splitting) and a 
weak radio-frequency field of the resonance frequency. 

$ This refers to the quadratic Stark effect, which occurs in all atoms except hydrogen (see QM, §76). 
The field is assumed so weak that the level splitting which it causes is small even in comparison with the 
fine structure intervals. 
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Thus the matrix element of the “forbidden” transition contains a term 


— (E • d 2 i)d32 
Ei~E 2 

which is not zero if transitions from the “intermediate” state 2 to the initial state 1 
and final state 3 are allowed. 


§ 52. Radiation from atoms: the hydrogen atom 

The hydrogen atom is the only one for which the transition matrix elements can 
be completely calculated in an analytical form (W. Gordon, 1929). 

The parity of a state of the hydrogen atom is (-1)*, i.e. is uniquely determined 
by the orbital angular momentum of the electron (the number /, which defines the 
parity of the state, retains its significance for the exact relativistic wave functions, 
i.e. when the spin-orbit interaction is taken into account). The parity selection rule 
therefore strictly forbids electric dipole transitions without change of /; only 
transitions with l l ± 1 are possible. There is, however, no restriction on the 
change in the principal quantum number n. 

The dipole moment of the hydrogen atom is equivalent to the position vector of 
the electron: d = er. Since the electron wave function in the hydrogen atom is the 
product of an angular part and the radial function R nh the reduced matrix elements 
of the position vector can also be written as the product 

oo 

(n', l - l||r||nZ) = (l - 1|M|Z> f Rn j- t rR„,r 2 dr, 

0 

where (l - l\\v\\l) are the reduced matrix elements of the unit vector v in the 
direction of r. These are 

<1 - l|H|i> = <i|H|I-D* = i V/; 

see QM, (29.14). Thus 

00 

in', l ~ l||r||nf) = -<nf||r||n', l - 1>= iVl J R n J -jR„,r 3 dr. (52.1) 

0 

The non-relativistic radial functions of the discrete spectrum of the hydrogen 
atom are given in QM, (36.13):f 

Rnl = n ,+2 (2l + 1)! V (n-l-l)! (2r) ‘ n+ 1 + 1,21 + 2, 2r/n). (52.2) 

t In the present section, atomic units are used. In ordinary units, the expressions given below for the 
matrix elements of the coordinate are multiplied by h 2 /me 2 (or by h 2 /mZe 2 for a hydrogen-like ion with 
atomic number Z). 
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The integral in (52.1), containing the product of two confluent hypergeometric 
functions, is calculated by means of the formulae in QM, §f.t The result is 


<n', l - l||r||nl) = iVl 


(- I )"'" 1 
4(21 - 1)! 


Kn + l)'.(n' + 1-1)! (4nn') l+ ‘(n - n')" +n '“ 2 '“ 2 
V (n — 1 — l)!(n' - 1)! (n + n') n+ 


x |f(— n + 1 + 1, - n' + 1, 21, - Ann'On -n') 2 ) — 

- ) 2j7 (-« + l-h-n' + l, 21, —4nn'l(n - n') 2 )}, (52.3) 


where the F(a , /3, y, z) are hypergeometric functions. Since the parameters a and j3 
in this case are negative integers or zero, these functions reduce to polynomials.$ 
For reference, the following are the expressions obtained from (52.3) in some 
particular cases (the values of l being indicated by the spectroscopic symbols 
s,P, d ,...): 


KMMMI 2 

|<2s||r||np>| 2 

|(2p||r||nd>| 2 

|(2p||r||ns)| 2 


2V(w - I) 2 "" 5 
(n + l) 2n+5 

2 17 n 7 (n 2 - l)(n -2) 2n “ 6 
(n + 2) 2n+6 

2 19 n 9 (n 2 - l)(n - 2) 2 "“ 7 
3(n + 2) 2n+7 

2 15 n 9 (n-2) 2 "“ 6 
3(n + 2) 2 " +6 - 


(52.4) 


Formula (52.3) is not applicable to transitions with no change in the principal 
quantum number n (transitions between the fine structure components of a level). 
In this case (n = n'), the integration is carried out by expressing the radial functions 
in terms of generalized Laguerre polynomials: 




(n -1 


[(« + ()!] 


1 )! . 

-i-e 


■rln 




(52.5) 


In the integral 


f Rnj-tRmr 3 dr a f e ^p 2,+2 L 2 ' + + , l (p)L 2 ' +1 l - l (p) dp, 
0 0 


we replace one of the polynomials by its expression in terms of a generating function 
(see QM, §d): 


T„+V (p) = 


(n +!)! 
(n - l - 1)! 



( e~ p p n+l ). 


t In the notation used there, we have to calculate the integral J%+ 2 (- n + l + 1, - n’ + l). This is done 
by means of formulae (f. 12)—(f. 16). 

t Numerical tabulations of the matrix elements and transition probabilities for hydrogen are given 
by H. A. Bethe and E. E. Salpeter, Handbuch der Physik 35, 88-436, Springer, Berlin, 1957. 
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After n-l-l integrations by parts, we obtain an integral of the form 

00 

/ e ~ Pp " +, (^) n 1 

o 

in which we replace the Laguerre polynomial by its explicit form: 

After the differentiation in the sum, only three terms remain, and the integration is 
then elementary. The result is simply 

(n, l - l||r||n/} = iVl • \ nV(n 2 -l 2 ). (52.6) 

The integral 


j R n ,,-iR nl r 3 dr = J Xn\t-t(rXni ) dr, 

0 0 

where Xni = rR n i , is the coefficient in the expansion of the function rx n i in terms of 
the orthogonal functions Xn\i-\ (n' = 1, 2,...). The sum of the squared moduli of 
these coefficients is equal to the integral of the square of the expanded function.! 
Hence 


2 |(«\ l - l||r||nl)| 2 = l [ r 2 X 2 n, dr. (52.7) 

n' J 

0 

Using the known expression for the mean square of r in the state nl (see QAf, 
(36.16)), we obtain the sum rule 

2 |<n\ l - l||r||nl)| 2 = |ln 2 [5n 2 + 1 - 31(1 + 1)]. (52.8) 

n' 

For given n,l and large n\ the matrix element of the transition nl^n'V 
decreases according to 


|(ttT||r||nl}| 2 3/n' 3 , (52.9) 

as can be seen both from the particular expressions (52.4) and from the general 
formula (52.3). This result is to be expected: the Coulomb levels of energy 
E' = -l/2n' 2 have an almost continuous distribution when n' is large, and the 

t The summation is over states of both the discrete spectrum and the continuous spectrum. 
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probability of a transition to a level in the interval dE' is proportional to the density 
of these levels, which in turn is proportional to n ’~ 3 . 

The Stark effect in hydrogen has the peculiarity that the splitting is proportional 
to the first power of the electric field (QM, §77). Here the field is assumed to be 
both weak enough for perturbation theory to be applicable and such that the level 
splitting is large compared with the fine structure of the levels. Under these 
conditions, the magnitude of the angular momentum is not conserved, and the 
levels have to be classified by the parabolic quantum numbers n u n 2 , m. The last of 
these, the magnetic quantum number m, again determines the component of the 
orbital angular momentum along the z-axis (the direction of the field), which is 
conserved under the conditions stated (neglecting the spin-orbit interaction). It is 
therefore governed by the ordinary selection rule 

m'- m = 0, ±1. (52.10) 

There is no restriction on the changes in n x and n 2 . 

The matrix elements of the dipole moment in parabolic coordinates can also be 
calculated analytically. The resulting formulae, however, are very lengthy, and will 
not be given here.f 


PROBLEMS 


Problem 1. Find the Stark splitting of hydrogen levels when it is small compared with the fine 
structure intervals (but large compared with the Lamb shift). 

Solution. Under the conditions stated, there remains a twofold degeneracy of the unperturbed 
levels with l = j ± i and the Stark splitting is therefore again linear in the field. The splitting A is 
determined from the secular equation 


-A - E(d z )i2 
-E(d z ) 2 i -A 


A = ± E|(d z )i 2 |; 


the suffixes 1 and 2 correspond to states with l = j ± \ and a given magnetic quantum number m; the 
perturbation V = — Ed z is diagonal in m and has no elements diagonal in L The matrix element of the 
orbital quantity d z is calculated by means of formulae (29.7) and (109.3) in QM: 


(j, l- 1 , m\d,\jlm) = V[j( j+ 7)(2j + l)] <j ' 1 ~ ' Wl> ’ 
o;(-i|Ml|ii> = -(2/ + i){'T 1 j 1|M||(>, 

where we must put l = j + 2 ; the quantity (l - l||d||l) is taken from (52.6), and the result is 


A = 


±lV[n 2 — (j -t-2) 2 ] 


nm 

j(j + D 


E. 


Problem 2. Determine the probability of photon emission in the transition 2si->lsi of the 
hydrogen atom (G. Breit and E. Teller, 1940). 

Solution. The process is strictly forbidden by parity for an El transition, and by the rule (46.15) 
for an E2 transition. We have therefore to calculate the probability of an JVf 1 transition, given by (47.5). 


t These formulae and the corresponding numerical tabulations are to be found in the work by Bethe 
and Salpeter cited above. 
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In the present case (l = 0), however, the magnetic moment is a purely spin quantity, and its matrix 
element is zero if the spin-orbit interaction is neglected, because of the mutual orthogonality of the 
orbital wave functions with different principal quantum numbers. This means that, to obtain a result 
other than zero, the Pauli’s equation approximation is insufficient, and we must start from the complete 
Dirac’s equation. 

In the standard representation of the wave functions, the transition current ist 


j fi = if/Jaif/i = <f>Jcrxi + 

According to (35.1), (24.2) and (24.8), the wave functions of the states with / = 0, j = \ are 


, /</>\ J_/ f(r)w(m) \ 

^ \x) 4ir \- ig(r)(<r • n)w(m)/’ 

where n = r/r, and w(m) is a real three-dimensional unit spinor corresponding to the spin projection value m. 
Thus 


jfi = {//giW/«r(<T • n)wi - g//iW/(a • n)a w;}. 

Substituting this in (47.4) and carrying out the integration over the directions of n, we find 


jjifi = — ( el6i)\Vfor x arwj = - jewforwj 


(from the Pauli matrix commutation rules, a x a = 2ia); here 


I = J (ffgi +f>gf)r 3 dr. 

0 

The photon emission probability (47.5), summed over the values of m/, is 


( 1 ) 


w = (4e 2 o) 3 /27)H’ i ar 2 H’if 2 = 4e Vl 2 /9. 


( 2 ) 


From (35.4) we have, with k = — 1. 


g =- — ~ --( e — m H— )-— 2 ; 

eTmTa/r 2m \ rJ4m 

in the second term, the exact function / is replaced by the non-relativistic radial function R. With the 
approximation g = R'/2m, the integral 


1=2 (R / R ')>' dr = - ^ f R f R,r 2 dr = 0, (3) 

0 0 

since Rf and Ri are orthogonal. In the next approximation, using (3), we find 

I = ^ f (fffiYr 3 dr + ^fpj {R',R,(e, -e,)-f (R f K)'}r 3 dr. (4) 

0 

Since, from the orthogonality of the exact functions i/f, and i j/f, when k, = k/, 

J (f,ff + m)r 2 dr ~ 0, 

0 


t In this Problem, relativistic units are used. 
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the first term in (4) may be written, after integration by parts, as 

"2 hi flfirl Ar = h\ ^ dr ~ SnP j ' j2 dr - 

0 0 0 

A calculation of the integral, with the functions 

R f = 2 (ma)V“ R , = (1/V2)(ma) 3 (l 

(see QM, §36) and the energy difference 

a) = £i — Ef — inia 2 (l — 1/2 2 ) = Ima 2 , 

gives I = 2 3/2 a 2 /9m. Hence the transition probability is (in ordinary units) 

~5 5*2 3 2 11 

2 a n ft) me a _ , 6 _i 

w= iv? r= 2 i ^ =5 ' 6x10 sec • 

The corresponding lifetime of the 2s\ state is very long, and in practice it is much more likely that 
de-excitation will occur by the simultaneous emission of two photons; see the next-to-last footnote to 
§59. 


§53. Radiation from diatomic molecules: electronic spectra 

The specific features of molecular spectra are mainly due to the partition of the 
energy of the molecule into electronic, vibrational and rotational parts, each of the 
latter two being small compared with the previous one. The level structure of 
diatomic molecules has been described in detail in QM, Chapter XI. Here we shall 
consider the resulting pattern of the spectrum and the calculation of line strengths.t 

Let us take first the general case, in which the electronic state of the molecule 
(and therefore also, in general, the vibrational and rotational states) changes in the 
transition. The frequencies of such transitions lie in the visible and ultra-violet 
regions of the spectrum. They are spoken of collectively as the electronic spectrum 
of the molecule. We shall always be considering electric dipole transitions; those of 
other types are of little importance in molecular spectroscopy. 

As with dipole transitions in any system, the following selection rule applies to 
the total angular momentum J of the molecule: 

\j'-j\^i*zj + r. (53.i) 

In the present case, the strict selection rule regarding the parity of the system 
corresponds to a selection rule regarding the sign of the level. (In the customary 
terminology of molecular spectroscopy, states having wave functions which do or 
do not change sign on inversion, i.e. when the coordinates of the electrons and the 
nuclei change sign, are called negative and positive states respectively.) Thus we 
have the rigorous rule 


H- > —,-> . 


(53.2) 


t The discussion below is based on QM, §§78 and 82-88. For brevity, we shall not make constant 
reference to those sections. 
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If the molecule consists of identical atoms (with nuclei of the same isotope), the 
levels can be classified with respect to interchange of the coordinates of the nuclei: 
symmetric ( s ) levels, with wave functions which do not change sign under this 
transformation, and antisymmetric (a) levels, with functions which do change sign. 
Since the electron dipole moment operator is unaffected by this transformation, its 
matrix elements are non-zero only for transitions without change of this sym¬ 
metry :t 


s -> 5 , a-> a. (53.3) 

This rule is not absolutely rigorous, however, since the existence of a given 
symmetry property of a level depends on a certain definite value of the total spin I 
of the nuclei in the molecule. Owing to the extreme weakness of the interaction 
between the nuclear spins and the electrons, the spin I is very nearly conserved, 
but not exactly. When this interaction is taken into account, I does not have a 
definite value, the symmetry property (s or a) is not conserved, and the selection 
rule (53.3) no longer applies. 

The electron terms of a molecule consisting of identical atoms are also described 
by their parity (g or w), i.e. the behaviour of the wave functions when the electron 
coordinates (measured from the centre of the molecule) change sign while the 
coordinates of the nuclei remain unchanged. This property is closely related to the 
nuclear symmetry and the sign of the rotational levels belonging to this term. The 
levels which belong to an even (g) electron term can be s + or a -, and those 
belonging to an odd (u) term can be s - or a +The rules (53.2) and (53.3) therefore 
give the further rule 


g-»w, u —> g. (53.4) 

The rule (53.4) remains approximately valid for molecules consisting of different 
isotopes of the same element. Since the nuclear charges are equal, we can consider 
the electron term with fixed nuclei, and thus have a system of electrons in an 
electric field which possesses a centre of symmetry at the midpoint of the line 
joining the nuclei. The symmetry of the electron wave function with respect to 
inversion in this point determines the parity of the term, and since the electric 
dipole moment vector changes sign under this transformation, we arrive at (53.4). 
The rule as derived in this way is only approximate, because the nuclei have been 
regarded as fixed, and it therefore ceases to be valid when the interaction between 
the electron state and the rotation of the molecule is taken into account. 

Further selection rules depend on specific assumptions concerning the relative 
magnitude of the different interactions in the molecule (i.e. the type of coupling), and 
therefore can only be approximate. 

The majority of the electron terms in diatomic molecules belong to coupling 
type a or b. Both these have the property that the coupling of the orbital angular 
momentum with the axis (the electric interaction between the two atoms in the 
molecule) is large compared with all other interactions. The quantum numbers A 


t This rule is clearly valid for transitions of any multipole order. 
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and S therefore exist, these being respectively the component of the orbital angular 
momentum of the electrons along the axis of the molecule and the total spin of the 
electrons. The operator of an orbital quantity, the electron orbital angular momen¬ 
tum, commutes with the spin operator, so that 

S' - S = 0 (cases a and b ). (53.5) 

The change in A must satisfy the selection rule 

A' - A = 0, ±1 (cases a and b), (53.6) 

and for transitions between states with A = 0 (X terms) there is a further rule 

2 + -»2 + , (cases a and b). (53.7) 

(The states X + and X~ differ as regards behaviour under reflection in a plane 
through the axis of the molecule.) The rules (53.6), (53.7) are obtained by consider¬ 
ing the molecule in a system of coordinates fixed to the nuclei (see QM, §87); the 
rule (53.6) is analogous to the selection rule for the magnetic quantum number in 
atoms. 

The coupling types a and b differ as regards the relation between the spin-axis 
interaction energy and the rotation energy (the intervals between rotational levels). 
In case a the former is greater, in case b it is much smaller. We shall now examine 
these cases separately. 

Case a. Here the quantum number X exists, which is the component of the total 
spin along the axis of the molecule (and therefore so does the number H = X + A, 
the component of the total angular momentum). If both the initial state and the final 
state belong to case a, then we have the rule 

X'-X = 0 (case a), (53.8) 

which follows from the fact, already mentioned, that the dipole moment commutes 
with the spin. From (53.6) and (53.8) it follows thatf 

IT — fl = 0, ±1. (53.9) 

If O = O' = 0, then in addition to the general rule (53.1) the transitions with J' = J 
are forbidden: $ 


J' — J = ± 1 when Cl = O' = 0 (case a). (53.10) 


t This rule remains valid in case c also (where the coupling of the orbital angular momentum with 
the axis is small compared with the spin-orbit coupling) although the numbers A and X do not separately 
exist. 

t This rule is analogous to the prohibition of atomic transitions with J = J' when M = M' = 0 (see 
§51), but that rule was of possible interest only in the presence of an external field. Here the rule follows 

immediately from formula (53.12) below; the 3j-symbol ^ ^ is zero if J' = J, since the sum 

J' + J + 1 is odd. 
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Let us consider transitions between any two specified vibrational levels belong¬ 
ing to two different electron terms (of type a). When the fine structure of the 
electron term is taken into account, each of these levels splits into several 
components, the number of which, 2S + 1, must be the same for both, according to 
the rule (53.5). According to the rule (53.8), each component of one level combines 
with only one component of the other level, having the same value of X. 

Let us next take a pair of levels with the same X; the values of ft and f V can 
differ (like A and A') by 0 or ±1. When rotation is taken into account, each level 
splits into a series of levels with different values of J and J' in the ranges J ^ |ft|, 
/' ^ |ft'|. The dependence of the transition probabilities on these numbers can be 
derived in a general form (H. Honl and F. London, 1925). 

The matrix element of the transition nABJMj -> n'A'ft'J'M)(where n denotes the 
characteristics of the electron term other than fl and A) is 

|(n'A'ft'J'M}|d q |nAftJMj)| = 

-V[(2j + m2r+m(_ J n , \ <5311) 

where d q and d q > are respectively the spherical components of the dipole moment 
vector in the fixed coordinate system xyz and in the “moving” system with the 
f-axis along the axis of the molecule. This formula is derived by means of QM, 
(110.6). The matrix elements (n'A'|d q |nA) are independent of the rotational quan¬ 
tum numbers J, J', and depend only on the characteristics of the electron terms 
(and in this case are also independentf of the number X ; the numbers ft' = A' + X 
and ft = A + X are therefore omitted in the notation for the matrix element. 

The probability of the transition nAftJ ->n'A'ft'J' is proportional to the square 
of the matrix element (53.11) after summation over MJ. Using the formula QM 
(106.12): 


y ( T 1 J \ 2 = 1 

6 V-M} q Mj) 2J + V 

we obtain 

w(nAfU-»n'A'n'J') = (2/' +l)(_ J n , n; A\ A), (53.12) 

where the coefficients B are independent of J and J' (we are, of course, neglecting 
the relatively very small difference in the frequencies of transitions with different J 
and JT # ).t 


t This can be shown in the same way as was done for the scalar / in QM, beginning of §29. In the 
present case the operator of the vector quantity d commutes with that of the vector S, which is 
conserved (in the zero-order approximation), and X is the component of S along the £-axis in the rotating 
coordinate system in which the condition of commutability of d and S has to be considered. 

t Each of the rotational levels J considered splits into two when A-doubling is taken into account; 
one of the two is positive and the other negative. Thus, instead of one transition J -> J', we have, using 
the selection rule (53.2), two transitions: from the positive and negative components of the level J to the 
negative and positive components, respectively, of the level J'. The probabilities of these transitions are 
equal. 
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If we sum (53.12) with respect to then (because of the orthogonality of the 
3j-symbols, QM (106.13)) the result is simply B(n',n; A', A). Thus the total 
probability of transitions from a rotational level J of the state fl to all levels J' of 
the state fl' is independent of J. 

Case b. Here the quantum number K exists, which is the angular momentum of 
the molecule without regard to its spin, as well as the total angular momentum J. 
The selection rules for K are the same as the general selection rules for any orbital 
vector quantity (such as the electric dipole moment): 

|K'-K|^1^K + K' (case b), (53.13) 

together with the prohibition of a transition with K = K' when A = A' = 0 (cor¬ 
responding to (53.10)): 

K'-K = ± 1 when A = A' - 0. (53.14) 

Let us consider transitions between rotational components of specified vibra¬ 
tional levels of two electron states belonging to type b. The probabilities of such 
transitions are given by the same formula (53.12), with K and A instead of J and fl. 
When the fine structure is taken into account (for S ^ 0), each rotational level K 
splits into 2S + 1 components with J = |K-S|,...,K + S, and so a multiplet 
appears in place of the single line J -> J'. Since in this case we have addition of the 
angular momenta K and S, which are free (i.e. not coupled to the axis of the 
molecule), the formulae for the relative transition probabilities for the various lines 
in the multiplet are the same as the corresponding formulae (49.15) for the fine 
structure components of atomic spectra, where the corresponding angular momenta 
(in the case of LS coupling) are L and S. 

Thus we have examined the selection rules governing the possible spectral lines 
in all the fundamental cases that can occur in diatomic molecules. 

The group of lines arising from transitions between rotational components of 
two given electronic-vibrational levels forms what is called in spectroscopy a band ; 
the lines in a band are very close together, because the rotational intervals are 
small. The frequencies of these lines are given by the differences 

h(o Jr = constant + BJ(J + 1) - BT(J' + 1), (53.15) 

where B and B' are the rotational constants in the two electronic states; in order to 
avoid unnecessary complications, the electron terms are assumed to be singlets. For 
J' = JT, J±l, formula (53.15) is represented graphically (Fig. 2) by three parabolic 
branches, whose points for integral J give the values of the frequencies. (The 
arrangement of the branches in Fig. 2 corresponds to the case B’ < B. If B' > B, their 
open ends are towards small values of co, and the branch with J' = J - 1 is the 
highest.)t The existence of a branch which passes through an apex is seen from the 
diagram to cause the lines to become increasingly dense towards a certain limiting 
position (the head of the band). 

t The series of lines corresponding to transitions with J' = J + l, J, J - l are called the P, Q and R 
branches respectively. 
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J=0 1 2 3 4 5 



Fig. 3. 

In connection with line strengths, mention should be made of the curious effect of 
alternating intensities in certain bands of the electronic spectra of molecules 
consisting of atoms of the same isotope (W. Heisenberg and F. Hund, 1927). The 
symmetry conditions pertaining to the nuclear spins have the result that, in the 
electron X terms, the rotational components with even and odd K have opposite 
symmetry with respect to the nuclei, and therefore different nuclear statistical weights 
g s and g a (see QM, §86). According to the rule (53.14), only J' = J ± 1 is allowed in 
transitions between the two different X terms, and according to the rule (53.4), one of 
the X terms must be even and the other odd. The result is that, for a given value of 
J' -J, transitions with successive values of J take place alternately between pairs of 
symmetric levels and pairs of antisymmetric levels, as shown in Fig. 3 for the example 
of the states Xg and Xt. The observed line strength is proportional to the number of 
molecules in the initial state concerned, and therefore to its statistical weight. Thus the 
intensities of successive lines (J = 0,1, 2,...) will be alternately greater and less, being 
alternately proportional to g s and g a (this behaviour being superimposed on the 
monotonic variation given by formula (53.12)).+ 

There are no exact selection rules concerning the change in the vibrational 
quantum number in transitions between two different electron terms. There is, 
however, a rule ( Franck and Condon's principle) whereby the most probable 
change in the vibrational state may be predicted. It is based on the fact that the 

t Here we assume that all the states having different values of the total nuclear spin are uniformly 
occupied. 
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U (r) 



motion of the nuclei is quasi-classical, because of their large mass (cf. the discussion 
of pre-dissociation in QM, §90).t 

In the integral which determines the matrix element of the transition between 
vibrational states E and E' of electron terms U(r) and l/'(r), the most important 
range is the neighbourhood of the point r = r 0 where 

U(r 0 ) — U'(r 0 ) = E — E', (53.16) 

i.e. the momenta of the relative motion of the nuclei in the two states are the same, 
p = p'. For a given value of E, the transition probability as a function of the final 
energy E' increases as each of the differences E - U and E' - U' decreases, and is 
a maximum when 

E - E(r 0 ) = E' - U f (r 0 ) = 0, (53.17) 

i.e. when the “transition point” r 0 (the root of equation (53.16)) coincides with the 
classical turning point of the nuclei. (Fig. 4 illustrates graphically this relationship 
between E and the most probable E'.) This can be intuitively expressed by saying 
that the transition is most probable near the turning point of the nuclei, where they 
spend a relatively large amount of time. 


§ 54. Radiation from diatomic molecules: vibrational and 
rotational spectra 

The selection rules and formulae for transition probabilities given in §53 remain 
valid for transitions in which the electronic state of the molecule is unchanged,$ 
Here we shall discuss only some particular features of these transitions. 

First of all, the selection rule (53.4) prohibits all (dipole) transitions without 
change of electronic state in molecules consisting of like atoms, since in such a 
transition the parity of the electron term would remain unaltered. It follows from 
the discussion in §53 that such transitions can be allowed only when the interaction 
between the nuclear spins and the electrons is considered or, for molecules of 

t Strictly speaking, it is also necessary that the vibrational quantum number should be sufficiently 
large. 

t Transitions in which the vibrational (and therefore the rotational) state changes form what is called 
the vibrational spectrum of the molecule; this lies in the near infra-red (wavelengths <20 pm). 
Transitions in which only the rotational state changes form the rotational spectrum in the far infra-red 
(wavelengths >20 ^m). 



204 


Radiation 


§54 


different isotopes of the same element, because of the effect of the rotation on the 
electronic state. 

The calculation of the dipole moment matrix elements is reduced (by the 
formulae in QM, §87) to a calculation in a coordinate system rotating with the 
molecule. The wave function of the molecule in these coordinates is the product of 
the wave function of the electrons for a given distance r between the nuclei and 
the wave function of the vibrational motion of the nuclei in the effective field U(r) 
of the electrons and the nuclei. When the influence of the motion of the nuclei on 
the electronic state is entirely neglected, the initial and final electron wave func¬ 
tions for the transitions in question are the same. The integration over the electron 
coordinates therefore gives, in the matrix element, simply the mean dipole moment 
d of the molecule (which is obviously along its axis) as a function of the distance r. 
Owing to the smallness of the vibrations, the function d(r) can be expanded in 
powers of the vibrational coordinate q = r- r 0 . For transitions which involve a 
change in the vibrational state, the zero-order term in the expansion does not occur 
in the matrix element, because the wave functions are orthogonal for vibrational 
motion in the same field U(q), and this leaves the term which is proportional to q. 
If the vibrations are regarded as harmonic, it follows from the known properties of 
the linear oscillator (QM, §23) that the matrix elements are zero except for 
transitions between adjacent vibrational states; thus, for the vibrational quantum 
number v we have the selection rule 

v'-v = ±l. (54.1) 

This rule is not valid, however, when the vibrations are not harmonic and the 
subsequent terms in the expansion of the function d(q) are taken into account. 

For a purely rotational transition (with no change in the vibrational state also), 
the matrix element of the dipole moment component along the moving f-axis can 
simply be equated to the mean dipole moment of the molecule, d = d( 0).t The 
probability of the transition J -> J - 1 is then 

A ( .3 _ t2 _ q2 

(54.2) 

and from this formula we can calculate not only the relative probabilities (as in 
(53.12)) but also the absolute probabilities. Formula (54.2) is for case a; in case b, J 
and fl are to be replaced by K and A. 

The frequencies of the purely rotational transitions are given by the differences 
of the rotational energies BJ(J + 1): 

= 2BJ. (54.3) 

Successive lines are at equal distances 2 B. 


t It is obvious from symmetry that d = 0 in a molecule consisting of like atoms. 
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For y radiation from nuclei it is usually true that the dimensions of the system 
(the radius R of the nucleus) are small compared with the wavelength of the 
photon. But the intervals between the nuclear levels, and therefore the energy of 
the y quantum, are generally small compared with the energy per nucleon in the 
nucleus. The quantity Rl\ is thus not directly related to the velocity vie of the 
nucleons in the nucleus, and is in general considerably less than v/c. Accordingly, 
the probability of Ml radiation is usually greater than that of E, l + 1 radiation (cf. 
the beginning of §50). 

The general selection rules for the total angular momentum (the “spin”) of the 
nucleus and for the parity are the same as for radiation from any system. The 
characteristic feature of nuclear radiation is that transitions of high multipole order 
commonly occur. Unlike atoms, whose radiation is usually of the electric dipole 
type, nuclei undergo such transitions comparatively rarely at low energies, on 
account of the selection rules. 

If a radiative transition of a nucleus can be regarded as a single-particle 
transition (a change of state of one nucleon while the state of the rest of the 
nucleus remains unchanged), then there are additional selection rules regarding the 
angular momentum of that nucleon, but in practice such “single-particle” selection 
rules are found to be only approximately obeyed. 

The selection rules for the isotopic spin are peculiar to nuclei. The component 
T 3 of the isotopic spin is determined by the atomic weight and atomic number of 
the nucleus: 


Ti = \(Z-N) = Z-\A. 

When the value of T 3 is specified, the absolute magnitude of the isotopic spin can 
take any value T ^ |T 3 |. The selection rule for the number T in radiative transitions 
arises because the electric and magnetic moment operators of the nucleus, ex¬ 
pressed in terms of the isotopic spin operators of the nucleons, are the sums of a scalar 
and the x 3 -component of a vector in isotopic space; see QM, §116. Their matrix 
elements are therefore zero unless 


T'—T = 0, ±1. (55.1) 

This rule itself, however, imposes no special restrictions on transitions in light nuclei 
(the only ones for which the isotopic spin can be said with reasonable accuracy to be 
conserved); the low levels of these nuclei in fact include none with T > 1. 

For El transitions, however, there is a further rule which arises because there 
is no isotopic-scalar part for the electric dipole moment, and the operator of this 
moment is simply the x 3 -component of the isotopic vector (see QM, §116). Hence, 
if T 3 = 0, transitions with AT = 0 are also forbidden, and so, in nuclei having equal 
numbers of neutrons and protons (N = Z, A = 2Z), E 1 transitions are possible only 
if 

T-T = ± 1 (T 3 = 0). (55.2) 


QE4 - O 
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The accuracy with which this rule is obeyed depends, of course, on the exactness 
of conservation of the isotopic spin of the nucleus. 

The probability of E 1 transitions in the nucleus is influenced also by the recoil 
of the rest of the nucleus when a particular nucleon moves. The result is that the 
protons contribute to the dipole moment with an effective charge e(l - Z\A ) instead 
of e, and the neutrons with a charge -eZ\A instead of zero (see QM, §118). The 
decreased effective charge of the proton causes some reduction in the probability 
of El transitions. 

The energy levels of non-spherical nuclei have a rotational structure, and 
therefore such nuclei show a characteristic rotational structure of the y-ray 
spectrum. 

The symmetry of the field in which the nucleons move in a “fixed” non- 
spherical (axial) nucleus is the same as the symmetry of the field in which electrons 
move in a “fixed” diatomic molecule consisting of like atoms (the point group C xh )- 
The symmetry properties of the levels of a non-spherical nucleus (and hence the 
selection rules for the matrix elements) are therefore analogous to those of the 
diatomic molecule (see QM, §119). In particular, electric dipole transitions within a 
single rotation band (i.e. without change in the internal state of the nucleus) are 
forbidden, as in a diatomic molecule of like atoms; cf. §54. Such transitions 
therefore occur as E 2 or M1 transitions. In the former the total angular momentum 
J of the nucleus can change by 2 or 1, in the latter by 1. 

According to (46.9), the probability of a quadrupole transition, summed over 
values of the component M' of the total angular momentum of the nucleus in the 
final state, is 

h> E 2 = 2 ia'nM'|QgL m |/nM>p, 


where J is the total angular momentum of the nucleus, ft its component along the 
axis of the nucleus, and m =M-M'. By means of QM , (110.8) this sum can be 
expressed in terms of the squares of given quantities, the diagonal (with respect to 
the internal state of the nucleus) quadrupole transition moments Q 2 \, defined 
relative to coordinates moving with the nucleus. Here A = ft - ft', so that in the 
case considered (ft' = ft) only the component Q 2 o appears. The quantity 

eQo = « J p..(2£ 2 - £ 2 - t} 2 ) dg dr)d£ = - 2e(Q 20 )n 

is called simply the quadrupole moment of the nucleus. Hence 

= l ( 55 . 3 ) 

Explicitly, we have 

inl o r p to 5 n 2 (J 2 -n 2 ) 

w E2 (a/ i) 20ftc ; Q 0 _ 1)J(/ + 1)(2J + jy 


w E 2(SIJ - 2 ) = 


a , 5 2 (j 2 -n 2 w-p 2 -n 2 ] 

4i? Vo (J - l)J(2J - 1)(2J + l) - 
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The following remark is necessary concerning these formulae. They include 
matrix elements calculated with wave functions of the form 

ipjnM = constant x xnDfthi n), 

where xn is the wave function of the internal state of the nucleus. These functions 
correspond to values of the ^-component of the angular momentum which are 
definite in both magnitude and sign. In nuclei, however, states have only a definite 
parity and a definite magnitude of the angular-momentum component (usually 
taken as ft). Hence, if ft ^ 0, the initial and final wave functions would have to be 
taken as combinations of the form 

± -a M'). 

The products of the first terms and of the second terms will give the same value as 
above for the quadrupole moment matrix elements, but the cross-products will lead 
to non-vanishing integrals if 2ft ^2.1* Hence formula (55.3) is not strictly valid if 
ft = 2 or 1. In these cases the transition probability contains an additional term 
which cannot be expressed in terms of the mean value of the quadrupole moment.$ 
In a similar manner to the derivation of (55.3), we obtain for the Ml transition 
probability 


_ 4o> 3 2 J 2 -fl 2 

3ftc 3 ^ J(2J + 1)’ 


(55.4) 


where /x is the magnetic moment of the nucleus. This formula is not valid if fl = i 


§ 56. The photoelectric effect: non-relativistic case 

In §49-52 we have discussed radiative transitions (with emission or absorption 
of a photon) between atomic levels of the discrete spectrum. The photoelectric 
effect differs from such a photon absorption process only in that the final state 
belongs to the continuous spectrum. 

The cross-section for the photoelectric effect can be calculated in an exact 

t For the matrix elements of 2'-pole moments, the integrands will include products of the form 

D~S*m'D% Dfth. 

The angle integral will not be zero if q' = - 2ft, and the range of values of q' is only from -/ to +/; thus 
we must have 2fl ^ l. 

$ This term in fact gives a significant correction only in the case fl = 2 , when the coupling between 
the rotation and the internal state of the nucleus is especially large (see QM, §119). 
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analytical form for the hydrogen atom and for a hydrogen-like ion (with atomic 
number Z 137). 

In the initial state, the electron is at a discrete level = — I (where I is the 
ionization potential of the atom) and the photon has a definite momentum k. In the 
final state, the electron has momentum p (and energy e f = e). Since p takes a 
continuous series of values, cross-section for the photoelectric effect is 

da = 2ir\V fi \ 2 d(-I + co — s) d 3 pl(2rr) 3 (56.1) 

(cf. (44.3)); the wave function of the final state of the electron is normalized to 
“one particle per unit volume”. The wave function of the photon is, as before, 
normalized in the same way; in order to obtain the cross-section da , the probability 
dw then has to be divided by the photon flux density (which is c/V = c when 
V = 1), but when relativistic units are used this does not affect the form of (56.1). 

As in (45.2), we choose the three-dimensionally transverse gauge for the photon. 
Then 


V fi = -eA- ] fi 


~ eV{47T) vkr) Mfh 


where 


Mfi = 


J >y*(ofe)e ik r i(>d 3 x. 


(56.2) 


with ijj = ij/i and if/' = ijj f the initial and final wave functions of the electron. Putting 
in (56.1) d 3 p ->p 2 d|p| do = e|p| de do and integrating to remove the delta function of 
e, we can write this formula as 




(56.3) 


The calculations will be given in two cases, which differ as regards the magnitude 
of the photon energy: o)>I and o><m. Since I ~ me 4 Z 2 these two ranges 
partly overlap (when I < co < m), and so an examination of the two cases gives an 
essentially complete description of the photoelectric effect. 

We shall take first the case 


co <m. 


(56.4) 


The electron velocity is then small in both the initial and the final state, and the 
problem is therefore entirely non-relativistic as regards the electron. Accordingly, 
we replace a in (56.2) by the non-relativistic velocity operator v = - iV/m (cf. §45). 
We can also use the dipole approximation, putting e lk r ~l, i.e. neglecting the 
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da = e 2 |e * v/» | 2 do, 

v /. = _ ~ J ' d3x ‘ 


(56.5) 


We shall consider the photoelectric effect from the ground level of the hydrogen 
atom (or of a hydrogen-like ion). Then 


( Ze 2 m) v2 Ze i mr . 

^~WW e ’ 


(56.6) 


in ordinary units, me 2 becomes l/a 0 , where a 0 = h 2 /me 2 is the Bohr radius. 

The wave function ijj' must be taken such that its asymptotic form comprises a 
plane wave (e ipr ) together with an ingoing spherical wave; cf. QM, §136, where 
this function was denoted by i// ( p -) . On account of the selection rule for /, a transition 
from an s state can only be to a p state (in the dipole case). Thus, in the expansion! 

= i‘(2i + 1) e~ is ‘R p i(r)Pi(n ■ n,), (56.7) 

where n = p/p, nj = r/r, it is sufficient to retain the term with 1 = 1. Omitting 
unimportant phase factors, we therefore have 

p = £(n-n ORpi(r). (56.8) 

With the functions i fj and i//' given by (56.6) and (56.8), we have 

e ' V/i = wl m F / / (n • n * )(ni ' e) e ~ Ze 2 mrR p^ • r2 dr 

00 

V(2t T)(Ze 2 m) 512 , . f 2 -z<Wd t \a 

= —^— - — (n • e) I r e Ze mr R p ,(r) dr. 

pm J 


According to QM (36.18), (36.24), the radial function is (in 

V(8rr)Ze 2 m / l + v 2 
pl 3 y v(l - e- ll,v ) 


R 


pre~ ipr F(2 + 


the units employed here) 
iv, 4,2 ipr), 


with 


v = Ze 2 mlp (= Ze 2 lhv). 


(56.9) 


t In the rest of this section, p denotes |p|. 
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The integral can be calculated by means of the formula 


J e~ / ' 2 z y ~'F(a, y, kz) dz = T(y)k a - y (X - ky a ; 


cf. QM, (f.3). Noticing also that 


we obtain 


e • v/i = : 


v-i) 


2 ll2 7rv 3 (n • e) e~ 


f p • m(l + v ) ' v(\ - e y 


The energy of ionization from the ground level of the hydrogen atom (or a 
hydrogen-like ion) is I = Z 7 e 4 m\ 2. Hence 


* = & +i= £< i+vt >- 


(56.10) 


Using this relation, we obtain as the final expression for the cross-section for the 
photoelectric effect with emission of an electron into the solid-angle element do 


( T \ 4 p~4v cot -1 v 

f_"-2^ ( D, c ) 2 do. 


(56.11) 


where a = h 2 lmZe 2 = a 0 /Z (ordinary units are used here and below). The angular 
distribution of the emitted electrons is governed by the factor (n • e) 2 . This has 
maxima in the directions parallel to the direction of polarization of the incident 
photons, and is zero in directions perpendicular to e, including the direction of 
incidence. For unpolarized photons, formula (56.11) must be averaged over the 
directions of e, which is equivalent to substituting 

(n • e) 2 -> 2 (n 0 x n) 2 

with n 0 = k/k; see (45.4b). 

Integration of formula (56.11) over all angles gives the total cross-section for the 
photoelectric effect: 


2V 2 / I \ 4 e - 4vcot ~' v 


(56.12) 


(M. Stobbe, 1930). 

The limiting value of or as (i.e. as v-»oo) i s 


2 9 77 2 aal 


a = = 0.23 a 2 0 IZ\ 


(56.13) 
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where e in the denominator is the base of natural logarithms. The cross-section for 
the photoelectric effect tends to a constant limit near the threshold, as it must for a 
reaction forming charged particles (see QM, §147). 

The case in which fno> I (still with hw < me 2 ) corresponds to the Born 
approximation {v = Ze 2 /hv < 1). Formula (56.12) becomes 

(56 - 14 > 

where I 0 = e 4 m/2h 2 is the ionization energy of the hydrogen atom. 

The process inverse to the photoelectric effect is the radiative recombination of 
an electron with an ion at rest. The cross-section cr rec for this process can be found 
from that for the photoelectric effect (cr ph ) by means of the principle of detailed 
balancing (QM, §144). This principle states that the cross-sections for the processes 
i -»/ and / -> i (with two particles in each of the states i and /) are related by 

giPiO r i->f — g/P/OT/->i, 

where p t , p f are the momenta of the relative motion of the particles, and g„ g f the 
spin statistical weights of the states i and /. Since g = 2 for the photon (which has 
two possible directions of polarization), we find for the hydrogen atom ground state 

0- rec = o-ph • 2kV, (56.15) 

where p = mv is the momentum of the incident electron and k that of the emitted 
photon. 


PROBLEMS 

Problem 1. Derive formula (56.14) by direct use of the Born approximation in the non-relativistic 
case. 

Solution. In the Born approximation, t (/' in (56.5) is simply the plane wave t (j' = e lp r , and ip is 
again the function (56.6). Then 


v/, = Vi/ = 


m 



d 3 x 


P (Zc 2 m ) 3/2 ,„-Ze2mr^ 

= m~V^ (e )p ' 


The Fourier component is given by (57.6b), and so 


V/, = 8 V irp -3 m 3/2 (Ze 2 ) 5,2 n. 


Substitution in (56.5) and integration over do leads to (56.14) (here, with sufficient accuracy, p 2 /2m ~ a>). 

Problem 2. Determine the total cross-section for radiative recombination of a fast but non- 
relativistic electron (I <§ mv 2 <§ me 2 ) with a nucleus having charge Z <§ 137. 

Solution. The cross-section for capture to the K shell (principal quantum number n = 1) is obtained 
by substituting (56.14) in (56.15): 
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where e = \mv 2 is the energy of the incident electron, and haj ~ e. Among the other states of the 
resulting atom, only s states are important: in the calculation of the matrix element in the Born 
approximation, the important values are those of the wave function of the bound state when r is small 
(as will be seen in §57), and when l > 0 these values are small compared with those for 1=0. It is 
sufficient to take the first two terms in the expansion of if/ in powers of r. For states with / = 0 and any n, 
these terms are 


if/ = 


1 

V(7ra 3 n 3 ) 



i.e. they contain n only as a common factor n 3/2 ; this expression is obtained by expansion of QM, 
(36.13). The total recombination cross-section is therefore 


: = Z o-'“ = o-r ^ = ^3)0- 


The value of the zeta function is £(3) = 1.202. 


§ 57. The photoelectric effect: relativistic case 

Let us now consider the case 


a>>I. (57.1) 

Here we have also e = o) -1 > I, and the influence of the Coulomb field of 
the nucleus on the wave function if/' of the emitted electron can be taken into 
account by means of perturbation theory. We shall write 

= (57.2) 

The electron may be relativistic, and therefore the unperturbed function in (57.2) is 
written as a relativistic plane wave (23.1). 

Although the electron is non-relativistic in the initial state, its wave function ifj 
must nevertheless, for reasons to be explained below, include the relativistic 
correction (~Ze 2 ). This function is (cf. §39, Problem) 



where i// non -r is the non-relativistic bound-state function (56.6), and u is the bispinor 
amplitude of the electron at rest, normalized by the usual condition uu = 2m. 

We substitute the functions (57.2), (57.3) in the matrix element (56.2):t 

M » -wU>J W* • e) [(■ - 2 S V H™] p+ 

+ fr'Xy • e) e ,k r Mi//„on-rJ d 3 x. (57.4) 

t The function (57.3) has been derived for distances r~llmZe 2 , at which the relative order of 
magnitude of the correction term is Ze 2 . But for the ground state (and for all s states) formula (57.3) is 
valid for any r, since the derivative of the purely exponential function (56.6), and therefore the 
correction term in (57.3), are always proportional to Ze 2 . This enables us to use formula (57.3) in the 
present problem, where (as we shall see below) it is the small values of r that are important. 
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In order to derive the first term of the expansion of this quantity in powers of Ze 2 , 
we can replace i/wr in the second term in the braces by the constant ( Ze 2 m) 3l2 /V7T 
simply. The first term would vanish if treated in this way when p - k ^ 0, and it is 
for this reason that the first relativistic correction, proportional to Ze 2 , has to be 
included in ifj. When i; — 1, this correction gives a contribution to the cross-section 
that is of the same order as the contribution of the next term in the expansion of 
i/Wr in powers of Ze 2 . 

In the* first term in (57.4) we integrate by parts, transferring the action of the 
operator V from i// non _ r to the exponential factor. The result is 

Mfi = 2 { S ' (7 • e) [ ! + 2^ ’ (p “ ^]^ Ze2mr )^ + ^l (7 • e)u }, 

(57.5) 

where the vector suffix denotes the spatial Fourier component. As far as the Ze 2 
term we havet 


(e- Zelmr ) f -y = 


87 rZe 2 m 
(p-k ) 4 


(57,6) 


To calculate the Fourier components i we write down the equation satisfied 
by the function i// (1) : 


(y°e + iy • V — m)i// (1) 


eWAJu'e 1 *" 


Ze 2 


y °u'e ipr , 


obtained by substituting (57.2) in (32.1). Applying the operator y°e + iy • V + m to 
both sides, we find 


(A + pV° = - Ze\ 7 °e + 17 • V + m)(y°u') j e ip r . 

Multiplying this equation by e~ lk r and integrating with respect to d 3 x, with the 


t Taking the Fourier component of each side of the equation 

(A - A 2 ) -y- = - 4ir8(r), 


we obtain 



(57.6a) 


and differentiation with respect to A gives 


(e' Ar ) q 


87tA 

(q +A 2 ) 2 ‘ 


(57.6b) 
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usual integration by parts in the terms containing A and V, gives 


(p 2 - k 2 )i// ( k 1) = - Ze z (y°s - y • k 4- m)(y V)(| 


■ Ze z (2ey° - y • (k - p))(y V) 


(k-p ) 2 


In the last line we have used the fact that the amplitude u' satisfies the equation 
(ey° - p • y - m)u' = 0, or (ey° + p • y - m)y°u' = 0. 


Hence 


^(■) = = 47TZe 2 a , 2ey° + y^(kJ) /. (57 

Substituting (57.6) and (57.7) in the matrix element (57.5), we can write it as 

„ 47r 1,2 (Ze 2 m) 5 ' 2 „ 

M »-(«-»)'»(k-p) ! " A “’ 


where 


A = a(y * e) + (y • e)y°(y • b) + (y • c)y°(y • e), 

1 £ 1 h k-p k-p 

a (k-p ) 2 m k 2 -p 2 ’ 2 m(k-p) 2 ’ C 2 m(k 2 -p 2 )* 

The cross-section is 

da = ^ 6 m u ^ ( U'Au)(UAu ') do, 
co(k - p)m 

where A = y°A + y°; see §65. This expression has to be summed over final directions 
and averaged over initial directions of the electron spin, using the rules given in §65 
below and the polarization density matrices of the initial and final states: 

P = 2 m(y° + 1), p' = i(y°e - y • p + m); 
in the initial state, p = 0 and e = m. The resulting expression is 


d - i ^X m p) r ' uwA ‘ iA>do - 


The calculation of the trace by means of the formulae (22.22) is purely algebraic, 
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tr (p'ApA) = Up - (b-c)(e + m)] 2 + 4m(b • e)[(e + m )(c • e) + a(p * e)]. 

the vector e is assumed real, i.e. the photon is assumed to be linearly polarized. 

The formula for the photoelectric effect cross-section will be put in its final 
form by using the polar angle 0 and the azimuth </> of the direction of p when the 
direction of k is the z-axis and the plane of k and e is the xz plane (so that 
p • e = |p| cos </> sin 0). When o) > I, the conservation of energy may be written in 
the form e - m = co instead of e — m = <o — I. We then easily see that 

k 2 - p 2 = - 2 m(e - m), (k - p) 2 = 2e(e - m)( 1 - v cos 0), 


where v = p/e is the velocity of the photoelectron. A simple calculation gives finally 


da = Z 5 a 4 r 2 - 


v 3 (l - v 2 ) 3 sin 2 0 


[1 - V(1 - u 2 )] 5 (l - v cos 0) 4 
1 2(1 -1; 2 ) 3 ' 2 (1 ® cos0 ) + |_ 2 l-» 2 


J cos 2 4> J do, 
(57.8) 


where r e = e 2 /m. 

In the ultra-relativistic case (s > m), the photoelectric effect cross-section has a 
sharp peak at small angles 0~V(l-i; 2 ), i.e. the electrons are emitted pre¬ 
dominantly in the direction of incidence of the photon. Near the maximum 

1 - v cos 6 ~ ^[(1 - i; 2 ) + 0 2 ], 
and the leading terms in (57.8) give 


da - 4Z Vr 2 dd d</>. 


(57.9) 


The integration of (57.8) over angles is elementary but lengthy, and leads to the 
following expression for the total cross-section (F. Sauter, 1931): 


. i~z5 4 2 ( 7 2 -l) 3/2 f4 , y(y-2)/, 1 , y + V(y 2 -l)\] 

<, = 2^Z « r. | 5 + (l - 2 W(v , _ log y _ Viy . _ J). 


(t-i r 


where the “Lorentz factor” y is used for brevity: 


(57.10) 


1 e m + (o 

^ V(1 - v 2 ) m m 


(57.11) 
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In the ultra-relativistic case, this formula reduces to the simple expression 

a = 27rZ 5 a 4 r 2 e ly; (57.12) 

in the case I the limit of small y - 1 in (57.10) yields the already known 

result (56.14). 


§58. Photodisintegration of the deuteron 

A distinctive property of the deuteron is that its binding energy is small in 
comparison with the depth of the potential well. This enables reactions involving 
the deuteron to be described without a detailed knowledge of the behaviour of 
nuclear forces, using only the binding energy (see QM, §133). Here it is assumed 
that the wavelengths of the colliding particles are large compared with the range a 
of the action of nuclear forces. 

This applies to the disintegration of the deuteron by y quanta having ka < 1. It 
will also be assumed that pa < 1, where p is the momentum of relative motion of 
the neutron and proton released; this is a stronger condition than ka < l.t 

We start from the non-relativistic formula (56.5) for the photoelectric effect 
cross-section, integrating over all directions: 


or 


e 2 p M 4tt 
2tt(o 2 3 


i(v P )/,r, 


where p is the momentum of relative motion of the proton and neutron ,t and m in 
(56.5) has been replaced by their reduced mass M/2 (where M is the nucleon mass). 
The matrix element is that of the proton velocity v p , since only the proton interacts 
with the photon. Expressing v p in terms of the momentum p (v p = \\ = p/M), we 
have 


cr (e) = 


e 2 p 
3 M(o 


IP/.-I 2 - 


(58.1) 


The superscript ( e ) denotes that this formula corresponds to electric dipole tran¬ 
sitions: ep/M = e\ p = d, so that ep r JM = i(od fi . 

The normalized wave function of the initial (ground) state of the deuteron 
is 

* 1 * = K = V(MI) > < 58 - 2 ) 


t The photon energy for which pa ~ 1 (with a = 1.5 x 10 13 cm) is 15 MeV. 
t In this section, p denotes |p|. 
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where I = 2.23 MeV is the binding energy (see QM , §133).t The wave function of 
the final state can be taken to be that of free motion, i.e. the plane wave 

i//' = e ipr . (58.3) 

The reason is that, in the theory under consideration, the “size of the deuteron” 1 Ik 
is assumed large in comparison with the effective interaction radius a. The 
interaction between the proton and the neutron therefore has to be taken into 
account only in S states, and can be neglected in states with 1^0, whose wave 
functions are small at small distances. According to the selection rules, electric 
dipole transitions between two S states (the ground state and an S state of the 
continuous spectrum) are forbidden, and it is therefore possible in this case to 
neglect the nucleon interaction in the final state. 

Integration by parts gives the matrix element 



see the second footnote to §57. 
Using also the equation 


M ( * 2 + p2): 


1 + 


M 


co, 


which expresses the conservation of energy, we finally obtain the photodisin¬ 
tegration cross-section (in ordinary units) as 


( e ) _877 ft 2 Vl(ftw -1) 3 ' 2 

3 01 M (M 3 


(58.4) 


(H. A. Bethe and R. Peierls, 1935). It has a maximum at ftco = 21, and tends to zero 
as h(o-*I or h(o -» 00 . 

The electric dipole absorption of the photon, described by formula (58.4), does 
not, however, give the main contribution to the cross-section near the photoelectric 

t This function can be made more accurate by including a correction due to the finiteness of a, the 
normalization coefficient in (58.2) being replaced by 

V 27 t (1 - aK Y 

see QM, (133.13). A factor 1/(1 - aK ) accordingly appears in the cross-section formulae. This correction 
is in fact quite large: for the ground state of the deuteron, aK « 0.4. 

The deuteron ground state is 3 Si, with a small “admixture” of 3 Di due to the action of the tensor 
nuclear forces (see QM, §117). This admixture will be neglected, and therefore so will the tensor forces. 
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effect threshold (hco close to I). This is because, in this range, the principal effect 
must come from transitions to an S state, and these do not occur in electric dipole 
absorption. Nor do they occur in electric quadrupole absorption, since, although 
they do not then violate the parity selection rule, they are forbidden by the 
selection rule for orbital angular momentum (the tensor forces are here neglected, 
and L and S are therefore separately conserved). To calculate the photodisin¬ 
tegration cross-section near the threshold, we have therefore to consider magnetic 
dipole absorption, for which the selection rules allow transitions between S states 
(E. Fermi, 1935). 

Replacing the electric moment in (58.1) by the magnetic moment, we have 

a (m) = 1 3 a)Mp\iLf i j 2 . (58.5) 

The magnetic moment of the orbital motion makes no contribution to |X/„ since the 
orbital angular momentum L has no matrix elements for transitions between S 
states. The spin magnetic moment 

jji 2fi p Sp -f- 2[x n s n 
= 2({JL p - fX n )Sp +2jLL n S, 

where S = s p + s„, and ja p , fi n are the magnetic moments of the proton and the 
neutron. When the tensor nuclear forces are neglected, the total spin is conserved, 
and its operator therefore yields no transitions. Hence 


M-/i 2(Sp)fi({lp P'n)* 


In the same approximation (neglecting the tensor forces), the spin and coordinate 
variables are separable. The matrix element, like the wave functions, becomes a 
product of a spin part and a coordinate part: 

jut/, = 2(/u p - /u n )(SpS'M'\sp\s p SM) J if/'*(r)if/(r) d 3 x. 

But the presence of spin-spin nuclear forces has the result that the wave equation 
for the coordinate functions i//(r) includes the spin value S as a parameter. If 
S' = S, then ijj'(r) and i//(r) are eigenfunctions of the same operator, and are 
therefore orthogonal. Thus a photodisintegration from an initial 3 S state can occur 
only to a l S state of the continuous spectrum. 

The square ||x/ t | 2 in (58.5) must, of course, be averaged over components M of 
the spin S in the initial state. Thus the problem is to calculate the quantity 

^^-jEKspS'M'IspIspSM}! 2 , 

where s p = s n = i S = 1, S' = 0. The general rules for matrix elements in the 
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(2S4-l)(2S'+l)^ SpS ^ Sp ^ pS ^ 2 {s s p i } K s pII s pII s p>| 2 

= 6KSp||Sp||s p )| 

(see QM, (107.11), (109.3)). The reduced matrix element is 

(s P \\s P \\s p ) = V[Sp(Sp 4- l)(2s p + 1)] = V(3/2). 
Formula (58.5) then becomes 


a (m) = swMp(/Ltp - P„) 2 | f f *<M 3 *I 2 . (58.6) 

The initial function ijj is given by (58.2); the final function is 

^ Rpo(0. 

This is the first term (l = 0) in the expansion (56.7) of a function whose asymptotic 
form comprises a plane wave and an ingoing spherical wave; an unimportant phase 
factor has been omitted. Since the integration is taken over the region outside the 
range of action of the nuclear forces, the radial function is 

R„(r)-^ a< £ f± a 

The phase 8 is related to the value of the virtual level (Ii = 0.067 MeV) of the 
proton + neutron system when S = 0: 

cot 8 = kJp , k i = V(MT0; 


see QM, §133. Then 


/ r * 


\3I2 V K . 


iIj d x = (2tt)- -lm 

P7T 




-Kr+ipr p ib 


e ,s dr 


, 3/2 Vk. e is 

= (27 t ) 1 -im-—. 

PIT K ~ ip 


After a simple algebraic reduction, we obtain the following expression for the 
photodisintegration cross-section (in ordinary units): 


cr 


(m) _ 


8 tt _ 2 V[I(feB - I)](Vl + Vi ,) 2 

3 hc (lXp IXn) hco(ha> -1 +1,) 


(58.7) 
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When ha)->I, the cross-section tends to zero as V(fta) -I), in accordance with the 
general properties of cross-sections near the reaction threshold (QM, §147). 

The inverse process to photodisintegration is radiative capture of a proton by a 
neutron. The capture cross-section ( a c ) is obtained from the photoelectric effect 
cross-section (o- ph ) by means of the principle of detailed balancing; cf. the deriva¬ 
tion of (56.15). The spin statistical weights of the neutron and the proton are 
2x2 = 4; those of the deuteron (in a state with S = 1) and the photon are 3x2 = 6. 
Hence 


3 (M 2 3(M 2 

CTc 2 c 2 p 2 <7ph 2Mc\h(t> -1) ° rph ‘ 


(58.8) 
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SCATTERING OF RADIATION 


§ 59. The scattering tensor 

The scattering of a photon by a system of electrons (which will be referred to 
below as an atom) consists of the absorption of the initial photon k and the 
simultaneous emission of another photon k\ The atom may be left either at its 
initial energy level or at some other discrete energy level. In the former case the 
photon frequency is unchanged ( Rayleigh scattering ); in the latter case the 
frequency changes by 


(o'— a) = E\ — E 2 , (59.1) 

where E x and E 2 are the initial and final energies of the atom ( Raman scattering ).f 
If the initial state of the atom is the ground state, then E 2 > E x in Raman scattering, 
and so co'Cco: the frequency is decreased by the scattering (the Stokes case). In 
scattering by an excited atom, either the Stokes case or the anti-Stokes case 
(co f > co) may occur. 

Since the electromagnetic perturbation operator has no matrix elements for 
transitions in which two photon occupation numbers simultaneously change, the 
scattering effect appears only in the second approximation of perturbation theory. 
It must be regarded as taking place via certain intermediate states, which may be of 
one of two types: 


(I) The photon k is absorbed and the atom enters one of its possible states E n ; 

in the subsequent transition to the final state, the photon k' is emitted; 

(II) The photon k' is emitted and the atom enters the state E n ; in the transition 
to the final state, the photon k is absorbed. 

In this process, the matrix element is represented by the sum 


V 21 


= WVi«Vnl,Mk\ 

jLj \ eg cp\ ' cc co II I 

n \e x — e n e x — e n / 


(59.2) 


(see QM (43.7)), where the initial energy of the atom + photons system is % x = 
E x + co, and the energies of the intermediate states are 

— E n , — E n + CO + CO'. 

t In this chapter, the suffixes 1 and 2 will denote quantities pertaining respectively to the initial and 
final states of a scattering system. 
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The V are the matrix elements for the absorption of the photon k, and the V'. 
are those for the emission of the photon k'; the initial state is excluded from the 
summation over n, this being indicated by the prime to the summation sign. The 
scattering cross-section is 

da = 2 tt\V 21 \~^-, (59.3) 

(Z7T) 

where do' is a solid-angle element for the directions k'. The radiation energy dV 
scattered into the solid angle do' per unit time is expressed in terms of the intensity 
(energy flux density) I of the incident radiation by 

dr = I((o'l(o)da. 

We shall assume that the wavelengths of the initial and final photons are large 
compared with the dimensions a of the scattering system. All transitions will 
therefore be considered in the dipole approximation. If the photon states are 
described by plane waves, this approximation is equivalent to replacing the factors 
e lk r by unity. Then the wave functions of the photons are (in the three-dimension- 
ally transverse gauge) 

A '-- = v < 4 ”>75b‘"“ 

Under the conditions considered, the electromagnetic interaction operator may 
be written as 


V = -d • E, (59.4) 

where E = - A is the field strength operator and d the dipole moment operator of 
the atom (similarly to the classical expression for the energy of a small system in 
an electric field; Fields , §42). The matrix elements are 

V„, = -iV(2irco)(e • d nl ), V' 2n = iV( 2W)(e'* • d 2 „). 


Substituting these expressions in (59.2), (59.3), we find as the scattering cross- 
section (written in ordinary units)t 


da 


V f (^2n • e'*)(d n i 

n 1 Q) n i~(0-i 

ho) n i 


iO 

E n -E u 


e) (d 2n - e)(d n i 


e^)l 

(x ) n 2 + Ct)' — iO J 


W 3 , , 

2 4 do , 


ft 2 c 4 


Cl) 


Cl) 


0)i2. 


(59.5) 


The summation is over all possible states of the atom, including those of the 
continuous spectrum (states 1 and 2 cannot appear in the sum, since the diagonal 


f This formula was first derived by H. A. Kramers and W. Heisenberg (1925), before the develop¬ 
ment of quantum mechanics. 
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matrix elements dn and d 2 2 are zero). The infinitesimal imaginary increments in the 
denominators correspond to the usual rule for pole avoidance in perturbation 
theory (see QM, §43): an infinitesimal negative imaginary part is added to the 
energies E n of the intermediate states over which the summation is carried out. The 
avoidance rule is important when the poles of (59.5) with respect to the variable E n 
are in the region of the continuous spectrum; for example, if state 1 is the ground 
state of the atom, this would occur for ho) exceeding the ionization threshold of the 
atom.f 

We shall use the notationt (in ordinary units) 


( C . k ) 21 = 1 V (dj)2n(dk)n\ j (dk)2n(dj) n \ 1 

1 h n Lc*Vl — CO — /0 0) n 2+0)'— iOj 


(59.6) 


where i,k = x,y,z are three-dimensional vector indices. Then formula (59.5) can be 
written as 


da = o.(o) + a> n f\(c ik ) 2l e'*e k \ 2 do'lc 4 . (59.7) 

The notation (59.6) is justifiable in that this sum can in fact be represented as 
the matrix element of a certain tensor. This is most easily seen by defining a vector 
quantity b whose operator satisfies the equation 

ib + cub = d. 


Its matrix elements are 


bn 1 


dn 1 

(x) ~ COnl’ 


b 2n — 


d 2 n 

(x) + (x ) n 2 


so that 


(Oc)2i — (bkdi — dibk) 2i- 


(59.8) 


The matrix elements (c / fc ) 2 1 will be called the radiation scattering tensor. 

It follows from the above that the selection rules for scattering are the same as 
the selection rules for the matrix elements of an arbitrary tensor of rank two. We 
can see immediately that, if the system has a centre of symmetry (so that its states 
can be classified by parity), transitions are possible only between states of the same 
parity (including transitions without change of state). This rule is the opposite of 
the parity selection rule for (electric dipole) emission, and so there is an alternate 
prohibition: transitions allowed in emission are forbidden in scattering, and vice 
versa. 

We can resolve the tensor c ik into irreducible parts: 

c ik = c°8ik + cf* + c?*, (59.9) 

f In a molecule, the threshold for dissociation into atoms here takes the place of the ionization 
threshold. 

t Most of the results derived in §§59-61 below are due to G. Placzek (1931-1933). 
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where 


C ik 2(Cik F Cki) C ^ik> 
C ik 2 (^ik ^ki) 


(59.10) 


are respectively a scalar, a symmetric tensor (with zero trace) and an antisym¬ 
metric tensor. Their matrix elements are 


(C°)21 - 3 2 
n 

(C?k)21 = 2 X 


ft>nl + ^)n2 

( 0 ) n i~ 0 ))(o) n2 + co) 


(di) 2 n (dj) n i, 


CO n l + CO n2 

(co n i — Co)((O n2 + co) 


[(d/)2n(dk)nl + (dk)2n(di)nl] “ (C°) 2 l5ik, 


(59.11) 

(59.12) 


(Cfk)21 


2(0 + CO 12 
2 


2 


(dj)2n(dk)nl (^k)2n (^i)n 1 . 
(cO„i ~ Co)(cO n2 + Co) 


(59.13) 


the symbols indicating pole avoidance are omitted, for brevity. 

Let us consider some properties of the scattering tensor in the limiting cases of 
low and high photon frequencies.! 

For Rayleigh scattering (co i2 = 0), the antisymmetric part of the tensor vanishes 
as ci)-»0, because of the factor co in front of the sum in (59.13). The scalar and 
symmetric parts of the scattering tensor, however, tend to finite limits as co-^0. 
The cross-section is therefore proportional to co 4 when co is small. 

In the opposite case, when the frequency co is large compared with all the 
frequencies co n i, co n2 which are important in (59.6) (but of course the wavelength is 
still much greater than a), we must arrive at the formulae of the classical theory. 
The first term in the expansion of the scattering tensor in powers of 1/co is 

- 2 l(d k ) 2 n(dd nl ~ (d,)2n(4) nl ] = “((Mi - d^khn 
0) n CO 

and is zero, since the operators d t and d k commute. The next term in the expansion 
is 

(Cik)21 2 2) t^2n (dk)2n (^i)n 1 (dj) 2n CO n l(d k ) n i] 

(i) n 

2,(d k di djdfc) 2 i. 


Using the definition d = 2 er (with the summation over all the electrons in the 
atom) and the commutation rules for momenta and coordinates, we obtain 

(C tt )n = (Ca) 21 = 0, (59.14) 

mo 

f The case of resonance (when ai is close to one of the frequencies o> n \ and (o n i ) will be discussed in 
§63. 
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where Z is the total number of electrons in the system, and m the electron mass. 
Thus, in the limit of high frequencies, there remains in the scattering tensor only 
the scalar part, and scattering takes place without change in the state of the system, 
i.e. the scattering is entirely coherent (see below). The scattering cross-section in 
this case is 


da = r 2 Z 2 |e'* • e| 2 do', (59.15) 

where r e = e 2 lm. After summing over polarizations of the final photon, we have 

da = r 2 e Z 2 { l-(e*n') 2 } do' 

= r\Z 2 sin 2 0 • do', (59.16) 

which is in fact the same as the classical Thomson’s formula ( Fields , (80.7)); 0 is 
the angle between the direction of scattering and the polarization vector of the 
incident photon. 

Let us consider the scattering of radiation by an assembly of N identical atoms 
situated in a region small compared with the wavelength. The corresponding 
scattering tensor is equal to the sum of the tensors for scattering by each atom. It 
must, however, be remembered that the wave functions (which are used to 
calculate the dipole moment matrix elements) for several identical atoms taken 
together are not simply equal functions. The wave functions are essentially defined 
only to within an arbitrary phase factor, which is different for each atom. The 
scattering cross-section has to be averaged over the phase factor of each atom 
separately. 

The scattering tensor (c lk ) 2 i of each atom includes a factor e I(</>1_</>2) , where and 
(j) 2 are the phases of the wave functions of the initial and final states. For Raman 
scattering, the states 1 and 2 are different, and this factor is not equal to unity. In 
the squared modulus 


\e’j*e k 2 (c,i<) 2 i| 2 , 


where the sum is over all N atoms, the products of terms pertaining to different 
atoms will include phase factors which vanish on independent averaging over the 
phases of the atoms, and only the squared modulus of each term remains. This 
means that the total cross-section for scattering by N atoms is found by taking N 
times the cross-section for scattering by one atom; the scattering is incoherent. 

If, however, the initial and final states of the atom are the same, then the factors 
g»(*i-<te) = j The amplitude for scattering by the assembly of atoms is N times that 
for scattering by one atom, and the scattering cross-section consequently differs by 
a factor N 2 ; the scattering is coherent.! If the atomic energy level is not 
degenerate, Rayleigh scattering is therefore entirely coherent. But if the energy 
level is degenerate, there will also be incoherent Rayleigh scattering arising from 

t The factor Z 2 in formulae (59.15) and (59.16) has the same origin: the cross-section for scattering 
by Z electrons in one atom is Z 2 times that for scattering by one electron. 
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the transitions of the atom between various mutually degenerate states. This is a 
purely quantum effect; in the classical theory, any scattering without change of 
frequency is coherent. 

The coherent scattering tensor is given by the diagonal matrix element (c ik )n, 
and will be denoted by a ik , omitting for brevity the index which shows the state of 
the atom. According to (59.6), 


a ik (a>) = (c ik ) 


y> (dj)ln(dk)nl (dk)ln(dj)nl 1 
n L^ni ~ CO ~ iO CO n i + CO ~ lOJ 


(59.17) 


This expression may also be written as 


aik(co) = 


mco 


— Z8ik + - 


m 


V (Pi)ln(Pk) 

n 1 tt) 


n 1 

i 0 


+ 


(Pk)ln(Pi)nl 1) 

(O n \ + co — iOjJ’ 


(59.18) 


using the limiting form (59.14). Here p is the total momentum of the electrons in the 
atom. The equivalence of the two forms is easily seen by noting that the matrix 
elements of the momentum and the dipole moment are connected by 


6pi n /m ico\ n din 


and using the same relationships as in the derivation of (59.14). 

If the sum and difference E { ± co are not equal to any of the energy levels E n of 
the atom (including the continuous spectrum), the terms i 0 in the denominators 
may be omitted. Since p* n = p nU the tensor a ik is then seen to be Hermitianf: 

a ik = ati. (59.19) 

This means that its scalar and symmetric parts are real, and its antisymmetric part 
is imaginary. The latter is certainly zero if the atom is in a non-degenerate state; the 
wave function of such a state is real, and therefore the diagonal matrix elements 
are also real. 

The tensor a ik is related to the polarizability of the atom in an external electric 
field. To show this relation, let us calculate the correction to the mean value of the 
dipole moment of the system when the latter is placed in an external electric field 

l(E*T lW + E* e i(0t ). (59.20) 

This can be done by using a well-known formula of perturbation theory (QM, §40). 
If the system is subjected to a perturbation 

V = Fe~ i(0t + F + e iti,t . 


t This result depends on the neglect of the natural line width, and therefore of the possible 
absorption of the incident radiation; see §62. 



227 


§59 The Scattering Tensor 

then the first-order correction to the diagonal matrix elements of a quantity / is 


n IL^ni 




■ + 


f ( nlF in 


— i 0 (o n \ + co + 


l e -i*t + r_j 

jOJ Lo) nl 


/ln-Ffn , f ( n\F*\ 

+ to — iO co n i — to + 


ioW' 


The perturbation V must be regarded as being applied with infinite slowness from 
t = —oo, so that in the first term to is to be interpreted as co + iO, and in the second 
term as to - iO; the imaginary increments in the denominators have been written 
accordingly. 

In the present case 


F = -|d • E, 

and the correction to the diagonal matrix element of the dipole moment is found to 
be 


dff = 5 (d <r ia " + d* e ia '), (59.21) 

where d is a vector whose components are 

di = aWE k . (59.22) 

The expression for the tensor a^co) differs from (59.17) for a ik by a change in the 
sign of the imaginary part in the denominator of the second term. By definition, 
a^ } (o>) is the polarizability tensor of the atom in a field of frequency to. For 
frequencies such that the imaginary parts in the denominators can be omitted and 
the tensor a ik is Hermitian, a ik and are identical. In particular, when to = 0 the 
formula (59.22) becomes QM, (76.4), and the expression QM, (76.5) for the static 
polarizability tensor is the same as «*(()) from (59.17). Note also that, if state 1 is 
the ground state,! all to n \ > 0 and the avoidance rule in the first and second terms in 
(59.17) is important only when to >0 and to <0 respectively. In that case, 

**(<») = ajftM). (59.23) 

The formulae of scattering theory implicitly have co > 0; the tensor a ik is then the same 
as the polarizability tensor. 

We shall need not only the cross-section but also the photon scattering am¬ 
plitude /. As usual in perturbation theory, this is equal, apart from a normalization 
factor, to minus the matrix element (59.2). Choosing this factor so as to express the 
cross-section (59.7) in the form da - \f\ 2 do\ we have as the elastic scattering 
amplitude 

/ = (o 2 a ik e'i*e k . (59.24) 

According to the optical theorem (see (71.10) below), the imaginary part of the 

t Only this case (which will be assumed henceforward) allows a completely rigorous treatment, 
because of the finite lifetime of the excited states; see §62 below. 
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forward scattering amplitude (without change in momentum and polarization) 
determines the total cross-section cr t for all possible elastic and inelastic processes 
for a given initial state of the photon: 


o-f = (4irlco) im(co 2 a ik eiet) = 4ir(o(a ik - ati)efe k l2i. (59.25) 

Thus the total cross-section is determined by the anti-Hermitian part of the 
scattering tensor. 

The formula (59.25) has a simple classical significance. The electric field E does 
work 2ev • E = E • d on the system of charges per unit time. Expressing the field in 
the form (59.20), and the dipole moment in the form (59.21), (59.22), and averaging 
this work with respect to time, we find 

\o\E\ 2 e^e k (a ik - a%)l2i, 

with E = eE. On the other hand, if E is the incident radiation field, the mean energy 
flux density in it is |JE| 2 /8 tt, and the energy absorbed by the atom is |E| 2 o-f/87r. 
Equating the two expressions, we find (59.25). 

If the angular momentum J of the ground state of the atom is zero, then by 
spherical symmetry a ik = a8 ik , and 


cr t = 4ttq) im a. (59.26) 

For a system having angular momentum, a similar relation holds for quantities 
averaged over the spatial directions of the angular momentum (see §60). 

For photon energies above the ionization threshold of the atom, the principal 
contribution to the total cross-section cr t comes from the ionization process (the 
absorption of a photon in the photoelectric effect). The scattering cross-section is a 
quantity of higher order in e 2 \ compare, for instance, (56.13) and (59.16). 

If, however, the photon energy is below the ionization threshold (but not too 
close to resonance, i.e. to any of the discrete excitation frequencies of the atom), 
then the cross-section (which in this case reduces to the scattering cross-section), 
and therefore the imaginary part of the amplitude, are of a higher order of 
smallness than the real part of the amplitude. Neglecting the former, we again 
obtain (59.19). The situation is different in the neighbourhood of resonance, where 
the cross-section increases; this case will be discussed in §62. 

As well as scattering, the two-photon processes which occur in second-order 
perturbation theory also include double emission , i.e. the simultaneous emission of 
two quanta by an atom. 

The expression for the probability of this process differs from (59.5) only by the 
changes co —o>, e^e* (emission of a photon o>, instead of absorption) and by the 
extra factor 


d 3 k/(2 tt) 3 - a) 2 dw dol(2ir)\ 


the number of quantum states of the emitted photon in given ranges of the 
frequency co and the directions of k; the frequency of the second photon is 
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determined from co by the equation co + co' = co n . The emission probability per unit 
time is therefore! 


dw = \(b ik ) 2 t e'i*ei\ 


2 a>V 3 
(2 u-)W 


do do' dco, 


(59.27) 


where 


/l \ _ V* P (d t )2n(dk)nl ■ (dfc)2n(dt) n i ~| 

lk 21 n + CO — iO 0> n i + a>'— iOj 

differs from (c^i in (59.6) only by a change in the sign of co. Summing this 
expression over the polarizations of the photons and integrating over their direc¬ 
tions of emission,! we obtain 


dw= l^i (M2 'i 2dw - (59 - 28) 

The probability of the emission of two photons co and co' is usually very small in 
comparison with that of the emission of a single photon with frequency co + oo'. An 
exception occurs in cases where the selection rules forbid the latter process but 
allow the former, such as transitions between two states with J = 0, where all 
processes of single-photon emission are strictly forbidden. Another example is the 
transition from the first excited state (2si) of the hydrogen atom to the ground state 
(lsi), which is forbidden for both El and Ml radiation; see §52, Problem 2.§ 

If the atom is in the field of an incident flux of photons co , k, there is not only 
spontaneous double emission, with the probability (59.27), but also induced double 
emission, in which the field causes emission of a similar photon and a photon oo', k'. 
The probability of this process differs from that of spontaneous emission by a 
factor N ke , the number density of incident photons with given k and e. The incident 
photon flux density is 

dl = cN ke d 3 kl( 2tt) 3 = N ke (co 2 lSrr 3 c 2 ) do do. 

Expressing N ke in terms of dl and dividing the probability of the process by dl, we 
obtain the cross-section 


d <T = ^\(b ik ) i2 e ' i * e t\ 2do '. (59.29) 

Similarly, if the atom is in a field of photons co', k', the incidence of a photon co, k 
causes induced Raman scattering, whose cross-section is proportional to the 
density of photons co', k'. 

t In the rest of this section, ordinary units are used. _ 

t This operation amounts to complete averaging over the directions of e by eief = 5 S ik , followed by 
multiplication by2x2x47rx47r. 

§ The lifetime of the 2s\ level for double emission is 0.15 sec. 
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The calculation of the tensors (c f k)i 2 or (b ik )i 2 for specific atoms requires that of 
sums of the form 


= I (59-30) 

with E taking the values E\±hw or E\ ± hco'. To simplify the notation, let us 
discuss a hydrogen atom. We write the sum (59.30) as the integral 

= J <//f(r) diG(r, r') d'^,(r') d 3 x dV, (59.31) 

where 


G(r,r';E) = 2 

n 


jjj n (rWn(r') 

E n — E — i0‘ 


(59.32) 


Let the operator H - E, where H is the Hamiltonian of the atom, act on the 
function G. Since Hif/ n = E„i// n , we obtain 


(H-E)G = 2 ^(r)^(r')- 

n 


The sum is the delta function S(r-r'), since the set of functions i \t n is complete. 
Thus the function G satisfies the equation 

(H - E)G( r, r'; E) = 8(r - r'), (59.33) 

i.e. it is the Green’s function of Schrodinger’s equation; the avoidance rule in 
(59.32) decides which solution of this equation is to be taken. Thus the problem of 
calculating the sum (59.30) reduces to finding the Green’s function of the atom. An 
exact solution of equation (59.33) is, however, possible only if we know the exact 
solutions of the homogeneous Schrodinger’s equation, i.e. in practice only for the 
hydrogen atom.t 


PROBLEM 

Calculate the probability of elastic scattering of a (non-relativistic) electron by an almost mono¬ 
chromatic standing light wave (P. L. Kapitza and P. A. M. Dirac, 1933). 

Solution. The standing wave may be regarded as a combination of photons with momenta k and 
-k (and equal polarizations). The scattering of the electron may be regarded as the absorption of a 
photon k and induced emission of a photon -k, so that the electron momentum p is changed by 2hk and 
rotated (without change of magnitude) through an angle 6 such that |p| sin jd = ha)lc. The probability of 
this process can be obtained from the Thomson scattering cross-section (59.15), 

da = r 2 e \e’* • e| 2 do' 

T e do , 


t See L. Hostler, Journal of Mathematical Physics 5, 591, 1964. The application of this Green’s 
function to calculate the scattering amplitude for the hydrogen atom is given by Ya. I. Granovskii, 
Soviet Physics JETP 29, 333, 1969. 
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by multiplying by the flux density of photons with momentum k and the number of photons with 
momentum -k. 

The flux density of photons having frequencies in the range doj is cl/ w dw/2ftw, where U w dw is the 
energy density in the standing wave in the spectrum interval dco ; the factor 2 appears because the energy 
of the wave is equally divided between the photons moving in opposite directions. The momenta k of all 
the photons forming the standing wave are parallel to a certain direction n (the “direction” of the 
standing wave). In other words, the energy density as a function of the frequency and direction of the 
photons n' is U an ' = I/ w S (2) (n' - n). Accordingly, the number of -k photons is 


/ 


N -k do ' = 


SttV 

hco 3 


Uco. 
2 ’ 


cf. (44.8). The electron scattering probability per unit time is then found to be 

_ 27tV f tt2 j 
w — — jrz—4 I U <0 do), 
m n w J 

The factor w~ 4 is taken outside the integral, since the non-monochromaticity Aw is assumed small. The 
value of the integral is inversely proportional to Aw (for a given total intensity). 


§ 60. Scattering by freely oriented systems 

If an atomic energy level is not degenerate, the polarizability and intensity of 
coherent scattering are determined by the same tensor a ik = (c ik )n. If the level is 
degenerate, however, the observed values of these quantities are averaged over all 
states belonging to the level in question. The polarizability must be defined as the 
mean value 


OL ik ~ (C,lc)ii. 


The observed scattering intensity is determined by the mean values 


(Cik)ll(C/m)ll* 

The relation between the polarizability and the scattering is therefore more in¬ 
direct. 

Although each of the quantities (c ik )n may be complex, their mean values (in the 
absence of absorption, with a ik an Hermitian tensor) are real, since on averaging we 
can choose arbitrarily the set of independent wave functions (corresponding to a 
given degenerate level), and we can always ensure that all the functions are real. 

For free atoms or molecules (not in an external field), the degeneracy of levels 
is usually due to an angular momentum which is freely oriented in space. Let the 
initial state in scattering have angular momentum J 1 , and the final state J 2 . As usual, 
the scattering cross-section must be averaged over all values of the component Mi, 
and summed over the values of M 2 . After the averaging, the cross-section is 
independent of M 2 , and the summation is therefore equivalent to multiplying by 
2J 2 + 1. Thus the averaged scattering cross-section is 


da = coco' 3 cj k fme'*e k e'ie* do', 


( 60 . 1 ) 
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where 


C Mm — 9 t , i X ( C ik)2\(Clm)f\ 

ZJl~r L M h M 2 

= (2J r 2+l)(c ik )2i(c fm )? 1 1 ; (60.2) 


the bar with index 1 signifies averaging over Mi. 

For Rayleigh scattering, states 1 and 2 belong to the same energy level (con = 0). 
If only coherent scattering is considered, then states 1 and 2 must coincide 
completely, so that Mi = M 2 . In that case the summation over M 2 , and hence the 
factor 2 J 2 + 1 in (60.2), no longer appear: 


CiMm “ (Qc)ll(Cfm)tl 


(60.3) 


The result of the averaging can be written down without further calculation by 
using the fact that averaging over Mi is equivalent to averaging over all orientations 
of the system, after which the mean value can only be expressed in terms of the 
unit tensor 8 ik , and the only non-zero mean values are those of products of 
components of either the scalar, the symmetric or the antisymmetric part of the 
scattering tensor; it is clear that the unit tensor cannot yield expressions with the 
symmetry properties of cross-products. Thus 


C$!m ~ G 21 Sikkim + C$im + cftlm, 

where 


G®, = (2J 2 + l)|(c°) 2 i| 51 , 

c2 = (2J 2 + l)(c- k hi(cL)ii\ 

cSL° = (2 h + 1 Xc&McWf, 1 . 


(60.4) 


(60.5) 


The scattering cross-section (and therefore the scattering intensity) for a freely 
oriented system is therefore a sum of three independent parts, which will be 
referred to as scalar , symmetric and antisymmetric scattering. 

Each of the three terms in (60.4) can be expressed in terms of one independent 
quantity: the scalar scattering is expressed in terms of G®i, and for the symmetric 
and antisymmetric scattering we have 

clklm — wG2l(8i[8km + 8i m 8kl —l8ik8im), 

Gh = (2J2+l)(c\) 2 i(cikhr, 

(60.6) 

c\klm = 6 G 2 l( 8 ii 8 km ~ 8 im 8 kl ) 9 

GSi = (2J 2 +l)(ci) 2 i(ci) 2 i 1 ; 

the combinations of unit tensors are derived from the symmetry properties, and the 
common factor is then found by contracting with respect to the pairs of indices i, l 
and k, m. 
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On substituting (60.4)-(60.6) in (60.1), we obtain for the scattering cross-section 

dd = oMo' 3 {G 2 i|e'* • e| 2 + iijGi,(l + |e' • e| 2 - ||e'* • e| 2 ) + jGf,( 1 - |e' • e| 2 )} do’. 

(60.7) 

This formula shows explicitly the angular dependences and polarization properties 
of the scattering. 

The total cross-section for scattering in any direction, summed over the 
polarization of the final photon and averaged over the polarization and direction of 
incidence of the initial photon, is easily obtained directly from (60.1) by noting that 

3 bik 

if the averaging is over both the polarization and the direction of propagation of the 
photon; summation over these would give a corresponding result larger by a factor 
2 x 4it. The result is 


87 T ,3 ( 21 ) 

(r=ya)0) M cS^ 

= ^ a>a>' 3 (3GS, + GJ, + Gf,). (60.8) 

It has already been mentioned that the selection rules for scattering are the 
same as those for the matrix elements of an arbitrary tensor of rank two. Because 
of the separation of the scattering intensity into three independent parts, it is 
convenient to state the rules for each part separately. 

The selection rules for symmetric scattering are the same as those for electric 
quadrupole radiation, since the latter is likewise determined by an irreducible 
symmetric tensor (the quadrupole moment tensor). For antisymmetric scattering, 
the selection rules are the same as those for magnetic dipole radiation, since both 
are determined by an axial vector (an antisymmetric tensor is equivalent, or dual, 
to an axial vector).! There is a difference here, however, in that the diagonal matrix 
elements, which in the case of emission give the mean values of the electric or 
magnetic moments (and do not correspond to radiative transitions), are important 
in the case of scattering, since they relate to coherent scattering. 

For scalar scattering the selection rules are the same as those for the matrix 
elements of a scalar. This means that only transitions between states of the same 
symmetry are possible. In particular, the values of the total angular momentum J 
and its component M must be the same, and the matrix elements diagonal in M are 
independent of M; see QM, (29.3). For Rayleigh scattering, therefore, states 1 and 
2 must coincide completely (as regards M as well as energy), and so scalar 
Rayleigh scattering is entirely coherent. Conversely, since in scalar scattering all 
states always combine with themselves, it follows that in coherent scattering there 
is always a scalar part. 

t This refers, of course, to the selection rules based on symmetry, and not due to the specific form 
of the axial vector in the case of emission; the magnetic moment vector includes a spin part, whereas in 
scattering we have the matrix elements of orbital (coordinate) quantities. 
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For a system freely oriented in space, the polarizability tensor also must be 
averaged over the directions of the angular momentum J u in the same way as the 
scattering cross-section has been averaged above. The averaging is very simply 
carried out: we evidently have 


&ik = (c,7c)n — (c )n 8ik. 


The symmetric and antisymmetric parts of the scattering tensor vanish on 
averaging, since 8 ik is the only isotropic tensor of rank two. 

It has been mentioned that the diagonal matrix elements of a scalar are 
independent of Mi. The mark of averaging of (c°)n may therefore be omitted, and 
this quantity calculated for any Mi, so that the polarizability is 


a* - (c%8 ik . (60.9) 

For the same reason, the averaging sign may be omitted in the quantity G?i, which 
determines the scalar part of the coherent scattering: 

G?, = |(c°) 11 p 1 = (c%; (60.10) 

the factor 2 J 2 +1 is omitted in accordance with (60.3). Thus there is a 
simple relation between the mean polarizability and the scalar part of the coherent 
scattering: both are determined by the quantity 


(c 0 )ii = i2-i £j2j -j|d„,| 2 . (60.11) 

n (O n i — CO 


PROBLEMS 

Problem 1. Find the angular distribution and the degree of depolarization in the scattering of 
linearly polarized radiation. 

Solution. Let 0 be the angle between the direction of scattering n' and the direction of 
polarization e of the incident radiation. The scattered radiation has two independent components, 
polarized one in the plane of n' and e (intensity h) and one perpendicularly to this plane (intensity I 2 ); 
the degree of depolarization is hlh. The intensities h and h are given by (60.7) with the appropriate 
directions of e'. 

In scalar scattering, the radiation remains completely polarized in the same plane (h = 0), and the 
angular distribution of intensity is 


1 = 2 sin 2 0. 

Here and below, the expressions for I = I) + h are normalized so as to give unity on averaging over 
directions. 

In symmetric scattering 


I = 4(6 + sin 2 0), hlh = 3/(3 + sin 2 0). 


In antisymmetric scattering 


I = 1(1 + cos 2 0), hlh = 1/cos 2 e. 


Problem 2. The same as Problem 1, but for the scattering of natural light. 
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Solution. Formula (60.7) can be applied to natural (unpolarized) incident light by the substitution 

eiel ->2(5* - rum), 


which corresponds to averaging over the direction of polarization e with a given direction of incidence n. 
The scattered light will be partly polarized, and from considerations of symmetry it is evident that its 
two independent components will be linearly polarized in the scattering plane of n and n' (intensity I\\) 
and perpendicularly to this plane (intensity I L ). The scattering angle between n and n' will be denoted by 
ft. 

For scalar scattering 


I — I± + J|| — 4(1 + cos 2 ft), I\\lh — cos 2 ft. 


For symmetric scattering 


I = 5j(13 + cos 2 fl), J||/Jx = (6 + cos 2 ■ 9 ) 11 - 

For antisymmetric scattering 

I = 1(2 + sin 2 ft), I\\II± = 1 + sin 2 ft. 

Problem 3. For scattering of circularly polarized radiation, determine the reversal factor (the ratio 
of the intensity of the component circularly polarized in the “reverse” direction to that of the 
component polarized in the original direction). 

Solution. For circularly polarized incident radiation, the angular distribution and the degree of 
depolarization (Ij|/I±) are the same as in the scattering of natural light. 

Let the vector e of the incident radiation have components (1/V2)(1, i, 0) in coordinates such that the 
XZ' -plane is the scattering plane and the z-axis is along n. Then the polarization vectors for the reverse 
and original circularly polarized components of the scattered radiation are 

e' = ^2 ( cos - U - sin ft) and e' = ^ ( cos ^ h ~ sin #)• 

Calculation of the intensity by means of (60.7) gives the reversal factors P for the three types of 
scattering: 


: tan 4 2 ft, 


s _ 13 + cos 2 ft + 10 cos ft 

lyTcoP^d^-l^cos - ^’ 


_ 1 - cos 4 2 # 

1 - sin 4 2 #’ 


where ft is the scattering angle. 

Problem 4. Calculate the cross-section for scattering of a low-frequency photon by a hydrogen 
atom in the ground state. 

Solution. A low-frequency photon can undergo only elastic scattering. Since the orbital angular 
momentum l of the hydrogen atom in the ground state is zero, the selection rules (neglecting the spin-orbit 
interaction) allow only scalar scattering. The static polarizability of the atom is (in ordinary units) 
a = ( 9l2)(h 2 lme 2 ) 3 ; see QM, §76, Problem 4. Substitution in (60.8) gives the required cross-section: 

<Tt = 547 r(aV c) 4 (h 2 1 me 2 ) 6 . 

Problem 5. Calculate the cross-section for elastic scattering of 7 rays by a deuteron (H. A. Bethe 
and R. E. Peierls, 1935). 

Solution. The wave functions of the deuteron ground state and of its continuous-spectrum states 
(the dissociated deuteron) are 


ifto = 



e 


-xr 


r 


<|/p = e ip ' r , k=V(MJ); 


see (58.2), (58.3). The matrix element of the dipole moment is d p o = -iep p o/Ma> p o and has been calculated 
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in §58: 


dpo — — 


4 Trie I k p 

Mojpo V 277 k 2 + p 2 ’ 


with the frequencies w p o = (p 2 + k 2 )/M. 
The polarizability tensor is 


aik - {I / |dop|2 

The first term is due to the virtual excitation of the internal degrees of freedom of the deuteron, and is 
written in the form (60.11). The second term is due to the action of the wave field on the translational 
motion of the deuteron as a whole. Since this motion is quasi-classical, the corresponding part of the 
scattering tensor is given by (59.14), with m replaced by the deuteron mass 2M. 

The calculation of anc depends on that of the integral 


We have 


z 4 dz 


(F+TFkP+TF 


rr 


z = p / k , 7 = Mcd/k 2 = coll. 



where 


r =! f 

J ° 2 J (z^ + A^+l) 2 --/ 2 ]' 


When 7 < 1 , the integrand has poles at the points ik , iV(l + 7 ), iV(l — 7 ) in the upper half-plane of the 
complex variable z; the integral Jo can be calculated from the residues at these poles. The result is 




(l + yf 2 (1 - y) m 

-*- + - 


“(87 + 7).- 


2 7 4 2 7 4 

The total scattering cross-section is expressed in terms of a* by (60.8), and is (in ordinary units) 


= T (a^ 7 )! - 1 ~ 3 ? + 37 [(1 + 7)3,2 + (1 “ t)3,2] 


for 7 = hco/I < 1 . 


For 7 > 1 the scattering amplitude (above the deuteron dissociation threshold) is found from that for 
7 < 1 by analytical continuation; it has an imaginary part, which must be positive (in accordance with the 
avoidance rule in (59.17)): 


877 / e 2 

= T\ M? 


- 1 - 


37 37 


'(7 + 1) 3/2 + i 3^7(7 “ 1) 


for 7 > 1 . 


When 7 > 1 we have cr = ( 87 r/ 3 )( 6 2 /Mc 2 ) 2 , which agrees, as it should, with (non-relativistic) scattering by 
a free proton. 

The angular distribution of radiation is 

dcr = cr • |(1 + cos 2 6) do/ 47 r, 

where 6 is the scattering angle. If the scattering amplitude is defined by (59.24), we have 


im/,0, = .Wr < - r !>1 


for 7 > 1 . 


According to the optical theorem (59.26), this quantity must equal aW 47 r, where a t is the total 
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cross-section for photodissociation (58.4). The elastic scattering cross-section is of a higher order (~e 4 ) 
than the dissociation cross-section (~e 2 ; see (58.4)), and therefore cr t is equal to the dissociation 
cross-section. For the same reason, in the approximation considered, the scattering amplitude was found 
to be real for y < 1 (i.e. below the dissociation threshold). 


§61. Scattering by molecules 

The specific properties of molecular scattering are due to the same properties of 
molecules as form the basis of the theory of molecular spectra, namely the 
possibility of treating separately the state of the electrons with the nuclei fixed and 
the motion of the nuclei in a given effective field of the electrons. 

Let the frequency c o of the incident radiation be less than the energy c o e of the 
first electron excitation. Then the electron terms will not be excited in the 
scattering process. The scattering will be either Rayleigh scattering, or Raman 
scattering due to the excitation of rotational or vibrational levels. 

Let us further assume that the electron ground term of the molecule is not 
degenerate (and has no fine structure). That is, we assume that the total spin of the 
electrons and the component of their total orbital angular momentum along the axis 
of the molecule (for molecules of the symmetrical-top type) are both zero. 
For diatomic molecules this means that the electron ground term must be 1 2. 
These conditions are known to be satisfied for the ground states of most mole¬ 
cules.t 

Finally, we shall assume the frequency c o large compared with the intervals in 
the nuclear (rotational and vibrational) structure of the ground term, and the 
difference o) e - co to be in a similar relation to the nuclear structure of the excited 
term. Thus the frequency of the incident radiation must be sufficiently far from 
resonances. These conditions make it possible, in calculating the scattering tensor, 
to ignore at first the motion of the nuclei and to discuss the problem with a given 
configuration of the nuclei. 

In such a problem, the scattering tensor is the same as the polarizability tensor, 
a ik = (Cifc)n, and can in principle be calculated from the general formula (59.17), in 
which the summation is over all excited electron terms. The quantities a ik thus 
obtained will be functions of the coordinates q of the nuclear configuration (the 
energies and wave functions of the electron terms depend on these coordinates as 
parameters). Since the state is not degenerate, the tensor a ik (q) is real, and 
therefore symmetrical. 

The tensor a ik (q) is the electronic polarizability of a given nuclear configuration 
in the molecule. To solve an actual problem of scattering, we have also to take into 
account the motion of the nuclei in the initial and final states. Let i// Sl (q) and i// S2 (q) 
be the nuclear wave functions of these states, s i and s 2 being the sets of vibrational 
and rotational quantum numbers. The required scattering tensor is the matrix 

t The results given below are, however, valid (to a certain approximation) also for cases where 
degeneracy of the electron ground term is due to a non-zero spin, the spin-orbit interaction being small 
(so that the resulting fine structure may be neglected). In this approximation, states with different spin 
directions do not combine, and in this sense they behave as if they were not degenerate. The molecule 
O 2 , with ground term 3 X, is of this type. 


QE4 - Q 
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element of the tensor a, k (q) with respect to these functions: 

<s 2 |«ijc|si) = J if>T 2 (q)a ik (q)il> Sl (q) dq. (61.1) 

Because the tensor a ik (q ) is symmetrical, so is the tensor (61.1) (whether Sj and s 2 
are the same or not). Thus we conclude that, under the conditions stated, there will 
be no antisymmetric part in either Rayleigh or Raman scattering. The scattering 
will include only scalar and symmetric parts. 

The scalar part a°(q) of the polarizability is independent of the orientation of 
the molecule, and depends only on the internal configuration of the atoms within it. 
Let v denote the set of vibrational quantum numbers of the molecule, and r the set 
of rotational numbers other than the magnetic number m. Then the matrix elements 
are 


<i>2r2ffi 2 |a 0 |t>iriini> = <t>2|a 0 |ui>V 2 5 mim2 . (61.2) 

The diagonality with respect to the numbers r and m is true of any scalar. The 
particular property of (61.2) is that here the elements do not depend on these 
numbers at all. Thus the scalar scattering occurs only for purely vibrational 
transitions and does not depend on the rotational state. 

The symmetric scattering is determined by the matrix elements of the tensor 
af k . Its components in a fixed coordinate system xyz are expressed in terms of the 
components dp k > in a system moving with the molecule by 

a ik = 2 Ui'k'Di'iDk'k, (61.3) 

i', k' 

where the D ri are the direction cosines of the new axes relative to the old. The 
quantities do not depend on the orientation of the molecule, and the Da do not 
depend on the internal coordinates. Hence 

{V2r2m 2 jat k jv l r l mi) = ^ <«2|aMt>i><r2m 2 |DiA*|rimi>. 

The sum of the squared moduli of these quantities over r 2 , m 2 , i, k is easily seen to 
bet 


t 


2 y, |(t) 2 r 2 m2|af( l |tJir 1 mi)| 2 = 2 |(tf 2 |aMt>i>| 2 . 

■v. tic V b' 


In transforming the sum we use the equation 


(61.4) 


5 


2 (rim\\DnD k g\r2m2)(r 2 m2\DivDkg'\r\mi) 
r 2> m 2 



DiiDkgDu'Dkg' mmi 


^ — (rimi|8/r8gg'|rimi) — 8ir8 gg ', 


which expresses the unitarity of the matrix £>,*. 
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This means that the total intensity of scattering with transitions from a given 
vibrational-rotational level v u n to all rotational levels of the vibrational state v 2 is 
independent of r } . 

For molecules of the symmetrical-top type, we can go further and derive a 
relation between the scattering intensity and the rotational quantum numbers for 
every transition Viri-> v 2 r 2 . In this case the numbers r are the angular momentum J 
and its component k along the axis of the molecule. We replace the Cartesian 
components of a? k by the corresponding spherical tensor of rank two, denoting its 
components by a A (A = 0, ±1, ±2). According to QM, (110.7), the squared moduli of 
its matrix elements are 


|<i> 2 J 2 fc 2 m 2 |a x |v 1 J 1 k 1 mi }| 2 

= (2/ 1 + lX2J !+ l)(_£ 2 £)’(_£ l ''j’ltek'K)!’, 

where a A (q) is the spherical polarization tensor relative to axes fixed in the 
molecule, and A' = k 2 - k\. Summing over m 2 and A = m 2 — m x (with m fixed), we 
obtain (cf. QM, (110.8)) 


2 \{v2J2k 2 m 2 \a x \vJ l k l my)\ 2 = (2J 2 +l)^ ^ 1 J|<t) 2 |a A ’|tJi)| 2 . (61.5) 

This quantity determines the intensity of scattering with the vibrational-rotational 
transition VyJ\k\-> v 2 J 2 k 2 . Since the matrix elements (v 2 \a k ]v\) do not depend on the 
rotation of the molecule, this also defines the dependence of the intensity on J u J 2 
and on k u k 2 . The right-hand side of (61.5), it may be noted, involves only one 
spherical component of the polarizability tensor. 

Summation of (61.5) over J 2 and k 2 gives! 


2 2 |<t> 2 J 2 fc 2 m 2 |a A |t>iJ 1 fcim 1 >| 2 = 2 IHaA-M 2 , 

A J 2 ,k 2 ,ni2 A' 


and we return to the sum rule (61.4). 

A special case of the symmetrical top is the rotator, a linear molecule (or, as a 
particular instance, a diatomic molecule). The angular momentum component along 
the axis of such a molecule is zero (in a non-degenerate electronic state with zero 
electronic orbital angular momentum).! In this case, therefore, we must put 
ky = k 2 = Oin (61.5). 

Finally, let us consider the question of the selection rules in vibrational Raman 


t In the summation over J 2 with given k\, A' (and k 2 = k\ + A'), we have 


£ (2j2+1) (-£ 


2 

A' 



= 1 


according to QM, (106.13). The summation over k 2 (or, equivalently, over A' = k 2 -ki) is then effected 
for given k i. 

$ Here we do not include effects due to the interaction between the vibrations and the rotation of the 
molecule (see QM, §104). 
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scattering, together with the cognate question of vibrational emission (or ab¬ 
sorption) spectra of molecules.! 

For scattering, the problem is simply to find the conditions under which there 
are non-zero matrix elements of the tensor a ik (q) with respect to the vibrational 
wave functions i(/ v (q); the scalar a 0 (for scalar scattering) and the irreducible 
symmetrical tensor a s ik (for symmetric scattering) have to be considered separately. 
A corresponding role in emission (or absorption) is played by the matrix elements 
of the vector d(q), the dipole moment of the molecule averaged over the electronic 
state with a given position of the nuclei. This has already been stated in §54 for 
diatomic molecules. 

The vibrations of a polyatomic molecule are classified according to types of 
symmetry, the irreducible representations D a of the corresponding point group, 
where a numbers the representation (see QM, §100). These representations also 
define the symmetry of wave functions of vibrational states of the molecule (see 
QM, §101). The symmetry of the wave functions of the first vibrational state 
(quantum number v a = 1) is the same as the symmetry D a of the vibration type; the 
symmetry of the higher states ( v a > 1) is given by the representations [D v a a ], which 
are symmetric products of v a representations D a . Finally, the symmetry of states in 
which different vibrations a and b are simultaneously excited is given by the direct 
product [D v a a ] x [D v b b ].$ The selection rules for the various quantities (scalar, vector, 
tensor) with respect to types of symmetry are found as described in QM, §97. 

The selection rules resulting from the symmetry properties of the molecule are 
rigorous. There are also approximate rules based on the assumption that the 
vibrations are harmonic and that the functions a ik (q ) or d(q) can be expanded in 
powers of the vibrational coordinates q. These are a consequence of the known 
selection rule for a harmonic oscillator, according to which the matrix elements of 
the oscillator coordinate q are zero except for transitions in which the change in 
the vibrational quantum number Av = ±1. 


§ 62. Natural width of spectral lines 

So far, in the study of emission and scattering of radiation, we have regarded all 
the levels of the system (an atom, say), as being strictly discrete. But in fact excited 
levels have a certain probability of decay by emission, and therefore a finite 
lifetime. According to the general principles of quantum mechanics, this has the 
result that the levels become quasi-discrete, with a certain small but finite width 
(see QM, §134); they can be written in the form E-\iT, where T(=T/ft) is the total 
probability (per unit time) of all possible processes of “decay” of the state 
concerned. 

Let us consider how this situation affects the process of emission (V. Weisskopf 
and E. Wigner, 1930). It is evident that, because of the finite width of the levels, the 
emitted radiation will not be strictly monochromatic: its frequencies will be spread 

t These spectra lie in the infra-red, and are usually observed as absorption spectra. 

$ The symmetry properties of the vibrational wave functions are, of course, independent of the 
specific form of the vibrational potential energy, and in particular are independent of the assumption 
made in QM, §101, that the vibrations are harmonic. 
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over a range Aco ~ T (= T/ft). But, in order to measure the frequency distribution of 
the photons with this accuracy, the time needed is T > 1/Aco ~ 1/r. During this time 
the level will almost certainly decay by emission. We therefore have to deal with 
the determination of the total probability of emission of a photon of a given 
frequency, not with the probability per unit time. We shall calculate this total 
probability, first of all, for a transition of an atom from some excited level E\ - 51 T 1 
to the ground level E 2 , which has an infinite lifetime and is therefore strictly 
discrete. 

Let be the wave function of the atom and the photon field, and H = H (0) + V 
the Hamiltonian of the system, where V is the atom-field interaction operator. We 
shall seek a solution of Schrodinger’s equation 

i ^ = (H (0> + V)V (62.1) 

at 

in the form of an expansion in terms of the wave functions of the unperturbed 
states of the system: 


¥ = 2 aAtWT = 2 a„(0 e~ a ^. 

v v 


(62.2) 


For the coefficients a„(t) we obtain the equations 

i = 2 <H VkK- exp{i(«p„ - (62.3) 

01 v > 

Let \v) be a state with energy % V = E 2 + co, in which the atom is at the ground 
level E 2 and there is one quantum with a definite frequency or, this state will be 
symbolized by |co2). At the initial instant, the system is in the state 11), the atom 
being excited to the level E u with no photons present. Thus, for t = 0 we must have 

ai=l, a v = 0 for |i/> 7 * |1). (62.4) 

The solution of equation (62.3) with this initial condition will give (with the 
appropriate normalization of the wave functions) the probability that at time t there 
has been a transition 1 ->2 of the atom with emission of a photon in the frequency 
range dco: it is |a w 2 (0 | 2 dco. We are interested in the ultimate probability as t 

dw = |a w2 (°°)| 2 dco. (62.5) 

In order to clarify the problem, it may be recalled that, in finding the ordinary 
emission probability (per unit time) with a transition l -*2 (neglecting the level 
width), equation (62.3) has to be solved with all the a v (t ) on the right-hand side 
replaced, to a first approximation, by the values (62.4). The solution thus obtained 
is then examined for large f; cf. QM, §42. We can now describe this procedure 
more precisely; it relates to times short in comparison with the lifetime of the 
excited level, and the large values of t concerned are large compared with 
l/(Ei - E 2 ) but small compared with 1/T x . 
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In our present case, where times comparable with 1/ri are considered, the 
function ai(f) decreases in time according to 

ai(t) - (62.6) 

The functions a v (t) for states \v f ) which can result from emission by the atom 
increase with time, however. If the transition from a given level E x can occur to 
various atomic levels (as well as to E 2 ), there will be many increasing functions 
a v (0, each corresponding to a state in which the atom is at a certain level and there 
is one photon with the appropriate energy. Nevertheless, there still remains on the 
right of (62.3) only the term with \v') = \l): since the matrix elements are zero 
except for transitions in which the number of photons with some one energy 
changes by 1, they are certainly zero for transitions between states containing one 
photon each, with different energies. 

Thus we have for a w2 (f) the equation 

= 2|V| 1 >e i<E2+a, “ E,) 'a 1 

= <a»2| V|l)exp{i(« - <o n )t (62.7) 

where q) 12 = E x - E 2 . Integration, with the condition a w2 (0) = 0, gives 


a« 2 = MV|l> 


1 - exp{i(cu - Co 1 2 )t - \T x t} 
co — cuj 2 + 2 iFj 


(62.8) 


Hence the probability dw (62.5) is 


dw - |(co2| V|l) 2 


_ doj 

(co — coi 2 ) 2 + \T\ 


Since the width Ti<^coi 2 , we can put co = coi 2 in the factor |(co2|V|l)| 2 . Then the 
quantity 2tt|<co2| V| 1>| 2 is the ordinary probability (per unit time) for the emission of 
a photon with frequency c o x2 and other properties besides the frequency, such as 
the direction of motion and the polarization, whose existence has so far been 
ignored in order to simplify the notation. The dependence of the probability on 
these characteristics is entirely determined by the factor |<co2|V|l)| 2 . Thus the 
allowance for the level width does not affect the polarization properties or the 
angular distribution of the radiation. 

The sum 


r^ 2 = 277 ^ |(co2| V|l)| 2 , 


(62.9) 


taken over the polarizations and directions of motion of the photon, is the usual 
total probability of emission. It is also the part of the width of the level E x (the 
partial width) which is due to the transition 1 2, as distinct from the total width 
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T u which is made up of contributions from all possible modes of “decay” of the 
quasi-stationary state considered.! 

By a similar summation of the probability dw, we obtain the following final 
formula for the frequency distribution of the emitted radiation: 


dw = w t 


T i_ dco 

2lT (ci> 12 — Co) 2 + IF}’ 


(62.10) 


where w t = T ^/Ti is the total relative probability of the transition 1 2. This is a 

dispersion-type distribution. The shape of the spectral line that is given by formula 
(62.10) is that which occurs for an isolated atom at rest, and is called the natural 
shape.! 

Now let the level E 2 of the atom be also an excited level with a finite width T 2 . 
We shall assume for simplicity that this width is due to transitions of the atom to 
the ground state E 0 with the emission of one photon; the final result (62.12) will not 
depend on this assumption. The decay of state 1 can then be regarded as an 
emission of two photons, discussed in §59. The matrix element for this process (not 
yet taking account of the finite lifetime of state 2) is 


<coo/0|V (2) |l> 


(cucu / 0lVlcu2)(cu2lVll) , 
Eq — E 2 co' -H iO ’ 


(62.11) 


the state 2 in (59.2) becomes state 0, and in the sum over n the only remaining term 
corresponding to the atom in state 2 is the one which is large by resonance when co' 
is close to E 2 - E 0 . If we now take account of the finite lifetime of state 2, this 
simply changes E 2 into E 2 -\iT 2 in (62.11), giving 


<oko'0|V (2) |1> 


<cucu , Q|V|cu2)(cu2lVll) 
Eq — E 2 + to' + 2 iT 2 


Substituting this value of the matrix element in the equation for a ww2 (t) (which 
differs from (62.7) only as regards notation), we obtain by a derivation exactly 
similar to that of (62.8) 


(coco'0|y|co2)(co2|y|l) 

(co' — Co 2 o + 2 iT 2 )(co + c o' — cu io + i) 


The probability of emission of the photons co and co' is 


dw = |a WW ' 0 (°°)| 2 dco dco' 

_ ri-> 2 r 2 ^o _ dco dco' _ 

2tt 2tt [(co' — co 2 o) 2 + |r 2 ][(co + co' — coio) 2 + Iri] 


(62.12) 


t Formulae (62.6) and (62.9) can, of course, also be obtained by solving the equation for ai(t) 
analogous to (62.7). 

We may note that transitions to states of the continuous spectrum, causing a finite level width, do not 
necessarily involve the emission of photons. Highly excited (X-ray) levels can decay with emission of an 
electron and formation of a positive ion in the ground state (the Auger effect). 

$ As distinct from the broadening caused by the interaction of the atom with other atoms (collision 
broadening) or by the presence of atoms in the source which move with various velocities (Doppler 
broadening). 
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This expression has sharp peaks at oj ' ~ co 20 and at oj ~ coi 2 , as it should. 

The shape of the spectral line corresponding to the transition 1 —> 2 is obtained 
by integrating (62.12) with respect to co'; the range of integration can extend from 
-oo to +°°. The integral is most simply calculated by closing the contour of 
integration with an infinite semicircle in the upper half of the complex w'-plane, and 
is given by the sum of the residues of the integrand at the poles 

Ct)' = Ct) 2 o “I" 2 iF 2 , Cl)' = Ci>io — OJ + \ iFj. 


The result is 


Ti + T 2 do) 

277 ((o-o^+Kr. + rv) 2 ’ 


(62.13) 


where w t = T^T^o/r^ is the total probability of the double transition 1 —> 2 —> O.t 
The line shape (62.13) differs from (62.10) only in that is replaced by Ti + T 2 : 
the line width is equal to the sum of the widths of the initial and final states. 

The line width is not, in general, equal to the probability T^ 2 of the transition 
l-»2 itself, i.e. is not proportional to the line intensity as in the classical theory. 
Since Ti + T 2 > T^ 2 , the line can have a large width with a relatively small intensity. 


§63. Resonance fluorescence 

The allowance for the finite width of the levels in problems of radiation 
scattering is important when the frequency c o of the incident radiation is close to 
one of the “intermediate” frequencies oj n \ or co 2n ; this is called resonance fluores¬ 
cence (V. Weisskopf, 1931). 

Let us consider Rayleigh scattering by a system (an atom, say) in the ground 
state, so that the initial and final levels are the same and are strictly discrete. Let 
the frequency of the radiation be close to a certain frequency oj h u where the level n 
is an excited level and is therefore quasi-discrete. 

This problem could be solved by the method shown in §62, but there is no need 
to do so, since it is exactly analogous to the problem of non-relativistic resonance 
scattering at a quasi-discrete level (QM, §134). According to the results derived 
there, the scattering amplitude must contain a pole factor 

_ 1 _ 

(o-(E„ -|iT„ - Ei)’ 

When |Co - co n j| >T n , on the other hand, the result must tend to the non-resonance 
formula (59.5). It is therefore clear that the required scattering cross-section is 
obtained by simply replacing E n by E n - 2 iT n in (59.5); the sum over n can be 

t In more complex cases, w f is the total probability of all cascades which begin with the transition 
1 2 and finish at the level 0. 
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dor = 


2 (d 2 „ • e'*)(d„i • e) 

M„ __ 

(C0 n i — CO) 2 + 4r 2 


co 4 do '. 


(63.1) 


The summation is over all states (having different angular-momentum components 
M n ) corresponding to the resonance level E n \ the states 1 and 2 belong to the same 
level (the ground level), but may differ in the values M { and M 2 . 

The cross-section (63.1) has its maximum value when co = co n i, and this value is, 
in order of magnitude, cr max ~ co 4 d 4 IT 2 n . Since the probability of the spontaneous 
transition n -> 1, and hence the width T n , ~co 3 d 3 , this value is 

cr m ax~ 1 /w 2 ~A 2 , (63.2) 

of the order of the square of the wavelength and independent of the fine structure 
constant, as compared with typical values ~r 2 outside the resonance region. 

It must be emphasized that, since the atom is at a strictly discrete level (the 
ground level) before and after the scattering, the frequencies of the primary and 
secondary photons are exactly the same. If the incident radiation is mono¬ 
chromatic, the scattered line will therefore be monochromatic also. If the incident 
radiation has a spectral intensity distribution I(a>) which varies only slightly over 
the width T n , the intensity of scattered radiation will be proportional to 


I(cu n i) dco 
((O — (L> n \) 2 + \T 2 n 


(63.3) 


Thus the shape of the scattered line will be the same as the natural shape for 
spontaneous emission from the level E n . 

The cross-section (63.1) corresponds to the scattering tensor 


(Cik) 21 


2 (dihn(d k )nl 
M„ _^_ 

to„i - (l) -2iIY 


In particular, the polarizability tensor is 


a,k = (c i k ) 


2 (di)Udk)nl 

Mn _ r __. 

(Onl ~ C0 -2lT n * 


(63.4) 


(63.5) 


It can be seen immediately that the addition of an imaginary part to the energy 
levels of the intermediate excited states makes the polarizability tensor no longer 
Hermitian, even at frequencies below the ionization threshold. It contains an 
imaginary part which is directly related to the absorption of radiation. 

After absorbing a photon, the atom will sooner or later return to the ground 
state, emitting one or more photons. The absorption cross-section, viewed in this way, 
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is just the total cross-section a t for all possible scattering processes.! On the other 
hand, according to the optical theorem (59.25), the cross-section can be expressed in 
terms of the anti-Hermitian part of the polarizability tensor. 

Substituting in (59.25) the tensor a ik from (63.5), we find the following formula 
for the cross-section for absorption of a photon with frequency w close to (o n \: 


(Ta = 47 t 2 2 |d 


nl 


• e| 2 co 




7r[(cU 


(Onlf + lp2 


TIY 


(63.6) 


In the limit as T n -»0, the last factor tends to the delta function 6(co - co n i), in 
accordance with the fact that in this case only a photon having one particular 
frequency can be absorbed. Let radiation with a spectral and angular energy flux 
density I ke (cf. (44.7)) be incident on the atom. Then the flux density of number of 
photons is (I ke /co) da) do , and the probability of absorption is 


dw a = ^(Ifce/cu) d(0 do. 


(63.7) 


If the function I ke (co) varies only slightly over the width T n , then we have after the 
integration over frequencies 


dw a = 47r 2 2 |d„i • e| 2 I ke (cu n i) do. 


According to (45.5), 


dw s 


, = ^E|dn. 

27 T m 


p *|2 


do 



is the probability of spontaneous emission of a photon having the frequency c o n u 
thus we return to formula (44.9). 


f This discussion, it must be emphasized, refers to absorption by a system in its stable ground state. 
The problem would have to be stated differently for an excited state, because of the finite duration of 
the experiment. 
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§ 64. The scattering amplitude 

The general problem concerning collisions is to find, for a given initial state of the 
system (an assembly of free particles), the probabilities of various possible final 
states (other assemblies of free particles). If | i) denotes the initial state, the result 
of the collision can be represented as the superposition 

X \M\S\i), (64.1) 

/ 

in which the summation is taken over the various possible final states |/). The 
coefficients in this expansion (/|S|i) (or, more concisely, S/,-), form the scattering 
matrix or S-matrix. The squares |S/;| 2 give the probabilities of transitions to 
particular states |/). 

If there were no interaction between the particles, the state of the system would be 
unchanged, corresponding to a unit S-matrix (absence of scattering). It is con¬ 
venient to separate this unit matrix in all cases, writing the scattering matrix in the 
form 


S fi = 8 fi + i(2ir) 4 8 (4) (P f - Pi)T fh (64.2) 

where T fi is another matrix. In the second term we have written separately the 
four-dimensional delta function which expresses the law of conservation of the 
4-momentum (P t and P f being the sums of the 4-momenta of all the particles in the 
initial and final states); the other factors are included for subsequent convenience. 
In the non-diagonal matrix elements, the first term in (64.2) does not appear, and so, 
for the transition i -»/, the elements of the matrices S and T are related by 

= i(2n) 4 8 (4) (Pf - Pi)T fi . (64.3) 

The matrix elements T fi which remain after separation of the delta function will be 
called the scattering amplitudes. 

When the moduli |S/j| are squared, the square of the delta function appears, and 
is to be interpreted as follows. The delta function comes from the integral 

8 (4> (P, - P,) = ~-j 4 f e i(p '- p ‘ >x d 4 x. (64.4) 

If another such integral is calculated with Pf = P, (since one delta function is 
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already present), and if the integration is taken over some large but finite volume V 
and a time interval t, the result is Vt/( 27 r) 4 .f Thus we can write 


|S/i| 2 = (2t7) 4 8 (4) (P/ - Pi)|T}i| 2 Vf. 


Dividing by t, we obtain the transition probability per unit time: 

= (2tt) 4 8 (4 \P^- Pi)\T fi \ 2 V. (64.5) 

Each of the free particles, initial and final, is described by its own wave 
function—a plane wave having some amplitude u (a bispinor for an electron, a 
4-vector for a photon, and so on). The structure of the scattering amplitude T fi is of 
the form 

T fi = wf wf .. .Qu\U2 ..(64.6) 

where on the left we have the amplitudes of wave functions of final particles, and 
on the right those of initial particles; Q is some matrix relating to the indices of the 
wave amplitude components of all the particles. 

The most important cases are those where the initial state comprises only one 
or two particles. Then we have respectively the decay of one particle or the 
collision of two particles. 

Let us first consider the decay of a particle into any number of other particles 
having momenta p^, in an element n d 3 p' a of momentum space; the suffix a labels 
the particles in the final state, so that 2 p ' a = P f . The number of states in this element 
and in the normalization volumet V is 

n v d 3 P 'j(2TT?. 


The expression (64.5) must be multiplied by this quantity: 

dw = (277) 4 8 <4) (P / - P,)|T / ,| 2 V n (64.7) 

The wave functions used in calculating the matrix element must be normalized 
to “one particle in the volume V”. For an electron, e.g., the wave function is the 
plane wave (23.1); for a particle with spin one it is (14.12); for a photon it is (4.3). 
All these functions include the factor l/V(2eV), where e is the energy of the 
particle. Henceforth, however, it will be convenient to omit such factors in the 
wave functions, and include them in the expression for the probability. Thus the 

t This can be shown in a different way by first calculating the integral over each coordinate in (64.4) 
for a finite range and then making the limits tend to infinity by means of QM, (42.4): 

.. sin 2 a£ */ v 

lim —-—2— = 718(0;). 


t For greater clarity, in the calculations in this section, we shall not take V to be unity. 
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i fj = ue 


uu = 2m, 


(64.8) 


and the photon wave 


A = V(4ir)ee lkx , ee*=-l, ek = 0 . 


(64.9) 


The scattering amplitude calculated with these functions will be denoted by M fi 
to distinguish it from T fi . Evidently 


rri _ _ iVffi _ 

fi ~ (2eV...2 eiV...) 1 ' 2 ’ 


(64.10) 


the denominator contains one factor V( 2 eV) for each initial or final particle. 
In particular, the decay probability is, instead of (64.7), 




(64.11) 


where e is the energy of the decaying particle; as we should expect, the nor¬ 
malization volume does not appear in this formula.f 

Formula (64.11) can be given a more definite form by eliminating the delta 
functions, if the decay produces two particles (with momenta pj, P 2 and energies ej, 
£ 2 )- In the rest frame of the decaying particle pj = - P 2 = p\ ei + £2 = m. We have 

dw = (2^yl M/i l 2 2m S( p i + p 2>5CeJ + e 2 — m) cf 3 p5 d 3 p' 2 . 

The first delta function is eliminated by integration over d 3 p 2 , the differential d 3 p [ 
is written as 


d 3 p' = p' 2 d|p'| do 


Ip'I do 


e[ejd(e\ + eQ 
ei + £2 


(64.12) 


The validity of this is easily seen by noting that e| 2 - mi 2 = ef- mj 2 = p' 2 . The 
integration over £1 + 82 eliminates the second delta function, and the result is 


dw 


1 

32ir 2 m 2 


\M fi \y\ do*. 


(64.13) 


Let us now consider a collision of two particles (having momenta pi and p 2 and 


t If the final particles include N which are identical, a factor 1/N! must be inserted when integrating 
over their momenta to obtain the total probability; this factor takes into account the identity of states 
which differ only by an interchange of the particles. 
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energies e i and e 2 ), in which they are transformed into any number of particles 
having momenta pi. Instead of (64.11) we now have 

- poim„p ^ n 

The quantity that is of interest in this case is, however, not the probability but 
the cross-section da. The cross-section invariant under the Lorentz transfor¬ 
mations is obtained from dw on dividing by 


j = I/Ve 182, 


(64.14) 


where I denotes the 4-scalar 


I = V[(p ]P2 ) 2 -m 2 ,mty, (64.15) 

see Fields , §12.f In the centre-of-mass system (pi = - p 2 = p) 

I = |p|Oi + £ 2 ), (64.16) 


so that 



V\ + v 2 

V 9 


(64.17) 


which is the same as the usual definition of the flux density of colliding particles, 
and v 2 being their velocities^ Thus the cross-section is 


da = (2ir) 4 8 (4) (Pf 


■ p i)\ M fi\ 2 4I II ( 2w )?2 e '• 


(64.18) 


This formula can be put into its final form by eliminating the delta function for 
the case where in the final state also there are only two particles. Let us consider 
the process in the centre-of-mass system, and let e = £1 + e 2 = s[ + e 2 be the total 
energy; pi = -p2 = p and pj = -p2 = p' be the initial and final momenta. The delta 
function is eliminated in the same way as in the derivation of (64.13), and the result 

f For future reference, another form of I is 

I 2 = i[s - (mi + m 2 ) 2 ][s - (mi - m 2 ) 2 ], (64.15a) 


where s = (p, + p 2 ) 2 . 

t In an arbitrary frame of reference, 


J = y V[(Vl- 


v 2 ) 2 (vi x v 2 ) 2 ]. 


This expression is the same as the ordinary flux density whenever vi is parallel to v 2 ; then j = |vi - v 2 |/V. 
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is 


<64 - 19) 

in the particular case of elastic scattering, where the nature of the particles is 
unchanged in the collision, |p'| = |p|. 

This formula can be written in yet another form by using the invariant quantity 

t = (Pi-pI) 2== m?+ mi 2 -2(pipi) 

= m?+ mi 2 -2eiei + 2|pi||pj| cos 6 , (64.20) 

where 6 is the angle between pi and pi. In the centre-of-mass system the momenta 
|pi| = |p| and |pj| = |p'| are determined only by the total energy e, and when s is 
given we have 


dt = 2|p||p'| d cos 6. 


Hence, in (64.19), 


do' = 


- dxj)d cos 0 = 


dcf)d(-t) 

2 IpIIp1 


where 4> is the azimuth of pi relative to pi.t Thus 


da — 


1 

6477 




2 dt d(j> 
1 2 277’ 


(64.21) 


(64.22) 


where I is again the invariant (64.16). The azimuth and therefore the cross- 
section in the form (64.22), are invariant under those Lorentz transformations 
which do not change the direction of relative motion of the particles. If the 
cross-section is independent of the azimuth, formula (64.22) takes the particularly 
simple form 


?$. (64.23) 

If one of the colliding particles is sufficiently heavy (and its state is unaltered by 
the collision), it acts only as a fixed source of a constant field in which the other particle 
is scattered. Since the energy (though not the momentum) of the system is conserved 
in a constant field, in this treatment of the collision process we can write the S -matrix 
elements in the form 


S fi = i • 2ir8(E f - Ei)T fi . (64.24) 

t Since the correct sign of the differential in such cases is obvious, we shall henceforward write 
simply dt for d(-t), and so on. 
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In the expression |S//| 2 , the square of the one-dimensional delta function must be 
interpreted as 


mEf-Edf^SiEf-Edt. 

ATT 

Now, as in the derivation of (64.11), we change to the amplitude M fi instead of T fi , 
and obtain the following expression for the probability of a process in which one 
particle is scattered in a constant field and produces in the final state a certain 
number of other particles: 


Here e (= Ej) is again the energy of the initial particle, p' a and e' a the momenta and 
energies of the final particles. The scattering cross-section is found by dividing dw 
by the flux density j = vlV , where v = |p|/e is the velocity of the particle that 
undergoes scattering. The normalization volume again disappears, and the result is 

^ = (64.25) 

In the particular case of elastic scattering, there is only one particle in the final 
state, with the same energy and the same momentum (in absolute value). Writing 

d 3 p'-*p' 2 d|p'| do ' = |p'|e' de f do ' 

and eliminating 8(e' — e) by integrating with respect to e', we find the cross-section 
in the form 


dcr = tt —2 \M f i \ 2 do’. (64.26) 

1077 

Finally, if the external field is time-dependent, such as the field of a system of 
particles executing a given motion, the S-matrix also lacks the delta function of 
energy. Then S fi = iT fi and, after the change from T fi to M fi by (64.10), the 
probability of (e.g.) a process in which the field creates a given set of particles is 

(64 - 27 > 


§65. Reactions involving polarized particles 

In this section we shall show by means of simple examples how the state of 
polarization of the particles concerned in the reaction is taken into account when 
calculating the scattering cross-section. 
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Let there be one electron in the initial state and one in the final state. Then the 
form of the scattering amplitude is 


Mfi = u'Au (= u'iA ik u k ), 


(65.1) 


where u and u’ are the bispinor amplitudes of the initial and final electrons, and A 
is some matrix, which depends on the momenta and polarizations of the other 
particles (if any) which take part in the reaction. 

The scattering cross-section is proportional to \M fi \ 2 , and 


wheref 


Thus 


(m'Am)* = w'y°*A*w* 
= w*A + y 0+ w' 
= UAu\ 


A = 7 °A V- 

\M fi \ 2 = (u' Au)(uAu f ) 

= UiU k A kl UiU m A mi . 


(65.2) 


(65.3) 


If the initial electron is in a mixed (partially polarized) state with density matrix 
p, and if we wish to find the cross-section for a process in which the final electron 
is in a specified polarization state p', the products of the bispinor amplitude 
components must be changed as follows: UiU k -* p\ k , W/W m ->p/ m . Then 

\M fi \ 2 = tr (p'ApA). (65.4) 

The density matrices are given by formula (29.13): 

P = i(yp + m)( 1 - y 5 (ya)) (65.5) 

and similarly for p'. 

If the initial electron is unpolarized, then 

P=kyP + m). (65.6) 


Substituting this expression is equivalent to averaging over the polarizations of the 
electron. If it is desired to determine the cross-section for scattering with any 


t Since the matrix A has to be constructed, we shall note here, for future reference, the following 
easily verified equations: 


y ' 1 = y*, y V • • • y p = y p • • • y 
V = - y 5 , y V = y V* 


(65.2a) 


QE4 - R 
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polarization of the final electron, we must also put p' = iiyp' + m), and double the 
result; this operation is equivalent to summation over the polarizations of the 
electron. Thus we have 

2 2 |M/i| 2 = 2 tr {yp' + m)A(yp + m)A}, (65.7) 

polar. 

where the sum is taken over initial and final polarizations, and the factor { converts 
one summation into an averaging. 

The density matrix p' in (65.4) is a secondary quantity which essentially 
represents the properties of the detector as selecting one or the other polarization 
of the final electron, not the properties of the scattering process as such. There is 
the question of the polarization state of the electron resulting from the scattering 
process itself. If p V) is the density matrix of this state, then the probability of 
detecting an electron in the state p' is obtained by projecting p V) on p', i.e. by taking 
the trace tr (p^ p'). This will be proportional to the corresponding cross-section, i.e. to 
|M/i| 2 . A comparison with (65.4) shows that 

pW-ApA. (65.8) 

Since we know that p (/) must have the form (65.5) with some 4-vector a^, we need 
only determine the latter. This could be done by means of formula (29.14), but it is 
even simpler to proceed as follows. 

We have seen in §29 that the components of the 4-vector a can be expressed in 
terms of those of the 3-vector £ which is (twice) the mean value of the electron spin 
in its rest frame. The polarization states of the electrons are entirely determined by 
these vectors, and it is convenient to express the scattering cross-section also in 
terms of them. The square \M fi \ 2 will clearly be linear in each of the vectors £ and 
which relate to the initial and final electrons, and its form as a function of £' will be 

\M fi \ 2 =a + p-£, (65.9) 

where a and (3 are themselves linear functions of £. 

The vector £' in (65.9) is the particular polarization of the final electron that is 
selected by the detector. The vector corresponding to the density matrix p^, is 
easily found as follows. According to the above argument, 

|M /i | 2 ~tr(p'p (0 ). 

Since this quantity is relativistically invariant, it may be calculated in any frame of 
reference. In the rest frame of the final electron we have, by (29.20), 

p'p (f) ~ (1 + <t • £')(! + a • 


Hence 


|M„| 2 ~1+£'•£», 
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= P la. (65.10) 

Thus the calculation of the cross-section as a function of the parameter £' also 
gives the polarization 

In more complex cases, when there is more than one initial or final electron, the 
calculations are similar to the foregoing. 

For instance, if there are two electrons both initially and finally, the form of the 
scattering amplitude is 


Mfi = (u f iAui)(u 2 Bu 2 ) + (^Cwi)(u;Du 2 ), 

where U\, u 2 are the bispinor amplitudes of the initial electrons, and u J, u 2 those of 
the final electrons. The square \M fi \ 2 includes terms of the forms 

\U]Aui\ 2 \u 2 Bu 2 \ 2 and (UiAuiXu^Bu^iu^Cu^iuiDu^. 

The former reduce to products of two traces like (65.4); the latter reduce to traces 
having the form 


tr (pJApi Cp 2 Bp 2 D ). 

Positrons are described by amplitudes with “negative frequency” w(-p). For 
reactions involving positrons, the only difference from the preceding analysis is 
that the expressions to be used for the density matrices differ from (65.5), (65.6) as 
regards the sign of m; cf. (29.16), (29.17). 

Let us now consider the polarization states of photons participating in the 
reaction. 

The polarization of each initial photon appears linearly in the scattering am¬ 
plitude in the form of a 4-vector e , and that of each final photon as e*. In each case 
the 4-tensor e^e* occurs in the cross-section (i.e. in the square \M fi \ 2 ). To obtain an 
arbitrary partially polarized state, this tensor must be replaced by the four¬ 
dimensional density matrix, the 4-tensor p^: 

e^v-^Pfiv (65.11) 

In particular, for an unpolarized photon, according to (8.15), 

p»v = 2gfiv (65.12) 

Thus averaging over polarizations of the photon is equivalent to contracting in 
\M fi \ 2 with respect to the corresponding two tensor indices p,, vA 

If summation over the photon polarizations is desired, not averaging, then we 

t The expression (65.12) as it were reduces the averaging over the two actually possible polariza¬ 
tions of the photon to one over the four independent directions of the four-vector e. 
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must replace e^e* by a quantity twice as large: 

e^e%-> -g^. (65.13) 

The density matrix of the polarized photon is given by formula (8.17). The 
choice of the 4-vectors e°\ e (2) which appear in this expression is usually governed 
by the particular conditions of the problem. In some cases they may be related to 
certain spatial directions in a given frame of reference; in other cases, it is more 
convenient to relate them to the 4-vectors which characterize the problem, namely 
the 4-momenta of the particles. 

In (8.17) the polarization of the photon is described by the Stokes parameters, 
which form the “vector” £ = (£i, &)• As with the electron, it is necessary to 

distinguish the polarization g (/) of the final photon as such from the polarization 
that is selected by the detector. If the square of the scattering amplitude is known 
as a function of the parameter 

|M/, | 2 = a + p • t', 

then the polarization £ V) = p/a, exactly as in (65.10). 


§ 66. Kinematic invariants 

Let us consider some kinematic relations for scattering processes in which 
there are only two particles, both in the initial state and in the final state. The 
relations in question are deduced from the general conservation laws alone, and are 
therefore valid for all particles and all laws of interaction. 

The law of conservation of 4-momentum, in a general form that does not specify 
which are the initial and which the final particles, is 

4i + 42 + 43 + 44 = 0. (66.1) 

Here ±q a are the momentum 4-vectors; two of them pertain to the incident 
particles and two to the scattered particles, the momenta for the latter being -q a . 
Thus for two of the q a the time component 4^>0, and for two 4a<0. 

The law of charge conservation must be satisfied as well as that of 4-momentum 
conservation. Here the charge may be interpreted not only as the electric charge 
but as any other conserved quantity whose sign is opposite for particles and 
antiparticles. 

For given types of particles concerned in the process, the squares of the 
4-vectors q a are the squares of the particle masses, which are fixed ( q 2 a =m 2 a ). 
Three different reactions occur, according to the values taken by the time com¬ 
ponents 4 ® and the values of the charges. These reactions may be written 


(I) 1 + 2 —> 3 + 4, 

(II) 1 + 3 —> 2 + 4, 

(III) 1 + 4-»2 + 3. 


( 66 . 2 ) 



§66 


Kinematic Invariants 


257 


Here the numbers refer to the particles, and the bar over a number denotes the 
corresponding antiparticle. The change from one reaction to another, i.e. the 
transfer of a particle to the opposite side of the formula, corresponds to a change in 
sign of the corresponding time component q° a and in the sign of the charge (i.e. a 
replacement of the particle by its antiparticle). The reactions inverse to (66.2) are 
also possible, of course. 

The three processes (66.2) are referred to as three cross-channels of a single 
general reaction. 

The following are some examples. If particles 1 and 3 are electrons, and 2 and 4 
are photons, then channel I represents the scattering of a photon by an electron; 
channel III is the same as channel I, since the photon is strictly neutral. Channel II 
is the conversion of an electron-positron pair into two photons. If all four particles 
are electrons, then channel I is the scattering of an electron by an electron, and 
channels II and III the scattering of a positron by an electron. If particles 1 and 3 
are electrons, and 2 and 4 are muons, then channel I is the scattering of e by p,, 
channel III the scattering of e by /I, and channel II the conversion of a pair ee into 
a pair fiji. 

In the discussion of scattering processes, the invariant quantities which can be 
constructed from the 4-momenta are particularly important. The invariant scatter¬ 
ing amplitudes are functions of these quantities (§70). 

Two independent invariants can be constructed from four 4-momenta, since, 
according to (66.1), only three of the 4-vectors q a are independent. Let these be q u 
q 2 , <? 3 - From them, six invariants can be constructed: the three squares qj, q 2 , q\ and 
the three products qiq 2 , qi<? 3 , ^ 2 ^ 3 - But the first three are the given squares of the 
masses, and the second three satisfy one relation which follows from the equation! 

(q t + q 2 + q } ) 2 = ql = ml 

In order to increase the symmetry it is, however, convenient to consider not 
two but three invariants, which may be taken as 

S = (qi + q 2 ) 2 = (<}3 + qdl ' 

t = (q, + q } ) 2 = (q 2 + q 4 ) 2 , ■ (66.3) 

u = (<Ji + qd 2 = (q 2 + ql) 2 ■ 

These are easily seen to be related by 

s + t + u = h, (66.4) 

where 

h = m i + m\ + mi + mi (66.5) 

f In the general case of a reaction involving n (>4) particles, the number of functionally in¬ 
dependent invariant quantities is 3 n — 10. There are altogether An quantities, the components of the n 
4-momenta q a , between which there are n functional relations ql= ml and four given by the con¬ 
servation law Xq a = 0. Arbitrary values can be assigned to six quantities, in accordance with the number 
of parameters which define the general Lorentz transformation (a general four-dimensional rotation). 
The number of independent invariants is therefore 4n-n-4-6 = 3n-10. 



258 


The Scattering Matrix 


§67 


In the principal channel (I), the invariant s has a simple physical significance. It 
is the square of the total energy of the colliding particles (1 and 2) in their 
centre-of-mass system (for pi + p 2 = 0, s = (£i + £ 2 ) 2 )- In channel II, the invariant t 
has a similar significance, and in channel III the invariant u. The three channels are 
therefore often called s, t and u channels. 

It is easy to express each of the invariants s, t and u in terms of the energies 
and momenta of the colliding particles in each channel. Let us consider the 5 
channel. In the centre-of-mass system of particles 1 and 2, the time and space 
components of the 4-vectors q a are 

Qi = Pi = (ei,p s ), 

<?3 = -p3 = (-e3,-pi), 


q 2 — p 2 — (£ 2 , p s ), 
Q4 Pa ( £4? Pi)? 


( 66 . 6 ) 


the suffix s in p s and p’ s indicates that these momenta refer to the reaction in the s 
channel. Then 


S £ $, Sg £ 1 "I"" £ 2 £ 3 ~£ 4 ? 

4sp 2 = [s- (mi + m 2 ) 2 ][s - (m 1 - m 2 ) 2 ], 

4sp' s 2 = [s - (m 3 + ra 4 ) 2 ][s - (m 3 - m 4 ) 2 ]; 

2 1 = h - s +4p 5 • p' s -^(m 2 - m 2 )(m 2 - m 4 ), 

2 u = h - s - 4p 5 * Ps + ~ (w 2 ~ m 2 7 )(ml - m 4 ). 

For elastic scattering (mi = m 3 , m 2 -m 4 ), we have |ps| = |pi|, and hence £i = e 3 , 
e 2 = £ 4 . Instead of (66.9), the simpler formulae 

t = ~(p, - p's) 2 = -2p 2 (l - cos 6 S ), 
u = -2p 2 (l -1- cos 6 S ) + (£1 - e 2 ) 2 

are then obtained, where 6 S is the angle between p s and p' s . The invariant -t is here 
the square of the (three-dimensional) momentum transfer in the collision. 

Similar formulae for the other channels are found by a straightforward change of 
notation. For the t channel we must interchange s and t, and 2 and 3, in 
(66.6)-(66.10); for the u channel, we interchange s and m, and 2 and 4. 


( 66 . 10 ) 


(66.7) 

( 66 . 8 ) 

(66.9) 


§67. Physical regions 

When considering the scattering amplitudes as functions of the independent 
variables 5 , t, u (which are related only by s + t + u = h), we encounter the need to 
distinguish regions in which their values are physically permissible from those in 
which they are not. Values which can correspond to a physical process of 
scattering must satisfy certain conditions which follow from the law of con- 
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servation of 4-momentum and the fact that the square of each of the 4-vectors q a is 
a given quantity ra 2 . 

The product of two 4-momenta 


PaPb ^ m a m b . 

Hence 

(q a + q b ) 2 = (p a + p b ) 2 5 = (m a + m b f, 
if Qa = Pa, cb = Pb (or q a = ~ p a , Qb = ~ Pb ); or 

(Q a + Qb ) 2 = (Pa - Pb ) 2 « (m a - m b ) 2 , 
if q a = p a , Qb = - Pb • Hence, for a reaction in the s channel, 

(mi + ra 2 ) 2 ^ s ^ (m 3 + m 4 ) 2 , 

(ra i - m 3 ) ^ t ^ (m 2 - m 4 ) 2 , 

(m i - m 4 ) 2 ^ m ^ (ra 2 - m 3 ) 2 , 


(67.1) 


(67.2) 


and similarly in the t and m channels. 

To determine the remaining conditions, we form a 4-vector L which is dual to 
the product of any three of the 4-vectors q a , say 

L^e^q^iql (67.3) 

In the rest frame of particle 1, say, we have q\ = (q° u 0). Then L has only the spatial 
components L f = eiouq^q^ql Thus L is a space-like vector, and L 2 ^ 0 in every frame 
of reference. Expanding L 2 , we obtain the condition 


<2? 

<2l<?2 






<?2<l3 

^0. 

(67.4) 

<23<2i 

Q3q2 

<?3 




This can be expressed in terms of the invariants 5, t, u in a form which is the same 
for all channels: 


stu ^ as + bt + cm, 


(67.5) 


where 


ah = (ra 2 ra 2 - ra 3 ra 4 )(ra 2 + ra 2 - m 3 - m 4 ), 
bh = (m 2 m 2 - ra 2 ra 4 )(ra 2 + ra 3 - ra 2 - m 4 ), 
ch = (m]ml - ra 2 ra 3 )(ra 2 + ra 4 - m 2 - ra 3 ) 


(67.6) 


(T. W. B. Kibble, 1960). 
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For a graphical representation of the regions of variation of s, t and u , it is 
convenient to use triangular coordinates in a plane, called the Mandelstam plane 
(S. Mandelstam, 1958). The coordinate axes are three straight lines which intersect 
to form an equilateral triangle. The coordinates s, t, u are measured along 
directions perpendicular to these three lines; the directions towards the interior of 
the triangle are reckoned positive, as shown by the arrows in Fig. 5. Thus each 
point in the plane has corresponding values of s, t and u which are represented 
(with the appropriate signs) by the lengths of the perpendiculars to the three axes. The 
condition 5 + t + u = h is satisfied on account of a known theorem of geometry, h 
being equal to the altitude of the triangle.t 

Let us consider the important case where the principal channel ( 5 ) corresponds 
to elastic scattering. Then the masses of the particles are equal in pairs: 

mi = m3 = m, m 2 = m 4 = p. (67.7) 

Let m > p. The condition (67.5) has 

h = 2(m 2 + /x 2 ), a = c= 0, b=(m 2 -p 2 ) 2 , 


so that 


sut ^ (m 2 - p 2 ) 2 t. (67.8) 

The boundary of the region defined by this inequality comprises the straight line 
t = 0 and the hyperbola 


su = (m 2 - p 2 ) 2 , 


(67.9) 


whose two branches lie in the sectors u <0, s <0 and s >0, u >0; the axes s = 0 


u=0 s=0 



t For example, if the point P in Fig. 5 is joined to the three vertices A, B, C of the triangle, the 
latter is divided into three triangles with altitudes s, t and u ; equating the sum of their areas to that of 
the triangle ABC, we obtain the required relation. The proof is similar when P lies outside the triangle 
ABC . 
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and u = 0 are the asymptotes of the hyperbola. Instead of (67.8) we can write 

f>0, su > (m 2 - fx 2 ) 2 
or 

t< 0, su < (m 2 - /lx 2 ) 2 . 

Moreover, according to the conditions (67.2) we must apply the inequality s > 
(m + fi) 2 in the s channel and u>(ra + p,) 2 in the u channel; the remaining 
inequalities are then necessarily satisfied. We thus find that channels I, II, III (s, f, 
u) correspond to the shaded regions in Fig. 6, which are called physical regions. 

If p = 0 (particles 2 and 4 are photons), the lower branch of the hyperbola 
touches the* axis t = 0, and the physical regions are as shown in Fig. 7. 

If m = /x, the boundaries of the region (67.8) degenerate to the coordinate axes, 
and the physical regions are the three sectors shown in Fig. 8. 

In the general case of four different masses, the equation 

stu = as + bt + cu (67.10) 

defines a third-order curve whose branches are the boundaries of the physical regions 




Fig. 7. 
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u =0 s = 0 



Fig. 8. 



of the three channels, as shown in Fig. 9. Let mi ^ m 2 ^ m 3 ^ m 4 . Then a ^ b ^ c, 
a> 0, b> 0. The curve (67.10) meets the coordinate axes at points on the line 
as + bt + cu = 0 (see the broken lines in Fig. 9). This line is as shown in Fig. 9a and 9b, 
depending on the sign of c. If c < 0, the physical region of the u channel includes part 
of the area of the coordinate triangle. In this case, therefore, the quantities s, t and u 
may all be positive at the same time. All three branches of the boundary curve have the 
appropriate coordinate axes as asymptotes; this may be seen by eliminating one of the 
variables from (67.10) by means of the relation 5 + t + u = h, and then making one of 
the other variables tend to infinity. In general, the conditions (67.2) yield nothing in 
addition to the limits defined by equation (67.10). The straight lines which correspond 
to the equality signs in (67.2) do not intersect the physical regions shown by the shaded 
areas in Fig. 9; some of them touch the boundaries of these regions, corresponding to 
extreme values of the variable s, t or u in the corresponding channel. 

When the mass of one of the particles exceeds the sum of the masses of the other 
three (mi > m 2 + m 3 4 - m 4 ), a fourth reaction channel is possible, corresponding to the 
disintegration 


(IV) l->2 + 3 + 4. 


(67.11) 


§67 Physical Regions 

For this channel, in the rest frame of the disintegrating particle, 

q x = (mj, 0), q 2 = (-e 2 , -P 2 ), q 3 = (-£ 3 , —P 3 ), 
q 4 = (-e 4 , -p 4 ), 82 +£3 +£4= m h P2 + p 3 + P 4 = 0 . 

The invariants are 

s = m 2 + m 2 -2mi£ 2 , 
t = m 2 + m 3 -2raie 3 , 
u = m 2 + mj — 2m\£ 4 . 

We then have from (67.1) 

(m 3 + m 4 ) 2 ^ 5 ^ (mj - m 2 ) 2 , 

(m 2 + m 4 ) 2 ^ t ^ (mi - m 3 ) 2 , 

(m 2 + m 3 ) 2 ^ u ^ (m 1 - m 4 ) 2 . - 
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(67.12) 


(67.13) 


Thus all three invariants are positive, and the physical region of the disintegration 
channel is within the coordinate triangle. 


PROBLEMS 

Problem 1. Find the physical regions for the case of three equal masses: mi = m, m 2 = m3 = m* = /x 
(for example, the reaction K + tt -> tt + tt). 

Solution. Equation (67.10) becomes 


with 


stu = jx 2 (m 2 - ja 2 ) 2 , 


( 1 ) 


s + t + u — 3ju, 2 + m 2 . 

Regions I, II and III are bounded by curves of the same shape, with s > 0, t < 0, u < 0 for region I, and so on. 
If m > 3/x, equation (1) also has a branch in the form of a closed curve with s > 0, t > 0, u > 0, which bounds 
the region of channel IV (Fig. 10). 



Fig. 10. 
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Problem 2. The same as Problem 1, but for the case m i = m, m 2 = ju,, m 3 = ni 4 = 0, m> p (for example, 
the reaction p + v -> e + v). 

Solution. The condition (67.5) becomes 


stu 22 m 2 p 2 s , 

with s + t + u = m 2 + p 2 . The physical regions are bounded by the axis s = 0 ?nd the two branches of the 
hyperbola tu = m 2 p 2 (Fig. 11). 

Problem 3. The same as Problem 1, but for the case mi = m 3 = m, m 2 = 0, ni4 = p, with m>2p (for 
example, the reaction p + y p + 71°). 

Solution. The boundary equation (67.10) becomes 

stu = a(s + u) + bt, 

ah-m 2 ja 4 , bh - m 4 (2m 2 - ja 2 ), h = 2m 2 + ja 2 . 

Elimination of u gives 

2 lb - a . \ A ah 

r + (• —j— +s-h)t + ~Y = o. 

For a given value of s, this is a quadratic in t. If s > (m + ja) 2 (the region of the s channel), there are two 
negative values of t for each value of s. If s = (m + pf, these two roots of the quadratic coincide at 
t = -mja 2 /(m + ja). The boundary of the s channel region is then as shown in Fig. 12. The lower branch of the 
boundary tends asymptotically to the axis u = 0, and the upper branch crosses this axis at the point 
t = ja 4 /(ja 2 - m 2 ). 

The u channel region is symmetrical with the s channel region; the t channel region is situated as shown 
in Fig. 12. 


§68. Expansion in partial amplitudes 

An important step in the analysis of a reaction of the form 

a + b->c + d (68.1) 

is the expansion of the scattering amplitude in partial amplitudes, each of which 


u=0 t=0 



Fig. 11. 
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u =0 s = 0 



corresponds (for a given total energy e) to a definite value of the total angular 
momentum of the particles J in their centre-of-mass system.t 

These partial amplitudes are, therefore, elements of the S-matrix in the angular 
momentum representation: 


(eJ'M'\S\eJM). 

Since the angular momentum J and its component M along a specified z-axis are 
conserved, the S-matrix is diagonal with respect to these numbers (and also with 
respect to the energy e). Because of the isotropy of space, the diagonal elements are 
independent of the value of M. For given J, M and e, the scattering matrix is still a 
matrix with respect to the spin quantum numbers; the elements of this matrix will be 
written in a more concise form: 

<eJMA'|S|eJMA> s <A'|S J (e)|A>, (68.2) 

where A and A' are the sets of spin quantum numbers. These can most naturally be 
taken to be the helicities of the particles. The helicity, unlike the spin component along 
an arbitrary axis in space, is conserved for a free particle, and it commutes with both 
the momentum and the angular momentum of the particle (§16). The helicities may 
therefore be used in both the momentum and the angular momentum representation of 
the scattering matrix. 

The elements of the S-matrix with respect to the helicity indices will be called the 
helicity scattering amplitudes , and A, A' will be taken to include the helicities of the 
initial and final particles respectively: 

A = (A a , A*,), A' = (A c , Ad). 

In the momentum representation, the scattering matrix elements are defined with 
respect to the states |snA) (where n = p/|p| is the direction of the momentum of relative 
motion in the centre-of-mass system); in the angular momentum representation, they 


f Most of the results in §§68 and 69 are due to M. Jacob and G. C. Wick (1959). 
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are defined with respect to the states \eJMk). They can be related by means of the 
expansions 


\JMk) = J |nA)(nA|JMA) do n , 


(68.3) 


where the integration is over the directions n; the energy e is, for brevity, omitted from 
the state symbols. Since this transformation is unitary (see QM, § 12), the coefficients 
of the inverse transformation are 

(JMA|nA> - (nA|JMA>*. (68.4) 

By the general rule of matrix transformation, the same coefficients give the relation 
between the S -matrix elements in the two representations: 

<n'A'|S|nA> = 2 <n'A'|JMA')<JMA'|S|JMA)<JMA|nA). (68.5) 

J,M 

The coefficients in the expansion (68.3) are easily found by means of the results of 
§16. Let the wave functions of all states be expressed in the momentum represen¬ 
tation, i.e. as functions of the direction of the momentum (for a given energy); this 
direction, as an independent variable, will be denoted by v to distinguish it from the 
direction n as a quantum number of the state. In this representation, the wave function 
has the form (16.2): 


= u ( x ) 8 (2 \v — n). (68.6) 

When (68.6) is substituted in the expansion (68.3), the latter reduces to a single term: 

4>jmx =(vA|JMA)u ( a> . (68.7) 

The helicities k a and k b of the two particles are defined as the components of their 
spins in the directions of their respective momenta. If the momenta are p a = p, 
p b = -p, then these directions are n for the first particle and -n for the second particle. 
If now the system is regarded as a single particle with helicity A in the direction n, then 
A = A a - kb. Its wave function (in the momentum representation) can be written, 
according to (16.4), in the form 


= u M D%(v) (68.8) 

Comparison of (68.7) and (68.8), with the variable v replaced by n, gives the required 
coefficients: 


(nk\JMK) = Da(n >- 


(68.9) 
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Substituting these coefficients in (68.5), we have 


7 T _L 1 * 

(nA'\S\nk)=2^^D%(n’)D%(n){\'\S J \\), 

J,M 477 

A = A a — A/,, A' = A c — A d. 


( 68 . 10 ) 


with the abbreviated notation (68.2). If the direction n is taken as that of the z-axis, 
then 


D)tU n) = 8. 


AM? 


and (68.10) becomes 


<n'A'|S|nA> = 2 ^IId'/VKA'IS^A). (68.11) 

We see that the expansion in partial amplitudes has the functions D { 1\ as 
coefficients. For a reaction of the form (68.1), it is convenient to define the scattering 
amplitude / in such a way that the cross-section (in the centre-of-mass system) is 

da = |(n'A'|/|nA)| 2 do'; (68.12) 

by comparison with (64.19), we can relate this amplitude to the matrix element M fi . The 
expansion of the amplitude in partial amplitudes may be written 

(n'X'l/InX) = 2 (2 J + (68.13) 

J,M 

or, taking the z-axis in the direction n, 

<n'X'|/|nX> = 2 (2/ + l)D&(n')<X'|/ J |X>. (68.14) 

J 

This is a generalization of the usual expansion in partial amplitudes for the scattering 
of spinless particles; see QM, (123.14). Since = P L (cos 0), (68.14) reduces in the 
case of zero spins to an expansion in Legendre polynomials 


/(0) = 2(2L + 1)/ l P l (cos 0). 

L 

The cross-section (68.12) is valid when all the particles have definite helicities. If 
they are in mixed polarization states, the cross-section is found by averaging the 
product 


<A c A d |/|A a A b )(A'Ad|/|A'Ai)* 
over the polarization density matrices of the particles, 


<A a |p (a) | A a)<Aj, [p <b> | A t,)<A c|p <c) | A C ><A d|p (d) | A^); 
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see the first footnote to §48. For example, in a reaction between unpolarized particles 
a, b to form unpolarized particles c, d, we have 


dcr 


_ do _ 

(2 s a + l)(2sb + 1) 


22 


(A) U' 


(2 J + 1)(2 J' + 1) x 


x<A c A d |/ J |A a A b KA c A d |/ / ]A a A b )*Dk / . , A(n')D<v / .'l*(n'); 


(68.15) 


the z-axisis along n, and the first summation is over A a , A b , A„ A<j. Using QM, (58.19) for 
the function D$l* and then the expansion QM, (110.2), we have finally 


d<T (2s a + l)(2s b + 1) (A ?/' (_ 


1) A A '(2J + 1)(2J' + 1) x 


X (A c Ad|/ ; |A a A b )(A c Ad|/ J |A a A b >* X 

X ?‘ 2L+1 >(J _ J A £)(' _ J A , J)P l( co S .), 


(68.16) 


where 6 is the angle between n' and the z-axis; the summation with respect to L is over 
all integers which can occur when J and J' are added vectorially. The expansion of the 
scattering amplitude in partial amplitudes gives a full expression of all properties of 
the angular distribution of scattering that are due to the symmetry with respect to 
spatial rotations. But it does not explicitly reveal the properties that are due to the 
symmetry with respect to spatial inversion. The P invariance (if possessed by the 
interaction) leads to certain relations between the various helicity amplitudes (see 
§69). 


§ 69. Symmetry of helicity scattering amplitudes 

The conditions imposed by the symmetry with respect to the transformations P, T, 
C (if, of course, the particle interaction process in question in fact possesses such 
symmetry) lead to certain relations between the helicity scattering amplitudes, and 
therefore reduce the number of independent amplitudes.! 

To establish these relations, we shall first determine the symmetry properties of 
the helicity states of a system of two particles. 

Let us consider the particles in their centre-of-mass system. One particle has 
momentum pi = p and helicity Ai with respect to the direction of p; the other has 
momentum p 2 = -p and helicity A 2 with respect to the direction of -p. If the helicity is 
defined with respect to the same direction, that of p, its values are Ai and -A 2 , and the 
particles will thus be described by plane waves with amplitudes and m£“ A 2) . The 
two-particle system is described by a (multi-component) function u ( p xX2) formed from 
the products of the amplitudes Mp Al) and u ( p X2 \ 

Let us next regard the system as a single particle with helicity A = Ai - A 2 in the 
direction n = p/|p|; we can then write the wave function (in the momentum 

t This number does not, of course, depend on the specific representation of the matrix S J , and is the same 
for any choice of the spin variables. 
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representation, i.e. as a function of n) for a state with definite values of J, M, Ai, A 2 (and 
of the total energy e): 


i/'/mx, x 2 = ttp^DjSWn) ^/^T’ A = A > - (69.1) 

cf. ( 68 . 8 ). Since A is the component of the total angular momentum in the direction of 
p, we must have 


|A| ^ J. (69.2) 

According to (16.14), under inversion 

Pu (XlX2 \ n) = T7iT) 2 n (AlA2) (-n) 

= T|!T| 2 (—l)' 1+ ' 2 “ Al+A2 M ( “ Al “ A2) (n), (69.3) 

where 171 and rj 2 are the internal parities of the particles. Using also (16.10), we find the 
transformation law for the functions (69.1): 

ify/MAjAz = 1 llV2(~l) Sl+S2 J *lfJM- A,,-A 2 - (69.4) 

If the two particles are identical, the question arises of the symmetry with respect 
to their interchange. This interchange implies interchanging their momenta and their 
spins. To show the significance of this operation as applied to the function (69.1), we 
note that its definition contains an asymmetry, in that the angular momenta of the two 
particles are projected on the direction of the same vector pi = p, the momentum of the 
first particle. After the interchange, this vector is replaced by p 2 = -p, and the 
components of the angular momenta ji and j 2 along this vector are -Ai and A 2 (instead 
of Ai and - A 2 along p). The result of applying the particle interchange operator P n to 
the function (69.1) may therefore be written 

Pn4>JMx t x 2 = u (-A2-A,) (-n)D ( A(-n) 

where again A = Ai - A 2 . Then, using (69.3) and (16.10), we find that 

PntyjMx^ ~ ( — l) 2s V/MAzAp (69.5) 


where S\ = s 2 = s. 

For identical particles, the permissible states must be either symmetric (for 
bosons) or antisymmetric (for fermions) with respect to interchange. Since the former 
case occurs when the particle spin s is integral and the latter case when it is 
half-integral, in either case the permissible helicity states of the two-particle system 
can be written as linear combinations 

[1 + (— l) 2s P jmx^ 


QE4 - S 
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or, according to (69.5), 


^/ma,a 2 + ( — 1)V/ma 2 ai* (69.6) 

It is noteworthy that this combination is the same for both bosons and fermions. 

For a particle-antiparticle system, the result of the interchange is expressed by the 
same formula (69.5), but, unlike the case of identical particles, states of either 
symmetry under interchange are here permissible, i.e. both combinations 

*1* ± ~ 4*jm\ i a 2 ± ( ~ 1 ) V/ma 2 a, ( 69 . 7 ) 

can occur. These states have certain charge parities C. The operation of charge 
conjugation may be regarded as the result of a total interchange of all variables (spin 
and charge) of the two particles, followed by reverse interchange of the spin variables 
(helicities). The result of the first operation must be the same as that of interchange in a 
system of two identical particles. Hence it is clear that, with the upper sign in (69.7) 
(which is the same as the sign in the state (69.6) permissible for identical particles), the 
system will be charge-even, and with the lower sign charge-odd: 

Ci// ± = ± if/ ± . 

Finally, let us consider the operation of time reversal. The wave function of a 
particle at rest with spin s and component thereof a is transformed according to 

U S(T - (-1 

see QM, (60.2). The wave function of two particles in their centre-of-mass system may 
also be regarded (in respect ot its transformation properties) as that of a “particle” at 
rest, with angular momentum J and component thereof M. The helicities A b A 2 are 
unchanged: time reversal changes the sign of the momentum and angular momentum 
vectors, and the products j • p are therefore unaffected. Hence 


t^MA 1 A 2 =(-l) J '%MA 1 A 2 . (69.8) 

We can now write down immediately the symmetry relations for the helicity 
amplitudes. 

If the interaction is P -invariant, then for the reaction a + b -» c + d the amplitudes 
of the transitions 


|A a Ab)-» |A c Ad) and P|A a Ab)-»P|A c Ad) 
must be the same (for given J and e). Hence, using (69.4), we find 

{\ c \ d ]S J \X a X b ) = (-1 )*.+*-*.-*<- A c , - A d |S J |-A a , - A„>. 


(69.9) 
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^2 

where k u A 2 = A a ,A b or A c , A d , are chosen instead of those with definite helicities, then 
the amplitudes of transitions in which parity is not conserved are zero. 

Time reversal transforms each state in accordance with (69.8), and also inter¬ 
changes initial and final states. Thus T invariance leads to the relations 

<A c A d |S J (e)|A a A b ) = (A^IS^e^A,). (69.10) 

These two amplitudes, however, pertain to different processes, the direct and 
reverse reactions. These two processes are essentially equivalent only in the case of 
elastic scattering, and (69.10) is then a relation between helicity amplitudes for the 
same reaction. 

In elastic scattering of two identical particles, the number of different amplitudes is 
further reduced because of the symmetry with respect to interchange. We have seen 
that, for a given J, the states which occur are either all symmetric or all antisymmetric 
in Ai, A 2 . The conservation of angular momentum therefore implies that of the 
symmetry with respect to interchange of helicities. 

A similar situation occurs in the elastic scattering of a particle by its antiparticle, or 
the conversion of one particle-antiparticle pair into another, i.e. a reaction 
a + a b + b. For given J, there are both symmetric and antisymmetric states with 
regard to Ai, A 2 , but they correspond to different values of the charge parity of the 
system. Hence it follows that, if the interaction of the particles is C-invariant, so that 
the charge parity is conserved, transitions between states of different symmetry with 
regard to A b A 2 are forbidden.! It must be emphasized, however, that there is a 
difference from the case of identical particles, in which states of one symmetry are 
entirely absent for any given J. In the “particle-antiparticle” case, only transitions 
between states of different symmetry are forbidden; the states themselves exist for 
every J. 

Because of the universal CPT invariance, the existence of T invariance implies 
that of CP invariance. The latter brings about the equality of amplitudes for two 
reactions, one obtained from the other by replacing all particles by antiparticles (and 
changing the sign of the helicities): 


<A c A d |S'|A a A b ) = <A e Aj|S'|A a A f >, 


(69.11) 


where A^ = — A a and so on.! 

The number of independent amplitudes is the same for all the cross-channels of 


t A similar prohibition can also arise from isotopic invariance of the interaction of non-identical 
particles. For instance, transitions between states of different symmetry with regard to Ai, A 2 are forbidden, 
to the extent that this invariance holds, in the scattering of a neutron by a proton. 

$ Since these two amplitudes relate to different reactions, interference between which is not possible, 
the phase factor in (69.11) would have no significance, and can be taken as unity. Only the equality of 
cross-sections which follows from (69.11) is actually meaningful. 
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one generalized reaction, and therefore this number can be determined from any 
channel. For example, the elastic scattering a + b a + b and the annihilation 
a + a -»h + b are described by the same number of independent amplitudes. The 
restrictions imposed by T invariance in the first case are equivalent to those imposed 
by C invariance in the second case. 

Let us also consider a reaction in which one particle disintegrates into two: 
a-^>b+c. In the centre-of-mass system (the rest frame for particle a), we have 
Pb = -p c . Scalar multiplication of the equation j a = j b + j c by p b gives 

A a = A b -A c (69.12) 

(the helicity A a of particle a is defined as the component of its spin in the direction of 
the momentum of one of the secondary particles). This relation can be regarded as a 
consequence of the additional symmetry present in the process considered, namely 
the axial symmetry about the directions of p b and p c . If the spin s a of particle a is less 
than s b + s c , the relation (69.12) reduces the number of possible sets of values of A a , k b , 
A c and therefore the number of independent helicity amplitudes of the disintegration. 
The total angular momentum J is then equal to the spin s a of the primary particle, and 
is consequently fixed. 

The P invariance in the disintegration is expressed by the relation 


<A b A c |S'|A a > = ^ - A„, - A C |S ; | — A„), (69.13) 

Va 


where we have used (69.4) and also the transformation (16.16) for the wave function of 
a single particle. 

If the primary particle is strictly neutral, further limitations arise if C parity is 
conserved. Three cases are to be distinguished here. If the disintegration products are 
also strictly neutral, we must have C a = C b C c ; this condition either prohibits the 
disintegration altogether, or is satisfied and causes no further restriction. If the 
particles b and c are different, then C invariance implies a relation between the 
amplitudes of the different processes a -»b + c and a b + c. Finally, for the 
disintegration a-^b + b, there is a restriction because, for a given charge parity C and 
a given total angular momentum J = s a , the system may be in states either symmetric 
or antisymmetric with respect to the helicities, depending on the parity of the number J 
and on the sign of C. 

CP invariance implies the equality of amplitudes for the disintegrations a-^b + c 
and a-^b + c: 


(A b A c |S / |A a > = (AbAc|S J |Aa), (69.14) 

where \ d = ~A a and so on; i.e. it implies equal probabilities of disintegration for the 
particle and the antiparticle. If the particle can disintegrate in more than one way 
(through various channels), this equality applies to each channel. This conclusion, it 
must be emphasized, is based on the existence of CP invariance, which is not a 
universal property of Nature. Only CPT invariance is universal, and this by itself 



§69 Symmetry of Helicity Scattering Amplitudes 

would lead only to the equation 


273 


(A b A c |S J |A a ) — <A a -|S J |A b A c ->, 


in which the right-hand side refers to the process inverse to disintegration. We shall 
see later (§71) that the condition of CPT invariance, together with unitarity 
requirements, does lead to a relation, although a more restricted one, between the 
disintegration probabilities for the particle and the antiparticle. 

PROBLEMS 

Problem 1. Using (69.6), obtain a classification of the possible states of a two-photon system. 

Solution. In this case Ai, A 2 = ±1. For even J (>0), according to (69.6), three states symmetric in Ai, 
A 2 are allowed: 

(a) lf/JM 11, (b) (c) "h 1* 

For odd J (>1), one antisymmetric state is allowed: 

(d) lf/JM 1,-1 — if/JM- 1, 1- 

States (c) and (d) also have a definite parity (+1): according to (69.4), 

P (IpJM 1,-1 ± 1, l) = ± (— -1 ± 1, l); 

the factor ± (- 1) J - 1, since the upper sign refers to even values of J and the lower sign to odd values. States 
(a) and (b) themselves have no definite parity, but even and odd states are obtained by taking the 
combinations 

(a') if/JMU + iffJM - 1 ,- 1 , (b') ifjJMU — 

When J = 0, only Ai = A 2 is allowed by the condition |A 1 - A 2 | ^ J, so that state (c) does not occur, leaving one 
even and one odd state, (a') and (b'). Finally, if J = 1, state (d), which is the only possible state for odd J, is 
forbidden because it has A = 2 > J. Thus we arrive at the table (9.5) for the permissible states. 

Problem 2. In the non-relativistic approximation, the total angular momentum J of the system is 
found by adding the spin S and the orbital angular momentum L. For a system of two particles, find the 
relation between the states \JLSM) and |/MAiA 2 ). 

Solution. According to the rule for constructing wave functions when adding angular momenta, 
we have 


ijjJLSM = Si^a^sj^CTiCr^SMs^^LM^MLAfsI/M), (1) 

where if/ S(r are the eigenfunctions of the spin s with component or along a fixed z-axis, ifj L M L those of the 
orbital angular momentum L with component Ml; the expression in the braces corresponds to the 
addition of si and S 2 to give S, after which S is added to L to give J ; the summation is over all m-type 
indices. Let all functions be expressed in the momentum representation, as functions of the direction n 
of the momentum p = pi, and let the functions i// S(T be expressed in terms of the functions i//„a of the 
helicity states by means of QM, (58.7): 


lffs t cri ~ ^ DA|0-[(n)l//nAp 

^s 2 <t 2 = ^ D-t 2 <r 2 ( 


</>lm l — Ylm l ( n) 


For the function i{/lm l , we have 
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using QM (58.25) and the definition (16.5). Substituting these functions in equation (1), and twice using the 
expansion QM, (110.1), together with the orthogonality of the Clebsch-Gordan coefficients (QM, (106.13)), 
we obtain the expansion 

ifyjLSM = 2 \ r X 2 (JMk\X.2\JLSM), (2) 

A ]7a2 

where 

^JMA,A 2 — ^nA,^n-A 2 jD ( AM(n) yj , A = Al — A2, 

and the coefficients are 

(JMA 1 A 2 I/LSM) = (-i) L (-l) !|_I!+s V[(2L + 1)(2S + 1)] (*^ _J)(J * (3) 

Since the transformation (2) is unitary, we have 

(JLSM\JMkik 2 ) = (JMk iA 2 | JLSM)*. 


§ 70. Invariant amplitudes 

In the helicity amplitudes, a particular frame of reference is used, namely the 
centre-of-mass system. But, in order to calculate the scattering amplitudes by means 
of invariant perturbation theory (and also to examine their general analytical 
properties), it is convenient to write them in an explicitly invariant form. 

If the particles concerned in the reaction have no spin, the scattering amplitude 
depends only on the invariant products of the 4-momenta of the particles. For a 
reaction of the form 


a + + (70.1) 

these invariants may be taken as any two of the quantities s, t , u defined in §66. Then 
the scattering amplitude reduces to a single function M/; - f(s , t ). 

If the particles have spins, then, besides the kinematic invariants s, f, u, there are 
also invariants which can be constructed from the wave amplitudes of the particles 
(bispinors, 4-tensors, etc.). The scattering amplitudes must then have the form 

Mfl = 2 fn(s, t)F n , (70.2) 

n 

where the F n are invariants which depend linearly on the wave amplitudes of all the 
particles concerned (and also on their 4-momenta). The coefficients f n (s , t) are called 
invariant amplitudes. 

By choosing the wave amplitudes in such a way as to correspond to particles with 
definite helicities, we obtain definite values of the invariants F n = F n ( A;, A/). Then the 
helicity scattering amplitudes are linear homogeneous combinations of the invariant 
amplitudes f n . Hence we see that the number of independent functions f n (s , t) is equal 
to the number of independent helicity amplitudes. Since the latter number is easily 
determined, as shown in §69, this makes easier the construction of the invariants F„, 
their number being known in advance. 

Let us consider some examples, assuming in every case that the interaction is 
T-invariant and P -invariant. The latter property implies that the invariants F n must be 
true scalars, not pseudoscalars. 
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Scattering of a particle with spin o by one with spin \ 
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To find the number of invariants (that is, the number of independent helicity 
amplitudes), we note that the total number of elements of the matrix S J (i.e. of 
different sets Ai, A 2 , AI, A£) is in this case four: Ai = AJ = 0, A 2 , k' 2 = ±i When the P 
invariance is taken into account, the number of independent elements is reduced to 
two, and this is unchanged by the inclusion of T invariance. 

The two independent invariants may be taken as 

Fi = u'u, F 2 = u'(yK)u, (70.3) 

where u = u(p),u' = u(p') are the bispinor amplitudes of the initial and final fermions; 
K = k + k', where k and k' are the 4-momenta of the initial and final bosons.f 
The T invariance of the quantities (70.3) is evident if we note that under time 
reversal the products u'u jand u'y^u are transformed according to the same rule (28.6) 
as the operators 1 Jujf and ij/y^fa whose matrix elements they are: u'u is invariant, and 
the 4-vector u'yu is transformed according to 

u'y°u -» u'y°u , u'yu -» - u'yu. 

The 4-momenta are transformed similarly: (K°, K)-»(K°,-K), and the scalar 
product F 2 = K^(u'y^u) is therefore invariant. 

Elastic scattering of two identical particles with spin \ 

To find the number of independent helicity amplitudes, it is convenient to start 
from linear combinations of the helicity states: 

ty\ g = fa+ + fa-, fog = fa+ - fa- 
fag = fa- + fa+, fa = fa- - fa+, 

where the suffixes ± denote the values ±\ of the helicities of the two particles. The 
states lg, 2g, 3g are even, and u is odd, with respect to interchange of the particles. 
The transitions g++u are forbidden, so that there remain 16 — 6= 10 matrix ele¬ 
ments, when the interchange symmetry is taken into account. The functions fa g 
and fa g , and fa g have opposite parities with respect to the inversion P; the 
prohibition of transitions between them reduces the number of independent am¬ 
plitudes to six. Lastly, the T invariance equalizes the amplitudes of the transitions 
lg-n>3g and 3g-»lg, leaving only five independent amplitudes. The five in¬ 
dependent invariants may be taken as 

F, = (w!ui)(M2U 2 ), F 2 = (u[y 5 Ui)(u2j 5 u 2 ), 

Fj^Hiy^UiXw^WzX F 4 = (uiyVwi)(wbvr i U2), ’ (70.4) 

F s = (a 'tcr^UtXaicr^), 

t At first sight, there might appear to be another invariant of the form u'a^k^k^u (with the matrices ov. 
defined by (28.2)), but this is easily seen to reduce to the invariants (70.3) by means of the conservation law 
k 1 = p + k - p' and the equations (yp)u = mu, u'(yp') = mu' satisfied by the bispinor amplitudes. 
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where u u u 2 are the bispinor amplitudes of the initial particles and u J, u 2 those of 
the final particles. Interchange of the initial (or of the final) particles gives no new 
invariants: the invariants obtained can be expressed in terms of the previous ones 
(§28, Problem). But the expression (70.2), with the F n given by (70.4), does not 
explicitly take account of the requirement that interchange of two identical fer¬ 
mions must change the sign of the scattering amplitude. An expression which 
satisfies this condition may be written 


M fi = [(u\u\)(u 2 u 2 )f ](t, u) - (u 2 U\)(u[u 2 )f i(u, 01 + * * •• (70.5) 

When p\ and p 2 (or pi and p 2 ) are interchanged, the kinematic invariants s -» s, t -» u, 
u -»t, so that the condition is necessarily satisfied. 


Elastic scattering of a photon by particles 

WITH SPIN 0 OR \ 

The amplitude of this process is conveniently expressed by means of the 
space-like unit 4-vectors e (1) , e (2) which satisfy the conditions 


e O )2 = e a) 2 = _ h e (1) e (2) = 0, 
e (1) k = e (2) k = 0, e (1) k' = e (2) k' = 0; 


(70.6) 


for each of the two photons, these 4-vectors can be the unit 4-vectors by means of 
which an invariant description of their polarization properties is obtained (§8). 

Let k and k’ be the initial and final 4-momenta of the photon; p and p' those of 
the scattering particle. The 4-vectors 


where 


w pK + P'K 


P A = p A + p' A -K a 

N K = e^'P.q.X,, 


K 


K = k + k f , q = p - p' = k' - k, 


(70.7) 


are evidently orthogonal to one another and also to the 4-vectors K and q , and 
therefore to k and k'. Being orthogonal to the time-like 4-vector K (K 2 = 2 kk' > 0), 
they must themselves be space-like: in a frame of reference for which K = 0, it 
follows from KP = 0 that P 0 = 0 and hence P 2 < 0. Normalizing P and N by 
putting 


e (D* 


N x 

V(-N 2 y 


P k 

g<2)* = —JL_^ 

V(-p 2 )’ 


(70.8) 


we obtain a pair of 4-vectors which have all the required properties. It may be 
noted that e (2) is a true vector and e (1) a pseudovector. 
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The photon scattering amplitude may be written 

M fi = F A ^rV (70.9) 

in terms of the polarization 4-vectors e and e’ of the initial and final photons. 

The photon helicity has only two values, ±1. Hence, for the scattering of a 
photon by a particle with spin zero, the number of independent helicity amplitudes 
is the same as for the mutual scattering of particles with spin 0 and namely two. 
The tensor F A ^ in (70.9) has to be constructed from the particle 4-momenta only. It 
can be written 

+/ 2 e (2 V 2V , (70.10) 

where fi and f 2 are invariant amplitudes. It should be noted that no term containing 
a product e (1) V 2 ^ can appear in F A *\ since this product is a pseudotensor and 
would give a pseudoscalar on substitution in (70.9). 

Lastly, let us consider the scattering of a photon by a particle with spin 2 . To 
find the number of independent helicity amplitudes, we note that the total number 
of elements of the matrix S J in this case is sixteen; the helicity of each of two 
initial and two final particles has two values. The condition of P invariance reduces 
this number to eight, and that of T invariance brings it down to six. 

Here, we write the tensor F AjLl in the form 

F* = < 2 > + 4M") + 

+ GMV ~ eiM 1 *) + GMV - e{ 2) el\ (70.11) 

where G 0 and G 3 are true scalars, Gj and G 2 are pseudoscalars, and all four are 
bilinear in the bispinor fermion amplitudes u(p') and u(p), being of the form 


G n - u(p')Q n u(p). 


(70.12) 


The general form of the matrices (with respect to the bispinor indices) Q n is 


Qo = /i + fi(yK), Q, - y 5 (f 3 + f 4 (yK)), 
Qi = y 5 (fs + fe(yK)), Q 3 = f 7 + f 8 (yK), 


(70.13) 


where K = k + k’. The coefficients f u ... ,/ 8 are invariant amplitudes, in this case 
eight in number (instead of the correct value of six), because the condition of T 
invariance has not yet been imposed. 

Time reversal interchanges the initial and final 4-momenta of the particles, and 
also changes the sign of their space components: 


(k 0 , k)«*(ko, - k'), (p o, p)<-*(Po, - p'). (70.14) 

The photon polarization 4-vectors are transformed according to 


(e 0 , e)<-*(eo*,-e'*) 


( 70 . 15 ) 
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(cf. (8.11a)); hence 


(eo*e Q , e'i*e 0 , e’i*e k )-+(eo*eo, - e’^e h e k *e{). 

By virtue of the last transformation, the condition of invariance of the scattering 
amplitude (70.9) is equivalent to 


(Fqo, Ffo, F ik ) -> (JFoo, —F Qi , F ki ). 


On the other hand, the changes (70.14) imply 


(X 0 , K)-> (X 0 , — K), (qo, q) -> (—qo, q), 
(Po, P) -> (P 0 , - P), (No, N) -> (No, - N), 


so that 


(eV' 2> , e (1,2) )-» (e^' 2) , - e (1,2) ). (70.16) 

Hence, from (70.11), we must have 

Go, 1,3 Go, 1,3, G2 G2. 


Under time reversal, 

u’y 5 u -> - u'y 5 u, Wy\yK)u -> Wy 5 (yK)u , 

as is evident from the transformation laws for pseudoscalar and pseudovector 
bilinear forms (28.6). From (70.12), (70.13) it is now evident that, because of the T 
invariance of the scattering amplitude, 

/ 3 = /6 = 0. (70.17) 


§71. The unitarity condition 

The scattering matrix must be unitary: SS + = 1, or in terms of matrix elements, 


(SS + ) r ,. = 2 S fn S1„ = 8 fi , 

n 


(71.1) 


where the suffix n labels the possible intermediate states.t This is the most general 
property of the S-matrix, which ensures that the orthonormality of the states is 
preserved in the reaction; cf. QM, §§125 and 144. In particular, the diagonal 
elements of equation (71.1) simply express the fact that the sum of the transition 

t The actual meaning of 5/,- in (71.1) depends, of course, on the specific choice of quantum numbers 
and on the normalization of the wave functions of the system. It must be defined so that I f 8 if = 1. 
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2is ni | 2 =i. 


Substituting in (71.1) the matrix elements in the form (64.2), we obtain 
T f i - Tf, = i(2t7) 4 2 S (4) (P f - P n )T fn T* 

n 

= i(2TT) 4 2 8 W (Pf - Pn)T* nf T n , (71.2) 

n 

The two equivalent forms on the right are obtained by writing the unitarity 
condition respectively as SS + = 1 and S + S = 1, with opposite orders of the factors S 
and S + . 

It should be noticed that the left-hand side of the equation is linear in the matrix 
elements of T, but the right-hand side is quadratic. If the interaction contains a 
small parameter (e.g. the electromagnetic interaction), the left-hand side is there¬ 
fore of the first order of smallness and the right-hand side is of the second order. 
The latter may consequently be neglected in a first approximation; then 

T f i = T * lf9 (71.3) 


i.e. the matrix T is Hermitian. 

In order to make the unitary condition (71.2) more specific, we must understand 
precisely what is meant by the summation over n. Let us do this for a two-particle 
collision, assuming that the conservation laws allow only elastic scattering. Then all 
the intermediate states in (71.2) are likewise “two-particle” states. Summation over 
these signifies integration over the intermediate momenta pi', pi', and summation 
over the spin quantum numbers (for example, the helicities) of the two particles, 
which we denote by A": 


Y = f V 2 d 3 p"d 3 p f 2 y 

r J (2 it) 6 ir 

Eliminating the delta functions in the same way as in §64, we obtain the “two- 
particle” unitarity condition in the form 

Tfi -Tf f = 2^f TfnT* n e'le'i do". 


where p is the momentum and e the total energy in the centre-of-mass system. The 
normalization volume does not appear after changing from the amplitudes Tf, to M fi 
in accordance with (64.10): 



M Sn Wndo". 


Mfi - M* lf = 


(71.4) 
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Let the elastic scattering amplitude be defined so that 

da = |(n'A'|/|nA)| 2 do', (71.5) 

where n and n' are the directions of the initial and final momenta, A and A' the 
initial and final spin quantum numbers. Comparison with (64.19) shows that 

<n'A'|/|nA) = g^M /i , (71.6) 


and the unitarity condition (72.4) becomes 

<n'A'|/|nA>-<nA|/|n'A'>* /<n'A'|/|n"A")(nA|/|n"AT do", (71.7) 

which generalizes the familiar formula of the non-relativistic theory, QM (125.8). 

The “amplitude of zero-angle elastic scattering” is the diagonal matrix element 
T ti , in which the final states of the particles are the same as their initial states.t For 
this amplitude the unitarity condition (71.2) becomes 

2 im T„ = (2t7) 4 2 |T in | 2 S (4) (P ; - P„). (71.8) 

n 

The right-hand side of this equation differs only by a factor from the total 
cross-section for all possible processes of scattering from the given initial state i. 
For let this cross-section be denoted by a t ; then summation of the probability (64.5) 
over states / and division by the flux density j gives 

Oi = ^ P- 2 |Ti„| 2 S <4) (Pj - P„), 

J n 

whence 

(2V/j) im Tu = a t . 


The normalization volume is eliminated by putting Tu = Mali 2ei V • 2e 2 V) (where e x 
and e 2 are the energies of the particles in the centre-of-mass system) and substitut¬ 
ing j from (64.17): 

im Mu = 2|p|eov (71.9) 

This formula expresses the optical theorem. If the elastic scattering amplitude 
(71.6) is used, the theorem takes the customary form 

im(nA|/|nA) = |p|o- t /47r; (71.10) 


cf. QM, (142.10). 

t It must be stressed that the matrix elements of T are concerned, not those of S; that is, the 
diagonal element is taken after subtracting the unit matrix from S. 
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If the S-matrix is given in the angular-momentum representation (partial am¬ 
plitudes), it is diagonal with respect to J , and the unitarity condition can therefore 
be written separately for each value of J. 

For example, if only elastic scattering is possible, the unitarity condition is 

2<A'|s J |r><A|s J |r>* = SAA- (7i.il) 

X " 


Because of the T invariance, the elastic scattering matrix is symmetric (cf. (69.10)), 
and hence can be reduced to diagonal form. The unitarity condition then requires 
that the diagonal elements should be of unit modulus, and they are customarily 
written in the form 


S J n = exp(2/5j n ), (71.12) 

where the 8 Jn are real constants, depending on the energy (the suffix n labelling the 
diagonal elements for a given J). In the general case, when the number N of 
independent amplitudes exceeds the order of the (square) matrix S\ the coefficients 
of the transformation which diagonalizes S J depend on J and E (these coefficients 
then comprise not only the principal values of the matrix but also independent 
quantities equivalent to the original N quantities). If, however, the number N is 
equal to the order of the matrix S J (and therefore to the number of its principal 
values), the diagonalization coefficients are universal constants, and the diagonaliz¬ 
ing states have definite parities (but not, of course, definite helicities). 

The condition (71.11), expressed in terms of the partial amplitudes (A'|/ J |A), is 

<A'|/ J |A) —<A|/ J |A')* = 2i|p| 2 <A'|/ j |A")(A|/' , |A")*, (71.13) 

x " 


as is easily seen by substituting the expansion (68.13) in (71.7) and using the 
orthonormality of the D functions. If there is T invariance, the matrix (A'|/ J |A) is 
symmetric, and (71.13) becomes 

im (A'|/ J |A) = |p|<A'|/ J / J+ | A). (71.14) 

If the matrix is diagonalized, the diagonal elements are 

fi = jjkj (e 2i8 '» - D = |Ji «“'■ sin 3 V (71.15) 

Finally, we may mention some consequences which follow from the unitary 
condition together with the requirement of CPT invariance. The latter shows that 

T fi = T f f, (71.16) 

where F and / are states which differ from i and / in that all the particles are 
replaced by antiparticles (and helicities are reversed, and also angular momentum 
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components if spherical waves are used). In particular, for the diagonal elements, 

Tu = T xx . 

It therefore follows from (71.8) and (71.9) that the total cross-section for all 
possible processes (with a given initial state) is the same for reactions of particles 
and of antiparticles. 

In particular, the total disintegration probabilities (i.e. the lifetimes) of the 
particle and the antiparticle are equal. These results, together with the equality of 
particle and anti-particle masses (§11), are most important consequences of the 
CPT invariance of the interactions. A similar statement for each possible disin¬ 
tegration channel separately would require CP invariance also (see the end of §69). 


PROBLEM 


From the unitarity condition, find the relation between the phases of the partial amplitudes for 
photoproduction of pions from nucleons (y + N -» it + N) and elastic scattering of pions by nucleons 
(77 + N -» 77 + N), using the fact that 77 N scattering depends on strong interactions but photoproduction 
and yN scattering depend on an electromagnetic interaction. 

Solution. Let the partial amplitudes be denoted by 

<77N|S|yN> = Svy, (yN\S\yN) = S yy , ( ttN\S\7tN ) - S™, 

the suffix J and the helicity suffixes being omitted. Photoproduction is a first-order process with respect 
to the charge e, and yN scattering a second-order process; hence S^y ~ e, S yy - 1 ~ e 2 . The amplitude S™ 
is not small. The conditions (71.1) give, as far as terms in e, 


S.yS^yy + - Svy + = 0, (1) 

SnySty + - S^SU = 1; (2) 

on the right-hand side of (2), 1 denotes a unit matrix in the spin variables. Because of T invariance the 
matrix S™ is symmetric, and S 71T = S^ y . Let us take the matrix S™ in diagonal form, i.e. with respect to 
pion states having definite parities; then it follows from (2) that the diagonal elements have the form e 2 ' K 
with various constants 8^. Then (1) gives for each element of the matrix S^y 

S„ylS*y = - e 2i \ 


whence 


Sr, = ±|S„|ie is '. 


Thus the phase of the partial amplitude for photoproduction (in a state having a definite parity) is 
determined by the phase of elastic ttN scattering. 



CHAPTER VIII 


INVARIANT PERTURBATION THEORY 


§72. The chronological product 

The probabilities of various processes in collisions between particles whose 
interaction may be regarded as small are calculated by means of perturbation 
theory. In its ordinary form (in non-relativistic quantum mechanics), however, the 
formalism of this theory has the defect of not exhibiting explicitly the conditions of 
relativistic invariance. Although, when this formalism is applied to relativistic 
problems, the final result will satisfy these conditions, the calculations are con¬ 
siderably complicated by the non-invariant form of the intermediate expressions. 
The present chapter will deal with the development of a consistent relativistic 
perturbation theory free from this defect, first established by R. P. Feynman 
(1948-1949). 

With a view to a second-quantization description of the system, let $ denote its 
wave function in the “space” of occupation numbers for the various states of free 
particles. The Hamiltonian of the system is H = H 0 + V, where V is the interaction 
operator. Let <h n be the eigenfunctions of the unperturbed Hamiltonian, each 
corresponding to certain definite values of all the occupation numbers. Any 
function d> can be expanded as $ = E C n <h n . Then the exact wave equation 

idd>/dt = (H 0 + V)<& (72.1) 

becomes a set of equations for the coefficients C n : 

iC n = 'ZV nm e i(E "- E '» )t C m , (72.2) 


where V nm are the time-independent matrix elements of the operator V, and E n the 
energy levels of the unperturbed system (cf. QM, §40). 

By definition, the operator V does not depend explicitly on the time. The 
quantities 


V nm (t)=V nm e« E *~ E ^, (72.3) 

on the other hand, may be regarded as matrix elements of the time-dependent 
operator 

V(t) = e iA o'Ve" iA »'. (72.4) 

This is said to be an operator in the interaction representation , as opposed to the 
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original time-independent Schrodinger operator V.f Now denoting the wave func¬ 
tion in this new representation by the same letter <h, we can write equations (72.2) 
symbolically as 


/4> - V(t)<S>. (72.5) 

The change in the wave function in this representation is due entirely to the action 
of the perturbation, i.e. it corresponds to processes which result from the inter¬ 
action of the particles. 

If <h(t) and <h(f + 8t ) are the values of at two successive instants, (72.5) shows 
that 


<&(t + 8t) = [l-i8 f ' V(t)]0>(t) 

= ' ^ (f) 0>(t). 

Accordingly the value of 4> at any instant t f can be expressed in terms of its value 
at some initial instant t t (<t f ) by 

$(t/) = (f\ (72.6) 

where the product f] is the limit of the product over all the infinitesimal intervals 

8t a between t, and t f . If V(t) were an ordinary function, this limit would reduce 
simply to 


'/ 

exp^-i J V(t)dtJ, 

u 

but this result depends on the commutativity of the factors pertaining to different 
instants, which is assumed in changing from the product in (72.6) to the summation 
in the exponent. For the operator V(t) there is no such commutativity, and the 
reduction to an ordinary integral is not possible. 

We can write (72.6) in the symbolic form 


*/ 

<*» (t/) = T expj- ijv(t)dt (72.7) 

u 


where T is the chronological operator, implying a certain “chronological” sequence 

t It must be emphasized that the definition (72.4) makes use of the unperturbed Hamiltonian Ho. In 
this it differs from the Heisenberg representation of operators, where 

V H (t) = e M ‘Ve^‘; 


see QM, §13. 
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of time instants in the successive factors of the product (72.6). In particular, putting 
-> -oo ? t f -> +oo, we have 


<h(+oo) = S<h(-oo), 


(72.8) 


where 


S 


= T exp 


{-i f V(t) dt J. 


(72.9) 


The significance of writing the formally exact solution of the wave equation in 
the form (72.7)-(72.9) is that it easily leads to the series in powers of the 
perturbation 


S = jjtjjfr / dt> f dtl ■ ■ ■ / dtk ■ T {^0«)V(f 2 )... V(t k )}. (72.10) 

— 00 —00 — 00 

Here, in each term, the kth power of the integral is written as a k-fold integral, and 
the symbol T signifies that in each range of values of the variables t u t 2 ,..., t k the 
corresponding operators must be put in chronological order, with the value of t 
increasing from right to left.t 

It is evident from the definition (72.8) that, if the system was in a state (an 
assembly of free particles) before the collision, the probability amplitude for a 
transition to a state <t> f (another assembly of free particles) is the matrix element S fi . 
Thus these form the S -matrix. 

The electromagnetic interaction operator has already been given in §43: 

V = eJ(jA)d 3 x. (72.11) 

Substitution of this in (72.9) gives 

S = T expj-ie J (jA) d 4 x}. (72.12) 

It is important to note that the operator (72.12) is relativistically invariant. This is 
seen from the facts that the integrand is a scalar, the integration over d 4 x is 
invariant, and the time-ordering operation is invariant. The last point, however, 
needs further explanation. 

The order of two time instants fi and t 2 , i.e. the sign of 1 2 - t u is independent of 
the frame of reference chosen if these instants relate to world points X\ and x 2 
separated by a time-like interval: (x 2 -x0 2 >0. In such a case the invariance of 

t The derivation of the rules of relativistic perturbation theory by means of the expansion (72.10) is 
due to F. J. Dyson (1949). 
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time-ordering necessarily follows. But if (x 2 ~xi) 2 <0 (a space-like interval), we 
may have both t 2 > 1 1 and t 2 < t { in different frames of reference.t Now two such 
points correspond to events between which there can be no causal connection. It is 
therefore evident that the operators of two physical quantities relating to such 
points must commute, since the non-commutativity of operators signifies, physic¬ 
ally, that the corresponding quantities cannot be measured simultaneously, and this 
presupposes a physical connection between the two measurements. Thus the 
time-ordering of the product remains invariant in this case also: though a Lorentz 
transformation may reverse the sequence of time instants, the factors commute and 
can therefore be restored to their chronological order .t 

It is easy to see that the definition of the S -matrix given in this section 
necessarily satisfies the unitarity condition. Writing S as the chronological product 
in (72.6) and using the fact that V is Hermitian, we find that S + is given by the 
product of similar factors, exp [i8t a • V(t a )] (with the opposite sign of the exponent), 
in the reverse of the chronological order. Thus all the factors cancel in pairs when 
S is multiplied by S + . 

It should be noted that the unitarity of the operator S is ensured in this case 
because the Hamiltonian is Hermitian. The unitarity condition is actually more 
general than the assumptions on which the theory given here is based. It must be 
satisfied even in a quantum-mechanical description which makes no use of the 
concepts of the Hamiltonian and the wave functions. 


§73. Feynman diagrams for electron scattering 

We shall show by means of specific examples how the scattering matrix 
elements are calculated. These examples will facilitate the subsequent formulation 
of the general rules of invariant perturbation theory. 

The current operator j contains the product of two electron (//-operators. Hence 
processes might occur in the first order of perturbation theory which involve (in the 
initial and final states) only three particles: two electrons (the operator j) and one 
photon (the operator A). It is easily seen, however, that such processes cannot 
occur between free particles, being forbidden by the laws of conservation of 
energy and momentum. If pi and p 2 are the 4-momenta of the electrons, and k that 
of the photon, the conservation of 4-momentum would be represented by k = 
p 2 Pi or k — p 2 + p\. But such equations are impossible, since for a photon k 2 = 0, 
whereas the square (p 2 ±pi) 2 is certainly not zero: if we calculate this invariant in 

t Instead of using the terms “time-like” and “space-like”, we often refer briefly to regions 
respectively inside and outside the light cone: all points x separated from a point x' by an interval such 
that (x - x') 2 > 0 lie within a double cone having its vertex at x'; points for which (x - x') 2 < 0 lie outside 
this cone. 

t This statement needs refinement to avoid misunderstanding in its application to the product 

V(f,)V(f 2 ) Since the operator V itself is not gauge-invariant (it varies with A), the factors V(fi), 

V(f 2 ), • • •, though commuting in one gauge of the potential, may be non-commutative in some other 
gauge. The statements made above must therefore be formulated as asserting the possibility of choosing 
a gauge for the potential in which V(fi) and V(f 2 ) commute outside the light cone. This reservation 
clearly has no effect on the invariance of the S-matrix: the scattering amplitudes, which are actual 
physical quantities, cannot depend on the gauge of the potential, a result which formally follows from 
the gauge invariance of the action integral (§43). 
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the rest frame of one of the electrons, we have 

(P 2 ±Pi) 2 = 2(m 2 ±p l p 2 ) 

= 2(m 2 ± e 1 e 2 + pi • p 2 ) 

= 2m(m ± e 2 ), 


and, since e 2 > m, it follows that 

(P2 + Pi) 2 >0, (p 2 -pi) 2 <0. (73.1) 

Thus the first non-vanishing (non-diagonal) elements of the S -matrix can appear 
only in the second order of perturbation theory. All the relevant processes are 
comprised in the second-order operator obtained by expanding the expression 
(72.12): 


S ,2> =-£ f f d 4 xd 4 x'■T(t{x)A ll (x)y(x')A v (x')). 

Since the electron and photon operators commute, the T product can be resolved 
into two: 


S (2) = -^ jjd 4 xd 4 x’- T(/'‘(x)/’'(x'))T(A^(x)A„(*')). (73.2) 

As a first example, let us consider elastic scattering of two electrons. In the 
initial state there are two electrons with 4-momenta p x and p 2 , in the final state two 
electrons with other 4-momenta p 3 and p 4 . It is also assumed that all the electrons 
are in definite spin states; the spin variable indices will be everywhere omitted, for 
brevity. 

Since there are no photons in either state, the required matrix element of the T 
product of the photon operators is the diagonal element (0|... |0), where |0) denotes 
the photon vacuum state. This value of the T product averaged over the vacuum is 
(for each pair of indices p, v) a definite function of the coordinates of the two 
points x and x'. Since 4-space is homogeneous, the coordinates can appear only as 
the difference x — x'. The tensor 


D^ix ~ *') = i(0|TA #x (x)A^(x')|0) (73.3) 

is called the photon propagation function or photon propagator. It will be cal¬ 
culated in §76. 

For the T product of the electron operators, we have to calculate the matrix 
element 


<34|Tr(x)f(x')|12>, 


(73.4) 


where the symbols |12), |34) denote states in which pairs of electrons have the 



288 


Invariant Perturbation Theory 


§73 


corresponding momenta. This element also can be represented as a vacuum 
expectation value, by using the obvious relation 

(2|F|1) = (0|a 2 Fat|0), 

where F is any operator, at the creation operator for the first electron and a 2 the 
annihilation operator for the second electron. Hence, instead of (73.4), we can 
calculate the quantity 

(0|a3a4T(j^(x)j-(x'))aJar|0), (73.5) 

the indices 1,2,... being abbreviations for p t , p 2 ,.... 

Each of the two current operators is a product, j = ij/yip, and each of the 
(//-operators is a sum: 


= 'Z(a P 4> p + f>fip- p ), = 2 (a P 4i P + Jv/'-p); (73.6) 

P P 

the second term in each expression contains the positron operators, which in the 
present case “do not act”. Hence the product j fX (x)j l/ (x') is a sum of terms, each 
containing the product of two operators d p and two dp. These operators must 
annihilate electrons 1 and 2, and create electrons 3 and 4. They must therefore be 
the operators di, d 2 , at, at, which are said to contract with the “external” 
operators at, at, d 3 , d 4 in (73.5) and cancel according to the equations 

<0|a p ap|0) = 1. (73.7) 

Four terms result, according to the (//-operators from which di, d 2 , at, at in 
(73.5) are taken: 

i —2 1 —I-1 1 - 2 1 —I-i 

(73.5) = aiaUy^)Wy v V)atat+ a*a A {Wm’y v V)atat + 

i_l i_i I-1 '-• 

i - 2 1 -1- 1 '—2 1 -1- 1 

+ a 3 a 4 (^y tl ilj)(^ , y v ilj , )a 2 at + a 3 a 4 (^y^)(^'y>')a2ai', (73.8) 

I-1 i-1 I_l --■ 

where (// = (//(*), if/'= if/(x'), and the brackets join operators which contract, i.e. 
those from which a pair of operators d, d + is taken for the cancellation according to 
(73.7). In each term we can bring the conjugate operators together in pairs (didf, 
etc.) by successive interchanges of di, d 2 ,..., and the mean value of their product 
is then equal to the product of the mean values (73.7). Since all these operators 
anticommute (1, 2, 3, 4 being different states),! we find that the matrix element 
(73.4) is 


<34|Tr(x)r(x')|12> = - 

- - (^4T^0(^W>2). (73.9) 

t Because of this anticommutativity, the operators j(x) and j(x') may here be considered to 
commute (in the calculation of the matrix element), and the T product symbol may therefore be omitted. 
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The sign of the entire sum is arbitrary, and depends on the order of the “external” 
electron operators in (73.5). This is in accordance with the fact that the sign of the 
matrix element for scattering of identical fermions is itself arbitrary. The relative 
sign of the various terms in (73.9), of course, does not depend on the order of the 
external operators. 

The two terms in each line of (73.9) differ only by a simultaneous interchange of 
the indices /x, v and the arguments x, x'. This interchange clearly does not affect 
the matrix element (73.3), in which the order of factors is still established by the 
symbol T. Hence when (73.3) is multiplied by (73.9) and integrated over d 4 xd 4 x', 
the four terms in (73.9) give two pairs of equal results, and the matrix element is 
therefore 

Sfi = ie 2 J J d 4 x d 4 x' D^ix - xO{(<A4Y'>2)(</'3Y , '</''i) - 

(73.10) 

the factor \ has now disappeared. 

The electron wave functions are the plane waves (64.8). The expression in the 
braces is therefore 

{...} = (u 4 y^U2)(u3y v U]) e' i(p ^ )x ' i(p ^ )x ' - 

- (M 4 y^,)(M37^2) e -‘(Pi-P4)*-i(P2-P3)*' 

= {(u 4 y^U 2 )(u 3 y v Ui) g-i[(P2-P4)+(P3-Pi)]^2_ 

-(u 4 y»u l )(u 3 y v U 2 ) g - i ^i-P4H(P3-P2)i^} g-i(P,+P 2 -P3-P4)* ? 

where X= 2 (x + x'), £ = x —x'. The integration over d 4 xd 4 x' is replaced by one 
over d 4 £ d 4 X. The integral over d 4 X gives a delta function, so that p\ + p 2 = P) + p 4 . 
Then, changing from the matrix S to the matrix M (§64), we have finally for the 
scattering amplitude 

M fi = e 2 {(a 4 y u U 2 )D^(p 4 - p 2 Xu 3 y v u ] )-(u 4 y^u l )D^(p 4 - p^iu^y^)}^ (73.11) 

Here we have used the photon propagation function in the momentum represen¬ 
tation: 


D^(k) = fD^)e ik ^d 4 l (73.12) 

Each of the two terms in the amplitude (73.11) can be symbolically represented 
by means of a Feynman diagram : the first term by 


e 2 (u 4 y ;i u 2 ) D r , (k) (u 3 r v *J 1 ) 



Pi 



P 2 


( 73 . 13 ) 
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Each point of intersection of lines (a vertex of the diagram) has a corresponding 
factor y. The “incoming” continuous lines towards a vertex represent the initial 
electrons, which are associated with the factors w, the bispinor amplitudes of the 
corresponding electron states. The “outgoing” continuous lines leaving a vertex are 
the final electrons, and correspond to the factors u. When the diagram is “read”, 
these factors are written from left to right in the order of movement along the 
continuous lines against the direction of the arrows. The two vertices are joined by 
a broken line which represents a virtual (intermediate) photon “emitted” at one 
vertex and “absorbed” at the other, and corresponds to the factor -iD^ v (k). The 
4-momentum of the virtual photon k is determined by the “conservation of 
4-momentum” at the vertex: the total momenta of the incoming and outgoing lines 
are equal. In this case k = pi~ p 3 = p 4 -p 2 . As well as the factors mentioned, the 
whole diagram is also assigned a factor ( —ie ) 2 (the exponent being the number of 
vertices in the diagram), and then represents a term in iM fi . Similarly, the second 
term in (73.11) is represented by the diagram 


e 2 (u 4 Y u u 1 )D ;xv (k') (u 3 y v u 2 ) 



(73.14) 


with k' = pi - p 4 = p 3 - P 2 - It does not matter whether the diagram is read from the 
end of p 3 or from that of p 4 . The resulting expressions are equal, because the tensor 
D^ v is symmetrical. The choice of direction for the virtual photon line is also 
immaterial: a change in its direction simply reverses the sign of k, which does not 
matter, since the functions D^(k) are even (see §76). 

The lines corresponding to the initial and final particles are called the external 
lines or free ends of the diagram. The diagrams (73.13) and (73.14) differ by the 
interchange of two electron free ends (p 3 and p 4 ). This interchange of two fermions 
reverses the sign of the diagram, in accordance with the fact that the two terms 
appear with opposite signs in the amplitude (73.11). 

We shall everywhere use Feynman diagrams in this momentum representation, 
but they can also be associated with the terms in the scattering amplitude in the 
original coordinate representation (the integrals (73.10)). Here the electron am¬ 
plitudes are replaced by the corresponding coordinate wave functions, and the 
propagators are in the coordinate representation. Each vertex corresponds to one 
of the variables of integration (x or x' in (73.10)); the factors assigned to the lines 
that meet at a vertex are taken as functions of the corresponding variable. 

Let us now consider the mutual scattering of an electron and a positron; their 
initial momenta will be denoted by p_ and p+ respectively, and their final momenta 
by p_ and p+. 

The positron creation and annihilation operators appear in the ik‘°P erators 
(73.6) together with the electron annihilation and creation operators respectively. 
Whereas in the previous case the operator ip annihilated the two initial particles 
and ip created the two final particles, here these operators act oppositely with 
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regard to electrons and positrons. The conjugate function i//(-p+) will therefore 
now describe the initial positron, and i//(~P+) the final positron, both being 
functions of the 4-momentum with reversed sign. Taking account of this difference, 
we obtain the scattering amplitude! 

M fi = ~ e 2 (M(p-)y' i M(p-))D (i „(p_ — p'-)(u(—p + )y''u(—p+)) + 

+ e 2 (u(-p+)y ll u(p~))D llv (p-. + p + )(u(p-)y y u(—p+)). (73.15) 

The two terms in this expression are represented by the following diagrams: 



| p_-p! t P- + p + (73.16) 

p' -p'. 

The rules for constructing the diagrams are altered only as regards the positrons. 
The incoming and outgoing continuous lines are again associated with factors u and 
u respectively. Now, however, the incoming lines correspond to final positrons and 
the outgoing lines to initial positrons, the momenta of all the positrons being taken 
with reversed sign. 

The difference between the two diagrams (73.16) should be noted. In the first 
diagram, lines of the initial and final electrons meet at one vertex, and those of the 
two positrons at the other. In the second diagram, initial electron and positron lines 
meet at one vertex, and final lines at the other. The upper vertex represents 
annihilation of a pair with emission of a virtual photon; the lower vertex represents 
the creation of a pair from this photon. 

This difference affects the properties of the virtual photons in the two diagrams. 
In the first diagram (“scattering” type), the 4-momentum of the virtual photon is 
the difference between those of the two electrons (or positrons); hence k 2 < 0 (cf. 
(73.1)). In the second diagram (“annihilation” type), k' = p_ + p+, and hence k' 2 > 0. 
Here it should be noted that for a virtual photon we always have k 2 ^ 0, unlike a 
real photon, for which k 2 = 0. 

If the colliding particles are not identical and also not a particle and its 
antiparticle (for instance, an electron and a muon), then the scattering amplitude is 
represented by a single diagram: 



p(e) 



P 



(73.17) 


t The sign of the whole amplitude is definite in the scattering of non-identical particles, being 
determined by the fact that in (73.5) the “external” operators must be arranged so that the two electron 
operators are both at the ends: (Q|a'b'... b + a + |0) (or both in the middle); this condition ensures the 
“same sign” of the initial and final vacuum states. The sign of the amplitude can also be verified from 
the non-relativistic limit: we shall see later (§81) that, in this limit, the second term in (73.15) tends to 
zero, and the first term tends to the Born amplitude of Rutherford scattering. 
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There can be no annihilation or exchange type diagram in this case. The same 
result can be obtained analytically by writing the current operator as the sum of 
electron and muon currents: 

/ = p e) + p 

= ($ (e) yip ie) ) + 


and taking, in the product j (fJ/) (x)j (p) (x'), the matrix elements of terms which give the 
required annihilations and creations of particles. 

Let us now consider first-order processes, which, as mentioned at the beginning 
of this section, are forbidden by the conservation of 4-momentum. The matrix 
elements of the operator 


S (1) = -ie J j(x)A(x) d 4 x 


(73.18) 


for such transitions correspond to the creation or annihilation of three real particles 
(two electrons and one photon) at “the same point x”. They occur by the 
contraction of the operators \p(x) and ijj(x) at the same point, and are expressed, 
for example in the case of photon emission, by integrals of the form 

Sfi = -ie J 4r 2 (x)if/,(x)(yA*(x)) d 4 x, 

which vanish because the integrand includes the factor exp [~i(p\ - Pi~ k)x] with a 
non-zero exponent. In the language of Feynman diagrams, this means that diagrams 
with three free ends such as 


I 

Ik 


(73.19) 


are zero. 

For the same reason, second-order processes involving six particles in the initial 
state (or in the final state) are impossible. In the matrix element S fi for such a 
transition, the integral over d 4 x d 4 x' would separate into a product of two vanishing 
integrals over d 4 x and d 4 x' of products of three wave functions taken at the same 
point. In other words, the corresponding diagram would separate into two in¬ 
dependent diagrams of the type (73.19). 


§ 74. Feynman diagrams for photon scattering 

Let us now consider another second-order effect: the scattering of a photon by 
an electron (the Compton effect ). In the initial state let the photon and the electron 
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have 4-momenta k i and p i, and in the final state k 2 and p 2 (and also definite 
polarizations, which will be omitted for brevity). 

The photon matrix element is 

(2|TA #x (x)A l/ (x')|l) = (0|c 2 TA, x (x)A l/ (x')ct|0), (74.1) 


where 


A = E(4A k + c k + A k *). 

k 


Contraction of the external and internal operators gives 

(74.1) = C'Z'A^A'vCi + c^A^A yCf 

= AfpA'i,, + A 1#X A£', (74.2) 

where we have used the commutativity of the operators c x and c 2 ; for the same 
reason, the symbol T can here be omitted. 

The electron matrix element is 


<2|Tr(x)f (x')|l> = (0\a 2 T(h^Wy P r)am- (74.3) 


This involves four ^-operators. Only two are concerned with the annihilation of 
electron 1 and the creation of electron 2, and will be contracted with the operators 
a\ and a 2 . These may be \f\ i// or if', i// (but not if, if/ or if', if': the creation and 
annihilation of two real electrons and one real photon at the same point x or x' 
would give an expression equal to zero). By carrying out the two possible ways of 
contraction, we obtain two terms in the matrix element (74.3). These will first be 
written on the assumption that t > t': 

(74.3) = a^y^/Wy'iff^ + aiibWity Wai. (74.4) 


In the first term the contracted operators are a 2 if a 2 a 2 if 2 , if f df-^didfil/\. 
Since the operators d 2 d\ and d x at are diagonal and appear at the end of the 
products, they can be replaced by the vacuum expectation value, i.e. unity. To 
make a similar transformation in the second term of (74.4), the operator a 2 must 
first be “pulled” to the left, and d\ to the right. This is done by means of the 
commutation rules for the operators a p , d p : 


{d p , ip}+ = {dp,«/»}+ = 0, 

{d p , t}i} + = ijj p , {dp, 4>}+ = 


(74.5) 


Then (74.4) becomes 




t > t'; 


(74.6) 
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only the operator factors are averaged, of course. Similarly, for t < t\ we obtain an 
expression differing by the interchange of p, and v and of the primed and unprimed 
symbols: 

<0| - WyWX&y 11 *) + (&yW)(4'y tx <l'i)\0), t < V. (74.7) 


The two expressions (74.6) and (74.7) can be written 
chronological product of the (//-operators: 


as one by using the 


Ttjf i (x)iff k (x , ) = 4>i(x)ijr k (x'), t'<t\ 

= t'>t. 


(74.8) 


where i and k are bispinor indices. Then the first and second terms in (74.6), (74.7) 
can be combined in the form 


0|T<// • f |0b>i + r 2 y v (0\W • ^|0>7^i, (74.9) 

where ip • (// denotes the matrix \ff[\ff k . 

It should be noted that, in the natural definition (74.8), the operator products are 
taken with opposite signs for t < t f and t > t\ In this respect it differs from the 
definition of the T product which has been used for the operators A and j. This 
difference arises because the fermion operators (// and (// anticommute outside the 
lights cone, unlike the commuting boson operators A and the bilinear operators 
j == ij/yiff .t This procedure ensures the relativistic invariance of the definition (74.8). 
A formal proof of the commutation rules for the (//-operators will be given in §75.4 
We shall define the electron propagation function or electron propagator , a 
bispinor of rank two, as 


G ik (x-x') = -i<0\Tit,i(x)Mx')j0). (74.10) 

Then the electron matrix element becomes 

<2|Tr(x)r(x')|l> = i (74.11) 

On multiplication by the photon matrix element (74.1) and integration over d 4 x d 4 x’, 
the two terms in (74.11) give the same result, and so we have 

S f i = -ie 2 J f d 4 x d 4 x' i^ 2 (x)y' x G(x - x')y l 'il/,(x') x 

x {A^(x)A,„(x') 4- AfAx')A 1(i (x)}. (74.12) 

t The ^-operators themselves, it will be recalled, correspond to no measurable physical quantities, 
and therefore need not commute outside the light cone. 

$ The T product of any number of ^-operators may be defined similarly. It is equal to the product of 
all the operators arranged in order of increasing time from right to left, the sign being determined by the 
parity of the interchange needed to obtain this order from the order shown under the T product symbol. 
Accordingly, this sign changes when any two ^-operators are interchanged; for example, 
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Substituting the plane waves (64.8), (64.9) for the electron and photon wave 
functions and separating the delta function as in (73.10), we obtain finally the 
scattering amplitude 

M fi = -4ve 2 u 2 {(ye^)G(p l + k,)(ye,) + (ye,)G(p, - k 2 )(yef)}u h (74.13) 


where e u e 2 are the photon polarization 4-vectors and G(p) the electron propagator 
in the momentum representation. 

The two terms in this expression are represented by the following Feynman 
diagrams: 


47re 2 u 2 (xe|) G (f) (^e 



P 


2 


p, 


p 2 



k, 


47re 2 u 2 (X e i) G (f') (^e|) u, = ♦ f'~ p, - k 2 



(74.14) 


The broken-line free ends of the diagrams correspond to real photons; the 
incoming lines (initial photon) are associated with a factor V(47r)e, and the 
outgoing lines (final photon) with a factor V(4rr)e*, where e is the polarization 
4-vector. In the first diagram, the initial photon is absorbed together with the initial 
electron, and the final photon is emitted together with the final electron. In the 
second diagram, the final photon is emitted together with the annihilation of the 
initial electron, and the initial photon is absorbed together with the creation of the 
final electron. 

The continuous internal line joining the two vertices represents a virtual 
electron whose 4-momentum is determined by the conservation of the 4-momentum 
at the vertices. This line is associated with a factor iG(/). Unlike the 4-momentum 
of a real particle, that of the virtual electron has a square which is not equal to ra 2 . 
If the invariant f 2 is considered, for example, in the rest frame of the electron, we 
easily find that 

f 2 = (p, + k,) 2 > m 2 , f' 2 = (Pi - k 2 ) 2 < m 2 . (74.15) 


§75. The electron propagator 

The propagation functions or propagators defined in §§73 and 74 are of 
fundamental importance in the formalism of quantum electrodynamics. The photon 
propagator D^ is a basic characteristic of the interaction of two electrons, as is 
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shown by its position in the electron scattering amplitude, in which it is multiplied 
by the transition currents of the two particles. The electron propagator plays a 
similar part in the electron-photon interaction. 

Let us now calculate the actual values of the propagators, taking first the 
electron propagator. Let the operator yp - m, where p p = id p , act on the function 

G ik (x-x') = - i ( 0 |T if/i (x ) ij/ k (x ')| 0 ), (75.1) 

i and k being bispinor indices. Since ip(x) satisfies Dirac’s equation (yp - m)ij/(x) = 0, 
we find that the result is zero at all points x, except those for which t = t'. The reason is 
that G(x-x') tends to different limits as + 0 and according to the 

definition (74.8) these limits are respectively 

-i(0|tMr, 0<Mr', t)|0> and +i<0|^(r', 0<Mr, 0|0>, 

and, as we shall see, they are not the same on the light cone. This causes an additional 
delta-function term to appear in the derivative dG/dt: 


dG 

dt 



T 


diffj(x) 

dt 



+ 8(t - t')(G t -+ t '+o 


G t ->t- 0 ). 


(75.2) 


Since the derivative with respect to t appears in the operator yp - m in the form 
iy° dldt , we therefore have 

(yp - m) ik G kl (x - x ') = S(t - t')y ?*<0|{iMr, 0, >Pi(r’, 0}+|0). (75.3) 

The anticommutator is calculated as follows. On multiplying the operators 
4f( r, t ) and i//(r', t) (see (73.6)) and using the rules for interchange of the fermion 
operators a p , b p , we find 


{<Mr, t), tjf k (r’, t)} + = 5) Op,(r)</' P k(r') + «>- p,,(r)i//-p, t (r')], (75.4) 

P 

where if/ ±p ( r) are wave functions without the time factor; as in §§73 and 74, the 
polarization indices are omitted for brevity. The set of all functions ijj ±p ( r), which 
are eigenfunctions of the electron Hamiltonian, forms a complete set of normalized 
functions, and according to the general properties of these (cf. QM, (5.12)) we have 

2 [MrWpkW + 'lf-pArWr.kW] = S ik S(r-r'). (75.5) 

P 

The sum on the right-hand side of (75.4) differs from that in (75.5) in that i/rf is 
replaced by (^* 7 %, and its value is ySc 8 (r-r'). Thus 

{<fr(r, t), $ k (r’, t)} + = S(r - r’)yl. (75.6) 

From this formula it follows, in particular, that the operators \p and ip anti- 
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commute outside the light cone, as stated in §74. When (x -Jt') 2 <0 there is always 
a frame of reference in which t = t’\ if then r ^ r', the anticommutator (75.6) is in 
fact zero. 

Substituting (75.6) in (75.3) (and omitting the bispinor indices), we have finallyt 
(yp - m)G(x - x ') = 8 (4) (x - x'). (75.7) 

Thus the electron propagator satisfies Dirac’s equation with a delta function on 
the right-hand side. Mathematically speaking, therefore, it is the Green’s function 
for Dirac’s equation. 

We shall later be concerned not with the function G(£) itself (£ = Jt - x'), but with 
its Fourier components: 


G(p) = f G(Oe ipi d 4 t (75.8) 

(the propagator in the momentum representation). Taking the Fourier component 
of each side of (75.7), we find that G(p ) satisfies the algebraic equations 

(yp - m)G(p) = 1, (75.9) 

the solution of which is 

G(p) = lP+jn (75.10) 

p -m 

The four components of the 4-vector p in G(p ) are independent variables, not 
related by p 2 = pl~p 2 = m 2 . Writing the denominator in (75.10) as Po~ (p 2 + m 2 ), we 
see that G(p), as a function of p 0 for given p 2 , has two poles at p 0 = ±e, where 
e = V(p 2 + m 2 ). Thus, in the integration with respect to p 0 in the integral 

G(i)= (2 by f ^°(p^ 4 p 

= (2 ^/ d3 P eiP ' r f dpo-e^Gip) (75.11) 

(where t = t - t'), the question of avoiding the poles arises; until this is decided, the 
expression (75.10) remains essentially indeterminate. 

To settle this question, we go back to the original definition (75.1), and 
substitute in it the (//-operators as the sums (73.6), noting that the only non-zero 
vacuum expectation values are those of the following products of creation and 
annihilation operators: 


(0|a p ap|0> = 1, <0|b p bp + |0)=l. 

f The explicit form, including the bispinor indices, is 


(yp ~ m)uGik(x - x') = S (4) (x - x')S ik . 


(75.7a) 
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(Since in the vacuum state there are no particles, a particle has to be “created” by 
the operator dp or bp before it can be “annihilated” by a p or b p .) The result is 


G ik (x - x') = -i 2 <Mr, t)il> pk (r', t ') 

P 


= - i 2 e ° (r)(^p k (r') for ( - t' > 0 ; 

P 


Gik(x - x') = i X t')\p- p j(r, t ) 

P 


= i 2 e k< ‘ n 4>-p,i(r)4'-p,k(r') for t-t'<0. 

P 


(75.12) 


For t > t ' only the electron terms contribute to G, and for t < t' only the positron 
terms. 

If the summation over p is replaced by an integration over d 3 p, a comparison of 
(75.12) and (75.11) shows that the integral 


fe-^G(p)dp 0 (75.13) 

must have a phase‘factor e~ l£T for r >0 and e l£T for t <0. This can be achieved by 
passing above the pole p 0 = e and below p 0 =-e in the plane of the complex 
variable p 0 : 




o 


+ £ 


(75.14) 


For, when r > 0, the path of integration is closed by an infinite semicircle in the 
lower half-plane, so that the value of the integral (75.13) is given by the residue at 
the pole p 0 = + e; when r < 0 , the path is closed in the upper half-plane, and the 
integral is given by the residue at the pole p 0 =-e. The desired result is thus 
obtained in each case. 

This rule for avoiding the poles (Feynman 9 s rule) can be differently stated as 
follows: the integration is everywhere along the real axis, but the mass m of the 
particle is given an infinitesimal negative imaginary part: 

m-^m-i0. (75.15) 


We then have 


e V[p 2 + (m - iO) 2 ] 
= V[p 2 +m 2 -i0] 


= e — i 0. 
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The poles p 0 = ±e are therefore moved off the real axis: 

-e + iO 

—___._ (75.16) 

o 

+ e - iO 

and the integration along this axis is equivalent to integration along the path 
(75.14).t Using the rule (75.15), we can write the propagator (75.10) in the form 


G(p) = 


yp + m 
p 2 - m 2 + iO* 


(75.17) 


The rule of integration with displaced poles can be proved by means of the 
relation 


(75 ' 18 > 

which is to be taken in the sense that multiplication by any function f(x) and 
integration gives 


\M> dx - p < 75 - ,9) 


(the symbol P denoting the principal value). 

The Green’s function (75.10) is the product of the bispinor factor yp 4- m and a 
scalar, 


G ( 0 ) (p) = l/(p 2 — m 2 ). (75.20) 

The corresponding coordinate function G (0) (£) is evidently a solution of the 
equation 


(p 2 - m 2 )G (0) (x - x f ) = 8 (4) (x - x f ), (75.21) 

i.e. it is the Green’s function of the equation (p 2 - m 2 )if/ = 0. In this sense we can 
say that G (0) (jc - x’) is the scalar-particle propagator. It is easily seen by calculation, 
in the same manner as above, that the scalar field propagation function can be 
expressed in terms of the i//-operators (11.2) by 

G (0) (jc - x f ) = -i( 0|Ti//(x)i// + (x')|0>, (75.22) 

which is analogous to the definition (75.1). The chronological product is defined (as 

t It is useful to note that the rule for moving the poles corresponds to an infinitesimal damping of 
G(x - x ') with respect to |t| = |t - t'|: if the value of p 0 at the displaced poles is written as -(e - iS) and 
+ (e - id), with 8 +0, then the time factor in the integral (75.13) becomes exp(— ie |t| - 5|t|). 
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for all boson operators) by 

= 4f + (x')4f(x), t < t\ 


with the same sign for both t> t’ and t < t’. 


(75.23) 


§76. The photon propagator 

Hitherto we have been concerned (in §§43 and 74) with the explicit form of the 
electromagnetic field operator A only in finding the matrix elements with respect to 
a change in the number of real photons. For this purpose it was sufficient to use the 
representation (§2) of the free field potentials in terms of transverse plane waves. 

This representation, however, does not give a complete description of every 
field, as is clear from the fact that the scattering diagrams (73.13), (73.14) must also 
take account of the Coulomb interaction of the electrons. The latter is described by 
the scalar potential d> and certainly cannot be reduced to an exchange between 
transverse virtual photons (describable by a vector potential such that div A = 0).t 

Thus we have as yet essentially no complete definition of the operators A, and 
without this it is impossible to carry out a direct calculation of the photon 
propagator by means of the formula 

D. v (x -x’) = i(0|TA^(x)A,(x')|0). (76.1) 

On the other hand, the fact that the potentials are not gauge-invariant deprives of 
much of their physical meaning the operators which would be needed for a 
complete quantization of the electromagnetic field. 

These difficulties, however, are purely formal, not physical, and can be avoided 
by using certain general properties of the propagator, which are evident from the 
requirements of relativistic invariance and gauge invariance. 

The most general 4-tensor of rank two which depends only on the 4-vector 
£ = Jt - x' is 


D,„(0 = g^Di?) - d„dj) w (e), (76.2) 

where D and D <0 are scalar functions of the invariant £ 2 .$ This tensor is necessarily 
symmetrical. 

t With the condition div A = 0, Maxwell’s equations lead to the following equations for A and d>: 

dd> 

□A = -4tt] + V —Ad> = —4irp. 

at 

In this gauge, the potential d> satisfies the static Poisson’s equation; cf. (76.13) below with Doo in the 
same gauge. 

t These functions are different in the three ranges of values of the argument which are not mutually 
interchanged by Lorentz transformations: the regions outside the light cone (£ 2 <0), and within its two 
parts (£ 2 >0; £o>0, £o<0). 
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In the momentum representation, we correspondingly have 

D^(k) = D(k 2 )g^ + kJi v D {l) (k 2 ). (76.3) 

where D(k 2 ), D {l \k 2 ) are the Fourier components of the functions D(£ 2 ), D (l) (g 2 ). 

The photon propagation function, in physical quantities (scattering amplitudes), 
is multiplied by the transition currents of two electrons, i.e. it appears in com¬ 
binations of the form (j tl ) 2 iD fMl) (j J/ ) 4 3 ; see, for instance, (73.13). But, because of the 
conservation of current (dj^ = 0), the matrix elements j 2 i = satisfy the 

condition of 4-transversality, 


MT)2i = 0, (76.4) 

where k = p 2 -p\; cf. (43.13). It is therefore clear that all physical results are 
unchanged by the substitution 

D^ v -> + XfxK + (76.5) 

where the Xu are an Y functions of k and k 0 . This arbitrariness in the choice of D^ 
corresponds to that in the field potential gauge. 

The arbitrary gauge transformation (76.5) can violate the relativistically in¬ 
variant form D^ assumed in (76.3) if the quantities do not make up a 4-vector. 
But, even considering only relativistically invariant forms of the propagator, we see 
that the choice of the function D (l \k 2 ) in (76,3) is entirely arbitrary; it does not 
affect any physical results, and can be made in any convenient manner (L. D. 
Landau, A. A. Abrikosov and I. M. Khalatnikov, 1954). 

Thus the determination of the propagation function amounts to that of a single 
gauge-invariant function D(k 2 ). If we take a given value of k 2 , and the z-axis in the 
direction of k, the transformations (76.5) will not affect the components D xx - D yy = 
-D(k 2 ). It is therefore sufficient to calculate the component D xx , using any gauge 
for the potentials. 

We shall use a gauge in which div A = 0 and the operator A is given by the 
expansion (2.17), (2.18): 

A = 2 \l— (4 a e ( “> e~ ik * + ciJ a) * e ikx ), a> = |k|; (76.6) 

k, a '(O 

the index a - 1, 2 labels the polarizations. The only non-zero vacuum expectation 
values of products of the operators c, c + are (0|c ka Ck a |0) = 1. Then, by the definition 
(76.1), we have 


D ik (0 = 


1 C27Tid 3 k 

(2 IT -) 3 J 0) 




£-io>M+ik-£ 


(76.7) 


where i, k are three-dimensional vector indices; the summation over k has been 
replaced by an integration over d 3 k/( 27t) 3 . The absolute value of r = t - t' appears in 
the exponent, because the operator product in (76.1) is chronological. 


QE4 - U 
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It is evident from (76.7) that the integrand without the factor e lk i is the 
component of the three-dimensional Fourier expansion of the function D ik ( r, t). 
For D xx = —D, it is 


(2iri/<o) e _i “ |T| 2 K a) | 2 = (2vi/(o) 

a 

To find D xx (k 2 ) we now have to represent this function as a Fourier integral over 
time. The appropriate formula is 


2iri 

a) 


e 


-ko|r| 


00 



— 00 


4tt 

kl-k 2 + iO 


e~ ik « T dk 0 . 


As explained in §75, this integration is understood to be taken along a contour 
passing below the pole k 0 = |k| - co and above the pole k 0 = — |k| = — <o; for r > 0 the 
value of the integral is determined by the residue at the pole k 0 = + co, and for r < 0 
by that at fc 0 = - c o. 

Thus we have finally 


D(k 2 ) = 47r/(k 2 + iO). (76.8) 

The term +i0 in the denominator which results from this proof is in accordance 
with the rule (75.15), i 0 being subtracted from the (zero) mass of the photon. It is 
evident from (76.8) that the corresponding coordinate function D(£ 2 ) satisfies the 
equation 

- d^D{x -x') = 4tt8 {4 \x - jc'), (76.9) 

i.e. it is the Green’s function of the wave equation. 

We shall generally take D il) = 0, i.e. use the propagation function 

D„ v = g^D(k 2 ) = fc2 4 ;. 0 (76.10) 


(the Feynman gauge). 

There are also other gauges which may be advantageous in certain applications. 
Putting D (l) = - Dlk 2 , we obtain the propagator in the form 

= (76.11) 

(the Landau gauge), with D^ v k v = 0. This choice is similar to the Lorentz gauge for 
potentials (A^k^ = 0). 

The propagator gauge conditions Duk 1 = 0 , D 0 ik l = 0 are analogous to the three- 
dimensional gauge condition div A = 0 for the potentials. Together with 


D xx =-D = -47r/k 2 , 
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D u 


4 TT 


f(Sa 



(76.12) 


In order to obtain this Du, we must apply to the propagator (76.10) the trans¬ 
formation (76.5), putting 


- _ 4770) _ 47Tk t 

*° ~ 2(a> 2 - k 2 )k 2 ’ Xi ~ 2(w 2 - k 2 )k 2- 

The remaining components D^ are then found to be 

Doo = -4i7/k 2 , Dm = 0. (76.13) 

This is called the Coulomb gauge (E. E. Salpeter, 1952). D 00 is here the Fourier 
component of the Coulomb potential. 

Finally, the propagator gauge in which 

Du =- 8u ~^t), Dm = Doo = 0, (76.14) 

is analogous to the potential gauge condition 4> = 0. This is a convenient form for 
use in non-relativistic problems (I. E. Dzyaloshinskil and L. P. Pitaevskil, 1959). 

All the above expressions relate to the momentum representation of the 
propagator. In some cases, it is convenient to use the mixed frequency-coordinate 
representation, i.e. the function 

D^(co, r) = J D^(a>,k) e ik r d 3 k/(2ir) 3 . (76.15) 

In the Feynman gauge (76.10) 


D^( co, r) = g^D( co, r), 


where 


D( co, r) = 477 —2 


/ 


d 3 k 


«—k 2 + i0(2ir) 3 


i f e‘ kr - e~ ikr 

0 


k 2 + i 0 

or, changing k to —k in the second term in the integrand, 

oo 

e ikr k dk 


D((o, r) 


7rr J 


co 2 — k 2 + i 0 
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The integration here is carried out by closing the contour of integration with an 
infinite semicircle in the upper half-plane of the complex variable k, and amounts to 
taking the residue at the pole k = |co| + iO. The final result is 

D(a>, r) = -jy' Hr . (76.16) 

The following comment may be made regarding this expression. The process 
described by the diagrams (73.13) and (73.14) may be intuitively regarded as the 
scattering of electron 2 in the field due to electron 1 (or vice versa). The function 
(76.16) corresponds to the usual “retarded” potential oc e l(or (see Fields , (64.1), 
(64.2)) only when co > 0. The sign of co, however, depends on the arbitrary choice of 
the direction of the arrow of k in the diagram. The above-mentioned property of 
D(a), r) signifies that in quantum electrodynamics the source of the field is to be 
regarded as the particle which loses energy, i.e. emits a virtual photon. 

To conclude this section, let us also consider the problem of the propagator for 
particles with spin 1 and non-zero mass. There is then no arbitrariness of the gauge, 
and the choice of the propagator is unambiguous. 

Substituting the (//-operators (14.16) in the definition 

G. v = -i(0\T^(x)ij, + v (x')\0), (76.17) 

we obtain an expression that differs from (76.7) only in that the sum over 
polarizations in the integrand is replaced by 

2 u^u™*. 


Summation over polarizations is equivalent to averaging and multiplication by 3, 
the number of independent polarizations. Averaging gives the density matrix of 
unpolarized particles (14.15). Thus we find for the propagator of vector particles 

< 76 ' 18 ' 

The propagators (75.17) and (76.18) have similar structures: the denominator 
contains the difference p 2 -m 2 , and the numerator is (apart from a factor) the 
density matrix of unpolarized particles with a given spin. 

§77. General rules of the diagram technique 

The calculation of the scattering matrix elements that has been given for some 
simple cases in §§73 and 74 contains all the fundamental features of the general 
method. There is no particular difficulty in deriving the corresponding general rules 
for calculating the matrix elements in any order of perturbation theory. 

As has already been mentioned, the matrix element of the scattering operator S 
for the transition between any initial and final states is equal to the vacuum 
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expectation value of the operator obtained by multiplying S on the right by the 
creation operators of all the initial particles and on the left by the annihilation 
operators of all the final particles. 

This treatment puts the S-matrix element in the following form in the nth order 
of perturbation theory: 

</|S (n) |i> = ^|(0|... b 2 fbi f ... a,/... Ci/ x 

x J d 4 x i... d 4 x n T{ij/,(-ieyA,)i(/,)... (ip n (-ieyA n )\l/ n )}cu ... au ... by,... |0>; 

(77.1) 

the suffixes 1 i, 2/,... label the initial particles (positrons, electrons and photons 
separately), and the suffixes 1/, 2/,... label the final particles. The suffixes 1,2,... 
to the operators i j/ and A signify that \p\ = ij/(x 0 and so on. The operators if/ and A 
which appear here are linear combinations of the creation and annihilation opera¬ 
tors of the corresponding particles in various states. Thus we obtain expressions 
for the matrix elements which are the vacuum expectation values of the products 
of the particle creation and annihilation operators and of their linear combinations. 
The calculation of such expectation values is effected by means of the following 
results, which constitute Wick's theorem (G. C. Wick, 1950). 

(1) The vacuum expectation value of the product of any number of boson 
operators c + and c is equal to the sum of the products of all possible expectation 
values of these operators taken in pairs (contraction). In each pair, the factors must 
be placed in the same order as in the original product. 

(2) For the fermion operators a + , a, b + , b (of the same or different particles), 
the rule is the same except that each term appears in the sum with positive or 
negative sign according to the parity of the number of interchanges of fermion 
operators needed to bring together all the operators that are averaged in pairs. 

The expectation value must obviously be zero unless the product contains a 
factor a + , b + , c + for each factor a, b, c. Then only pairs of operators (d, d + ),..., 
pertaining to the same states are to be contracted, and moreover only those pairs in 
which a + , etc., is to the right of a, etc.: the particle is first created and then 
annihilated (whereas (0|a + a|0) = 0, etc.). 

If each pair (a, a + ), etc. appears only once in the product, Wick’s theorem is 
obviously true, the expectation value then reducing to a single product of pairwise 
expectation values. Its validity is also evident when all the annihilation operators in 
the product are to the right of the creation operators; this is called a normal 
product. The expectation value is then zero. Wick’s theorem is now easily proved 
by induction for the general case where one pair of operators appears k times in 
the product, as follows. 

Let us consider the expectation value (0|.. cc + .. |0), in which the pair of boson 
operators appears k times; the argument is entirely similar for fermion operators. If 
we interchange the factors c and c + in one pair, the commutation rules give 


<0|.. cc + .. |0> = <0|.. c + c .. |0> + <0|.. 1 .. |0>. 


(77.2) 
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The expectation value (0|.. 1 .. |0) contains k — 1 pairs, and Wick’s theorem is 
assumed to be valid for it. If the expectation value (0|.. cc + .. [0> is expanded by 
Wick’s theorem, it differs from (0|.. c + c .. |0) by just the term 

(0|.. 1.. |0)(0|cc + |0) = (0|.. 1 .. |0); 

in the expansion of (0|.. c + c .. |0), the corresponding term (0|.. 1 .. |0)(0|c + c|0) is 
zero. Hence it follows from (77.2) that, if Wick’s theorem is valid for a matrix 
element (0|.. c + c .. |0), it is still valid when c and c + are interchanged. Since the 
theorem is known to be valid for one particular order of factors (the normal order), 
it is therefore true in every case. 

Since Wick’s theorem is valid for products of operators a, b ,..., it is also true 
for all products which contain the linear combinations ip, ip, A of a, b,..., as well 
as the latter operators themselves. On applying this theorem to the matrix element 
(77.1), we bring it to the form of a sum of terms, each term being the product of a 
number of pairwise expectation values. The latter will include contractions of the 
operators ip, ip, A with “external” operators—those which create the initial parti¬ 
cles or annihilate the final particles. These contractions are expressed in terms of 
the wave functions of the initial and final particles by the formulae 

(0|ACp|0> = A p , (0|c p A|0> = A*, 

(0\ip a ;\0) = ip p , <0|a p ^> = iPt • (77.3) 

(0\b p ip\0) = ip- p , <0|i//b p |0> = ip- p , 

where A p and ip p are the photon and electron wave functions with momentum p 
(the polarization indices are omitted for brevity, as in §§73 and 74). Contractions of 
the “internal” operators in the T product will also occur. Since the sequence of 
factors in each contracted pair is preserved when applying Wick’s theorem, the 
chronological sequence of operators is preserved in these contractions, and they 
are therefore replaced by the corresponding propagators.t 

Each term of the sum obtained from the matrix element by applying Wick’s 
theorem is represented by a particular Feynman diagram. In the nth-order diagram 
there are n vertices, each corresponding to one of the variables of integration (the 
4-vectors x u x 2 , .. .)• Three lines meet at each vertex, two being continuous 
(electron lines) and one broken (photon line); these correspond to the electron 
operators ip and ip and the photon operator A as functions of the same variable Jt. 
The operator \p corresponds to the incoming line and ip to the outgoing line. 

By way of illustration, we shall give some examples of the correlation between 
the terms of the matrix element in the third approximation and the diagrams. 

t The following comment must be made regarding this last statement. In proving Wick’s theorem, 
we have made use of the commutation rules for the operators c and c + , which are meaningful only for 
real (“transverse”) photons. The “external” operators ct , c/ do in fact, of course, correspond to such 
(initial and final) photons, but the operators A (which appear within the T product) describe, as shown 
in §76, not only transverse photons. The situation here is similar to that in the calculation of (§76). 
Owing to the relativistic and gauge invariance, it is sufficient to prove the theorem for those products 
(i.e. components of the tensors (0|TA M A v ... |0)) which are determined by the transverse parts of the 
potentials. The theorem is then valid for all products. 
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Omitting the integral sign and the symbol T, and also the operator symbols, the 
factors —iey, and the arguments of the operators, we can symbolically write these 
terms as 


i 


\ 


(a) (<pAip) (<pA<p) (<£> A<J>) 


(b) A A (^Aij,) 


(c) (' j/ A ' j0 (<|A^) (^ A ^) 


(d) ($A-;) A ^) (<W) 


I I I 

I I I 

I - i — 1 


(77.4) 


For clarity, the electron and photon contractions are shown by continuous and 
broken lines as in the diagrams. The direction of the arrows from if/ to if/ for the 
electron contractions is the same as in the diagrams. For the internal photon 
contractions the direction is immaterial (the photon propagator is an even function 
of x - x'). 

The terms thus obtained include equivalent terms which differ only in that the 
vertices are renumbered, i.e. that the correlation between the vertices and the 
variables is changed, or simply that the variables of integration are renamed. The 
number of such interchanges is n !; this cancels the factor 1 In ! in (77.1), and there is 
then no need to consider diagrams differing only by interchange of vertices. This 
has already been noted in §§73 and 74. For example, there are two equivalent 
diagrams in the second approximation: 


(+ A A^ ) = 

($A^) (vf A^) = 



/ 

/ 


\ 


(77.5) 


In (77.4) and (77.5) only internal contractions which correspond to internal 
diagram lines are shown (virtual electrons and photons). The operators still free are 
contracted with external operators, and this establishes a correlation between the 
free ends of the diagrams and certain initial and final particles. Then iff (contracting 
with operators a f or bt) gives the final electron line or the initial positron line, and 
S (contracting with at or b f ) gives the initial electron line or the final positron line. 
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The free operator A (contracting with ct or c f ) can correspond to either an initial 
or a final photon. Thus we obtain sets of several topologically identical diagrams 
(i.e. diagrams having the same number of lines arranged in the same way), differing 
only by interchanges of initial and final particles between incoming and outgoing 
free ends. 

Each such interchange is clearly equivalent to a certain interchange of the 
external operators a, b ,... in (77.1). It is therefore evident that, if the initial 
particles or the final particles include identical fermions, diagrams which differ by 
an odd number of interchanges of free ends must have opposite signs. 

An uninterrupted sequence of continuous lines in the diagrams constitutes an 
electron line along which the arrows maintain a constant direction. Such a line may 
have two free ends or form a closed loop. For example, the diagram 

(j'AsjQ ^ A p) ' O 

has a loop with two vertices. The maintenance of direction along the electron line is 
the graphical expression of the conservation of charge: the “incoming” charge at 
each vertex is equal to the “outgoing” charge. 

The arrangement of the bispinor indices along the continuous electron line 
corresponds to writing the matrices from left to right in motion contrary to the 
arrows. The bispinor indices of different electron lines can never become confused. 
Along an open line, the sequence of indices terminates at the free ends with 
electron (or positron) wave functions; in a closed loop, the sequence of indices is 
itself closed, and the loop corresponds to the trace of the product of the matrices 
found on it. This trace must be taken with negative sign, as is easily seen. A loop 
with k vertices corresponds to a set of k contractions: 


($ A A 40 • • • (4> a <10 

(or to another which is equivalent, differing only in an interchange of the vertices). 
In the (k - l)th contraction the operators t j/ and i// are together in the order (ijj to 
the right of ip) in which they must appear in the electron propagator. The operators 
at the ends are brought together by an even number of interchanges with other 
(//-operators, and are then in the order i//i//. 

Since 


(0|Ti//'t//|0) = - (0|Tt//i//|0) 

(see the second footnote to §74), the replacement of this contraction by the 
corresponding propagator means a change in the sign of the whole expression. 

In general, the change to the momentum representation is made in an exactly 
similar manner to that in §§73 and 74. As well as the general law of conservation of 
4-momentum, “conservation laws” must also be satisfied at each vertex. But all 
these laws may not suffice to determine uniquely the momenta of all the internal 
lines in the diagram. In such cases, there remain integrations over d 4 p/(27r) 4 for all 
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the undetermined internal momenta; these integrations extend throughout p-space, 
including p 0 from -oc to + sc. 

In the above discussion it has been assumed that the perturbation is represented 
by the interaction between those particles which are “actively” concerned in the 
reaction (i.e. between particles whose state is altered as a result of the process). A 
similar treatment can be given for the case where there is an external electromag¬ 
netic field, i.e. a field generated by “passive” particles, whose state is not altered in 
the process. 

Let A (e) (x) be the 4-potential of the external field. It appears in the Lagrangian 
of the interaction together with the photon operator A, as the sum A + A {e) (which 
is multiplied by the current operator j). Since A {e) does not involve any operators, it 
cannot contract with other operators. Thus only external lines in Feynman 
diagrams can correspond to an external field. 

If A (e) is expressed as a Fourier integral: 


A (e) (x) = | A (e) (q) e~ iqx d 4 ql(2n) 4 , 
A (e) (q ) = J A (e) (x) e iqx d 4 x. 


(77.6) 


the expressions for the matrix elements in the momentum representation will 
contain the 4-vector q together with the 4-momenta of other external lines 
corresponding to real particles. Each such external-field line can be correlated with 
a factor A (e \q ), and the line is to be regarded as “incoming” (in accordance with 
the sign of the exponent in the factor e~ iqx which accompanies A {e \q) in the Fourier 
integral; an “outgoing line” would be correlated with a factor A (t °*(q)). If the 
4-momenta of all the external-field lines are not uniquely defined (for given 
4-momenta of all the real particles) by the law of conservation of 4-momentum, 
then there remain integrations over d 4 ql(2iT) 4 for all the “free” q and over all the 
other undetermined 4-momenta of the diagram lines. 

If the external field is independent of time, then 

A u, (q) = 2Tr8(q°)A u >(q), (77.7) 

where A <c) (q) is the three-dimensional Fourier component: 

A <e) (q) = | A <c) (r) e~ iqr d 3 x (77.8) 

In this case the external line is correlated with A (e) (q) and assigned a 4- 
momentum q* 1 = ( 0, q); the energies of the electron lines which (together with the 
field line) meet at a vertex will be equal by virtue of the conservation law. 
Integration over d 3 pl(2 tt) 3 is necessary for the other “free” three-dimensional 
momenta p of the internal lines. The amplitude M fi thus calculated determines, for 
example, the scattering cross-section by (64.25). 

We may give a list of final rules for the diagram technique whereby an 
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expression may be obtained for the scattering amplitude (or rather for iM fi ) in the 
momentum representation. 

(1) The nth approximation of perturbation theory corresponds to diagrams with 
n vertices, each of which is the meeting point of one incoming and one outgoing 
electron line (continuous) and one photon line (broken). The amplitude of the 
scattering process involves all the diagrams having free ends (external lines) equal 
in number to the initial and final particles. 

(2) Each incoming continuous external line is associated with the amplitude 
u(p) of an initial electron or u(-p) of a final positron (where p is the 4-momentum 
of the particle). Each outgoing continuous line is associated with the amplitude 
u(p) of a final electron or u(-p) of an initial positron. 

(3) Each vertex is associated with a 4-vector - iey #A . 

(4) Each incoming broken external line is associated with the amplitude 
V(47 t)c^ of an initial photon, and each such outgoing line with the amplitude 
V(4ir)e* of a final photon, where e is the polarization 4-vector. The vector index p 
is the same as the index of the matrix y* at the corresponding vertex, so that the 
scalar product ye or ye* is obtained. 

(5) Each continuous internal line is associated with a factor iG(p), and each 
broken internal line with a factor -iD^ip). The tensor indices p, v are the same as 
the indices of the matrices y*\ y v at the vertices joined by the broken line. 

(6) The arrows have a constant direction along any continuous sequence of 
electron lines, and the arrangement of the bispinor indices along them corresponds 
to writing the matrices from left to right in motion contrary to the arrows. A closed 
electron loop corresponds to the trace of the product of the matrices found on it. 

(7) At each vertex, the 4-momenta of the lines which meet there satisfy a 
conservation law, i.e. the sum of the momenta of the incoming lines is equal to the 
sum of the momenta of the outgoing lines. The momenta of the free ends are given 
quantities (subject to the general conservation law), with momentum -p assigned 
to the positron line. Integration over d 4 p/(27r) 4 is carried out for the momenta of 
internal lines which remain undetermined after application of the conservation laws 
at every vertex. 

(8) An incoming free end corresponding to an external field is associated with a 
factor A (e \q); the 4-vector q is related to the 4-momenta of the other lines by the 
conservation law at the vertex. If the field is constant, the line is associated with a 
factor A (e) (q), and integration over d^p/ilir) 3 is carried out for the three-dimen¬ 
sional momenta of internal lines which remain undetermined. 

(9) An additional factor -1 is included in iM fi for each closed electron loop in 
the diagram and for each pair of positron external lines if these are the beginning 
and end of a single sequence of continuous lines. If the initial particles or the final 
particles include more than one electron or positron, the diagrams differing by an 
odd number of interchanges of identical particles (i.e. of the corresponding external 
lines) must have opposite signs. 

To clarify the last rule, it may be added that diagrams having the same 
continuous lines, i.e. diagrams which would be identical after removal of all photon 
lines, must always have the same sign. When identical fermions are present, the 
sign of the amplitude as a whole is arbitrary. 
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The representation of the scattering amplitudes M fi by Feynman integrals 
reveals the following noteworthy symmetry property of these amplitudes. 

Any of the incoming external lines in a Feynman diagram may be regarded 
(without changing the direction of its arrow) as either an initial particle or a final 
antiparticle, and any outgoing line as either a final particle or an initial antiparticle. 
When the change is made from particle to antiparticle, the significance of the 
4-momentum p assigned to the line also changes: p = p e for the electron (say), and 
p = -p P for the positron. The polarization assigned to the particle is also changed. 
Since an incoming external line must correspond to an amplitude u and an outgoing 
one to w*, we have u = u e for the electron and u = u% for the positron; and the 
change from u to w* signifies a change in the sign of the spin component (or the 
helicity) of the particle. 

For the photon, a strictly neutral particle, this is simply a change from emission 
to absorption or vice versa: an external photon line with momentum k corresponds 
either to the absorption of a photon with momentum k a = k, or to the emission of a 
photon with momentum k e = -k and the opposite helicity. 

This change in the significance of the external lines is equivalent to a change 
from one cross-channel of the reaction to others. Hence it follows that the same 
amplitude, as a function of the momenta of the free ends of the diagrams, describes 
every channel of the reaction.! Only the meaning of the arguments of the function 
varies with the channel: the change from particle to antiparticle implies 
where p x is the 4-momentum of the initial particle (in one channel) and p f the 
4-momentum of the final particle (in the other channel). This property of the 
scattering amplitude is called crossing symmetry or crossing invariance. 

In terms of the invariant amplitudes defined in §70 as functions of the kinematic 
invariants, we can say that these functions will be the same for all channels, but for 
each channel their arguments will take values in the corresponding physical region. 
Thus the Feynman integrals determine the invariant amplitudes as analytic func¬ 
tions; their values in the various physical regions are the analytical continuation of 
a function specified in one region. Since the integrands in the Feynman integrals 
have singularities, so do the invariant amplitudes, and their singularities can be 
determined from the expressions for the integrals, using the rule of pole avoidance. 
If the invariant amplitudes are calculated for any one channel from the Feynman 
integrals, their analytical continuation to the other channels will necessarily take 
account of these singularities. 

It should be emphasized that crossing invariance goes beyond the properties of 
the scattering matrix which follow from the general requirements of space-time 
symmetry. The latter imply the equality of amplitudes for processes which differ by 
the interchange of initial and final states and the replacement of all particles by 
antiparticles (with the momenta p of all particles unchanged and the signs of their 
angular momentum components reversed). This is the condition of CPT in- 

f If a particular channel is forbidden by the conservation of 4-momentum, the transition probability 
is necessarily zero because of the delta function which appears as a factor in (64.5). 
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variance.! Crossing invariance, however, allows this transformation not only for all 
the particles at once but also for any one particle. 


§ 79. Virtual particles 

The internal lines in the Feynman diagrams play a role in invariant perturbation 
theory analogous to that of the intermediate states in the “ordinary” theory, but the 
nature of these states is different in the two theories. In the ordinary theory the 
(three-dimensional) momentum is conserved in the intermediate states, but the 
energy is not, and for this reason they are said to be virtual states. In the invariant 
theory, the momentum and the energy appear on an equal footing: in the inter¬ 
mediate states, the whole 4-momentum is conserved (this results from the fact that 
the integration in the S-matrix elements is over both coordinates and time, thus 
ensuring the invariance of the theory). But the relation between energy and 
momentum which holds for real particles and is expressed by the equation p 2 = m 2 
is no longer satisfied in the intermediate states, which are therefore spoken of as 
intermediate virtual particles. The relation between the momentum and energy of a 
virtual particle may be anything required by the conservation of 4-momentum at 
the vertices. 

Let us consider a diagram consisting of two parts I and II, joined by a single 
line. Ignoring the internal structure of these parts, we can represent the diagram in 
the schematic form 


(79.1) 


(the lines shown may be either continuous or broken lines). By the general 
conservation law, the sums of the 4-momenta of the external lines for parts I and II 
are equal. Because of the conservation at each vertex, they are also equal to the 
4-momentum p of the internal line joining parts I and II. Thus this momentum is 
uniquely defined, and there is therefore no integration with respect to it in the 
matrix element. 

The quantity p 2 may be either positive or negative, depending on the reaction 
channel. There is always a channel in which p 2 >0.$ Then the virtual particle is 
entirely analogous, as regards its formal properties, to a real particle with real mass 
M = Vp 2 . Its rest frame can be defined, its spin determined, and so on. 

The tensor structure of the photon propagator (76.11) is the same as that of the 
density matrix of an unpolarized particle with spin 1 and non-zero mass: 


Puy 3 (^/l iv PuPJm ) 


t The formal description of the change from one of these reactions to the other by reversing the 
signs of all the 4-momenta in the Feynman diagrams corresponds to the significance of the operation 
CPT as 4-inversion. 

$ For example, the channel (if it is allowable on energy grounds) in which all the free ends of part I 
correspond to initial particles and those of part II to final particles. Then p = Pi (the sum of the 
4-momenta of all the initial particles), and in the centre-of-mass system p = (P?, 0), so that p 2 > 0. 
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(see (14.15)). For a virtual particle the propagator (a quantity obtained from a 
quadratic combination of the field operators) plays a role analogous to that of the 
density matrix for a real particle. Thus a virtual photon, like a real photon, must be 
assigned spin 1. But, unlike the two independent polarizations of the real photon, 
all three polarizations are possible for the virtual photon, which is a “particle” with 
finite mass. 

The electron propagation function is 

G yp + m, 

where m is the mass of the real electron, the “mass” of the virtual particle being 
M = Vp 2 . Putting 


yp + m = ~ 2 m"" (yP + M ) + ~ 2M ~ ~ ( 79 - 2 ) 

we see that the first term corresponds to the density matrix of a particle with mass 
M and spin and the second term to that of a similar “antiparticle”; cf. (29.10) and 
(29.17). Since the particle and the antiparticle have different internal parities (§27), 
we conclude that the same spin \ must be assigned to the virtual electron, but that 
no definite parity can be assigned to it. 

A characteristic feature of the diagram (79.1) is that it can be cut into two 
unconnected parts by dividing only one internal line.t This line corresponds, in 
such cases, to a one-particle intermediate state, i.e. a state having only one virtual 
particle. The scattering amplitude corresponding to such a diagram contains the 
characteristic factor (which does not undergo integration) 

1 

p 2 - m 2 + i0’ 

arising from the internal line p; m is the electron mass for an electron line and zero 
for a photon line. Thus the scattering amplitude has poles at the values of p for 
which the virtual particle would become a physical one (p 2 = m 2 ). This situation is 
similar to the one in non-relativistic quantum mechanics, where the scattering 
amplitude has poles for energy values corresponding to bound states of the system 
of colliding particles (QM, §128). 

Let us consider the diagram (79.1) for the reaction channel in which all the free 
ends on the right correspond to initial particles, and all those on the left to final 
particles; then p 2 > 0. Then we can say that, in the intermediate state, all the initial 
particles are converted into one virtual particle. This is possible only if such a 
conversion would not contradict the necessary conservation laws (not including the 
conservation of 4-momentum), namely the conservation of angular momentum, 
charge, charge parity, etc. This is the necessary condition for the occurrence of 
what are called pole diagrams. If these exist for one reaction channel, they exist 
also for the remaining channels, because of crossing invariance. 

t This property occurs for the diagrams of almost all processes in the first non-vanishing ap¬ 
proximation. 
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For example, the conservation laws mentioned do not preclude the formation of 
a virtual electron by e + y e. This corresponds to a pole of the Compton effect 
amplitude (and therefore a pole of the other channel of this reaction, namely 
two-photon annihilation of an electron-positron pair). The formation of a virtual 
photon by e~ + e + -*y corresponds to a pole of the amplitude for the scattering of 
an electron by a positron, and therefore that of an electron by an electron. Two 
photons can give neither a virtual electron nor a virtual photon: the conversion 
y + y-*e is forbidden by the conservation of charge or angular momentum, and 
y + y y by that of charge parity. Accordingly, the photon-photon scattering 
amplitude cannot involve pole diagrams. 

The origin of the pole singularities of the scattering amplitudes, which has been 
discussed above on the basis of Feynman integrals, is really more general and is 
not dependent on perturbation theory. We shall show that such singularities arise 
simply as a consequence of the unitarity condition (71.2). 

Let us assume that the intermediate states n which appear in (71.2) include a 
one-particle state. The contribution of this state is 

(T T f)(„ ne -P ) = j(27r) 4 2 f 8 <4 \P f - p)T fn Tf„ 
x J 

where p and A are the 4-momentum and helicity of the intermediate particle. The 
integration over d 3 p is replaced by one over d 4 p (in the range p 0 = e >0): 

d 3 p 2 e8(p 2 - M 2 ) d 4 p, 

where M is the mass of the intermediate particle. The integration eliminates the 
delta function S (4) (P f -p); we then change from the amplitudes T fi to M fi by (64.10), 
obtaining 


(M/i - MijO (one - p) = 2m 8(p 2 - M 2 ) £ (79.3) 

k 

Assuming T and P invariance, we have (apart from a phase factor) M if = M/,-, 
where the states V, /' differ from i, / only in the sign of the particle helicities (with 
the same momenta). Taking the sum of equation (79.3) and the corresponding 
equation for M f >i> - M we have 

im M}? ne - p) - - 7 t8( P 2 - M 2 )R , (79.4) 


where 


+ Mfi', 

R = -'Z(M ln M* n + M rn M? n ). 


Hence it follows that M fi , as an analytic function of p 2 = Pf = Pj, has a pole at 
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Real transitions to a one-particle state are possible only for one value of P ■ = P 2 , 
namely M 2 . Thus we in fact obtain the scattering amplitude structure correspond¬ 
ing to a diagram of the form (79.1). 

Finally, let us consider an important property of diagrams containing closed 
electron loops. This property is easily derived by applying the concept of charge 
parity to a virtual photon: a virtual photon, like a real photon, must be assigned a 
definite (negative) charge parity.! 

If a diagram contains a closed loop (with number of vertices N > 2), the 
amplitude for the process concerned must include not only that diagram but also 
another which differs only in the direction of traversal of the loop (if N = 2, there 
is evidently no distinguishable “direction of traversal”)- If these loops are “cut 
out” along the broken lines which come to them, we obtain two loops, fli and n n : 



which may be regarded as diagrams determining the amplitude for the process of 
conversion of one set of photons (real or virtual) into another; the number N is the 
sum of the numbers of initial and final photons. But the conservation of charge 
parity forbids the conversion of an even number of photons into an odd number. 
When N is odd, therefore, the sum of the expressions corresponding to the loops 
(79.6) must be zero. The total contribution to the scattering amplitude from two 
diagrams containing these loops as constituent parts is consequently zero also, a 
result known as Furry's theorem (W. H. Furry, 1937). 

Thus, in constructing the amplitude for a given process, we can ignore diagrams 
containing loops with an odd number of vertices. 

This cancellation of diagrams occurs for the following reason. A closed electron 
loop corresponds to an expression (with given momenta k u k 2 ,..., k N of the 
photon lines) 

f d 4 p ■ tT[(ye l )G(p)(ye 2 )G(p + k,)...], (79.7) 

where p, p + ki,... are the momenta of the electron lines (which are not completely 
determined after the conservation laws have been applied at the vertices). Let the 
operation of charge conjugation be applied to all matrices y* and G, replacing them 


f This follows from the same arguments as were given at the end of §13 for a real photon, 
concerning the electromagnetic interaction operator acting at each vertex. 



316 


Invariant Perturbation Theory 


§79 


by Uc'y^Uc and UcGU c . The expression (79.7) is then unchanged, since the trace 
of a product of matrices is unaffected by such a transformation. According to 
(26.3), 


UcVUc 


(79.8) 


and hence 


U c'G(p)Uc = = G(—p). (79.9) 

But the replacement of G(p) by the transposed matrix with the sign of p changed is 
clearly equivalent to a change in the direction of traversal of the loop, all the 
arrows being reversed. Thus this transformation changes one loop into the other, 
and there is a factor (-1) N from the change (79.8) at each vertex. Hence 

Ih^-lflln, (79.10) 

i.e. the contributions from the two loops are the same when the number of vertices 
is even, but equal and opposite when this number is odd. 
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INTERACTION OF ELECTRONS 

§ 80. Scattering of an electron in an external field 

Elastic scattering of an electron in a constant external field is a simple process 
which occurs even in the first approximation of perturbation theory (the first Born 
approximation). It corresponds to a diagram with one vertex: 

l 

(80.1) 

p' p 

where p and p' are the initial and final 4-momenta of the electron, and q =p' —p. 
Since the electron energy is conserved in scattering in a constant field (s = s'), we 
have q = (0, q).t 

The corresponding scattering amplitude is 

Mfi = -eu(p')[yA (e Xq)Mp), (80.2) 

where A (g) (q) is the component of the spatial Fourier resolution of the external 
field. The scattering cross-section is, according to (64.26), 

d<T = l6~ 2 \ M fi\ 2 do'. (80.3) 

For an electrostatic field, A {e) = (Aj> g) , 0), and hence 

M fi = — eu(p')y°u(p)Ao e Xq) 

= - eu*(p')u(p)A { 0 e X q). (80.4) 

In the non-relativistic case, the bispinor amplitudes u(p) of the plane waves reduce 
to the non-relativistic (two-component) amplitudes. For scattering without change 
of polarization, u' = u, and = 2m by the normalization condition chosen. Thus 

2 

da= — -Op- U (q) do’, 

ZlT 

t When there is an external field, such a diagram is, of course, not forbidden by the law of 
conservation of 4-momentum, as the diagram (73.19) with a real photon was: q 2 , unlike the square of the 
4-momentum of a real photon, need not be zero, and the component with the necessary q is 
automatically taken from the Fourier integral which represents the external field. 
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where U(q) = eAtfXq) is the Fourier component of the potential energy of the 
electron in the field; this expression is the same as the familiar Born’s formula 
(QAf, (126.4)). 

In the general relativistic case, the cross-section for scattering of unpolarized 
electrons is obtained by averaging \M fi \ 2 over initial polarizations and summing over 
final polarizations, i.e. by taking the quantity 

polar. 


where the summation is over the spin directions of the initial and final electrons; 
the factor \ changes one of these summations into an averaging. According to the 
rules given in §65, we obtain 

2 2 |M/j| 2 = 2 tr p'(yA (e) )p(yA (e) *) 

polar. 

= 2 |Af, c) (q)| 2 tr (m + yp')y°(m + yp) y°. 

To calculate the trace, we note that y°(yp)y° = (yp), where p = (e, — p), and 
therefore 


\tr (m + yp')y°(m + yp)y° = \ tr (m + yp')(m + yp) 

= m 2 + p’p 
= e 2 + m 2 + p • p' 

= 2s 2 -W- 

Hence the cross-section is 

(80.5) 

For a field due to a static distribution of charge with density p(r), we have 

A^(q) = 47rp(q)/q 2 , (80.6) 

where p(q) is the Fourier transform of the distribution p(r) (the form factor). In 
particular, for the Coulomb field of a point charge Ze we have p(q) = Ze. The 
cross-section is then 


da = do 


, 4(Ze 2 ) 2 e 2 



(80.7) 


(N. F. Mott, 1929). The quantity q 2 = 4p 2 sin 2 20, where 6 is the scattering angle. The 
angular dependence of the quantity preceding the parenthesis is therefore that of a 
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dan 


, = do 


J (Ze 2 fe 2 . _ 41/1 
= do —j— 2 — sin 2 ©; 

4p 4 

in the non-relativistic limit, e 2 /p 4 -> l/m 2 u 4 . Thus! 

da = doRu(l - v 2 sin 2 jd). 


(80.8) 


(80.9) 


In the ultra-relativistic case, the angular distribution differs from the non-relativis¬ 
tic case in that there is much less backward scattering: as dalda Ru -+m 2 le 2 . 

In the ultra-relativistic case, formula (80.7) gives for small-angle scattering 


W 4 ( Z * 2 ) 2 A ' 
d<r = -^T^do. 


(80.10) 


Although this formula has been derived in the Born approximation (i.e. on the 
assumption that Ze 2 < 1), it remains valid (for angles 0 ^ m/s) even if Ze 2 ~ 1. This 
can be seen by using the ultra-relativistic wave function (39.10), which is exact 
as regards Ze 2 . This solution, which is valid in the range (39.2), of course remains 
valid in the asymptotic range r oo. Here 

F ~ 1 + constant x e i(pr - f ' r \ tt * VF ~ 1 - cos 0 ~ 0 2 1, 

s 


so that the correction term remains small, as it should. The wave function of the 
form e lp r F, which has the same form as the non-relativistic function (with an obvious 
change of parameters), has the same asymptotic expression, and therefore the 
cross-section is given by the Rutherford formula. 

To calculate the scattering cross-section for electrons with any polarization, we 
could use the density matrix (29.13), following the general procedure. In this case, 
however, the result can be more readily obtained by expressing the bispinor 
amplitudes u(p') and u(p) in the form (23.9). Multiplication gives 

u*(p')u(p) = w'*{g + m + (e - m)(n' • a)(n • a)}w, 


or, using (33.5), 


u*(p')u(p)=w’*fw, (80.11) 

f The difference between dcr and dcr Ru shown by this formula is specific to particles with spin In 
the scattering of particles with spin 0, if their motion in the electromagnetic field is described by the 
wave equation, the result is da = do- Ru . At first sight it might appear puzzling that the factor expressing 
this purely quantum effect does not contain h. However, it must be remembered that the 
condition for the Born approximation to be valid ( e z /hv <11) is contrary to the condition for quasi- 
classical motion in a Coulomb field, and therefore formula (80.9) cannot be taken to the classical limit. 
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where! 


/ = A + Bv • a, 

A = (e + m) +(s - m) cos 6 , 
B = - i(s - m) sin 6 , 
v = n x n'/sin 0. 


(80.12) 


The two-component quantity (three-dimensional spinor) w is the non-relativistic 
spin wave function of the electron. The change to the partially polarized states is 
therefore made by replacing the products w a w% (where a, /3 are spinor indices) by 
the non-relativistic two-rowed density matrix p a(i . Thus we must put 

\Mfi\ 2 -^ e 2 \A ( 0 e \q)\ 2 tr p(A - Bv • <r)p'(A + Bv • a), 


where 


P =5( 1 + cr-a p' = kl + «r-£'), 


and £' are the vectors of the initial polarization and the final polarization selected 
by the detector. The result of calculating the trace is 


dcr = d(Joi 1 + 


(A 2 - |fi| 2 )C• £' + 2|B| 2 (v • Q(v • C) + 2A\B\v • £ x g 
A 2 +\B\ 2 


1 


(80.13) 


where dcr 0 is the scattering cross-section for unpolarized electrons. 

Expressing the quantity in the braces in (80.13) in the form {1 + £ a) • £'}, we find 
the polarization £ a) of the final electron itself, as opposed to the detected 
polarization £' (see §65):$ 


rm (A 2 - |B| 2 )£ + 2|fi| 2 (v • pv + 2A|fi|i> x ^ 
4 A 2 +|B| 2 


(80.14) 


We see that the scattered electrons are polarized only if the incident electrons are 
polarized. This is a general property of the first Born approximation; cf. QM, §140. 

In the non-relativistic case (e m), (80.14) gives £ a) = £, i.e. the electron retains 
its polarization on scattering, a natural consequence of the neglect of spin-orbit 
interaction. 

In the opposite (ultra-relativistic) case, we have 


A = e(l + cos 0), B = - is sin 0, 
in accordance with the general formula (38.2). 


t The definition of / used here differs by a factor from that in §§37 and 38. 

$ Formula (80.14) corresponds to that derived in QM, §140, Problem 1, and is obtained from it by 
taking A real and B imaginary. 
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If the incident electron has a definite helicity (£ = 2An, A = ±\), (80.14) gives 
after a simple calculation 


= 2 An'. 

Thus the electron remains helical after scattering, with the same value (A) of the 
helicity. 

This property occurs because, as already mentioned in §38, when the mass is 
neglected Dirac’s equation in the spinor representation separates into two in¬ 
dependent equations for the functions £ and rj. The result has also a more general 
significance, since the current 

J=(f*f + T]*Th e<rt~V*<rv), 

and therefore the electromagnetic perturbation operator V = ejA, do not contain 
mixed terms in £ and rj, and thus have no matrix elements for transitions between £ 
states and 17 states. Hence it follows that, if an ultra-relativistic electron has a 
definite helicity (i.e. if either rj or £ is non-zero), this helicity is conserved in 
interaction processes in an approximation corresponding to completely neglecting 
the electron mass. 


§81. Scattering of electrons and positrons by an electron 

Let us consider the scattering of an electron by an electron, in which two 
electrons with 4-momenta pup 2 collide and emerge with 4-momenta pi, p\. The 
conservation of 4-momentum is expressed by 

Pl + P 2 = Pl+P 2 . 

We shall use the kinematic invariants of § 66 , defined by 

s = (Pi + P 2) 2 = 2 (m 2 + pip 2 ), 
t = (pi - p[f = 2(m 2 - pxp[), 
u=(p 1 - P 2) 2 = 2(m 2 - P 1 P 2 ), 
s + t + u = 4m 2 . 


(81.1) 


(81.2) 


The process in question is represented by the two Feynman diagrams (73.13), 
(73.14), and its amplitude ist 


M fi = 4'7Te 2 ||(U27 ft M2)(Miy f ,Ml)-^(«l7‘'M2)(M2y.Mi) 


(81.3) 


t This form of M/i is in accordance with the general expression (70.5). In the first non-vanishing 
approximation of perturbation theory, only one of the five invariant amplitudes is non-zero: fi(t, u ) = 
4tt e 2 lt. 
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According to the rules given in §65 for the states of initial and final particles 
described by polarization density matrices pi, pi,..., we make the change 


\Mfi\ 2 1677V' p tr (P27 M P27‘') tr (pi 7 M pi 7 „) + yp tr (pi 7 ^ 27 '') tr ipiy„p\y v ) “ 


1 1 1 
_ tM tf (P27' i P27‘'pl7/*Pi7»-) (Pi7^P27^P27nP 1 7*) J • (81-4) 


For the scattering of unpolarized electrons (without regard to their polarization 
after scattering), we must put for all the density matrices p = 2(7 p + m), and 
multiply the result by 2x2 = 4 (averaging over the polarizations of the two initial 
electrons, and summation over the polarizations of the two final electrons). The 
scattering cross-section is given by formula (64.23), in which, by (64.15a), I 2 = 
4 S(s -4m 2 ). It may be written 


4'Trg4 

d(J = dt s(s - J m T j + 8 ^’ + + 1 ^ 

fit, u) = pjp tr [(7P2 + m)y M (YP2 + m)y"] tr [(yp[ + m)y ll (yp i + m)y v ], 
1 

g(t, u ) = -yppytr [(7P2 + m)y ,l (yp 2 + m)y v (yp[ + m)y pi (ypi + m)y v \. 


(81.5) 


In f(t,u) the traces are first calculated (using (22.9), (22.10)), followed by sum¬ 
mation over fx and v;t in g(t, u) the summation over jx and v is taken first, using 
formulae (22.6). The result is 

fit, U) = p [(Pip 2 ) 2 + (PiP9 2 + 2m 2 (m 2 -p,pi)], 

2 

git, m) = —(P 1 P 2 - 2m 2 )(pip 2 ), 


or, in terms of the invariants (81.2), 

fit, w) = p [ 2 (s 2 + u 2 ) + 4 m 2 (t - m 2 )], 
git, u) = g(u, t) = yp ( 2 s - m 2 )(|s - 3m 2 ). 


(81.6) 


t The following formula is given for future reference: 

4 tr (ypi + m)y*(yp2+ m)y v = g^(m 2 - p\p 2 ) + + p\p$. 
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Thus the cross-section is 


da = r 


r ‘ s(s"-4m 2 ){p ^ + " 2) + 4m2(t ~ m2)] + 

+ p [l(s 2 + t 2 ) + 4 m\u - m 2 )] + ^ (|s - m 2 )(is - 3m 2 )J, 


where r e = e 2 \m. 

In the centre-of-mass system, we have 

s = 4e 2 , t = - 4p 2 sin 2 |0, u = - 4p 2 cos 2 50 ,1 

(81.8) 

- dt = — 2p 2 d cos 0 = (p 2 /7T) do, j 

where |p| and e are the magnitude of the momentum and energy of the electrons, 
which are unchanged in the scattering, and 6 is the scattering angle. In the 
non-relativistic case (s ~ m),f we obtain for the cross-section 


• 2 Trm dt ( 1,1 1 

da — r e -j— \T 2 + ~ 2 ~t~ 

p 2 \t 2 M 2 tu 


mu 2 / \sin 4 l0 cos 4 ?0 sin 2 i0 cos 2 i0 


e 2 \ 2 4(1 + 3 cos 2 0) j , w . . ^ 

— 21 - ~ ~ 4 ~ do (non-relativistic), 


where v = 2p/m is the relative velocity of the electrons, in accordance with the 
non-relativistic theory (see QM, §137). In the general case of arbitrary velocities, 
formula (81.7) with the substitution (81.8) can easily be brought to the form 


da = r 


m (e + p) r 4 3 , / p 


4p e Lsin 6 sin 6 \e 2 + p' 


1 + sin 2 e 


(C. M0ller, 1932). In the ultra-relativistic case (p 2 ~ e 2 ), 


J (3 + cos 6) 2 ... ...... . 

dcr = r e ^r . . 4 , do (ultra-relativistic), 
e 4 sin 0 


do (81.10) 


(81.11) 


In the laboratory system, where one of the electrons (say electron 2) is at rest 
before the collision, the cross-section can be expressed in terms of the quantity 


£1 — £1 £2 m 


(81.12) 


t The velocity v is assumed small (v 1) but such that the condition for perturbation theory to be 
applicable is still satisfied: e 2 /v (=e 2 lhv)<£ 1. 
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the energy (in units of m) transferred by the incident electron (electron 1 ) to 
electron 2.f The invariants are 

s=2m(m + ei), t = - 2m 2 A, u = - 2m(e, — m — m A). (81.13) 

Substitution of these expressions in (81.7) gives the following formula for the 
energy distribution of the secondary electrons (called 5 electrons ) formed in the 
scattering of fast primary electrons: 


da = 2i rr 2 


dA f (Y-py 
y 2 — 1 1 A 2 (y — 1 — A ) 2 


2 y 2 + 2 y-l 
A(y - 1 - A) 



(81.14) 


where y = ei/m. The quantities m A and m(y — 1 — A) are the kinetic energies of the 
two electrons after the collision; the identity of the two particles is shown here by 
the symmetry of the formula with respect to these quantities. If the term “recoil 
electron” is arbitrarily applied to the electron with the smaller energy, A takes 
values from 0 to \{y — 1). When A is small, formula (81.14) becomes 


dcr = 2 irri 


y 2 dA 
y 2 — 1 A 2 


2-rrr 2 d A 
x>\ A 2 ’ 


A<§ y - 1. 


(81.15) 


This formula, if expressed in terms of the velocity of the incident electron 
0 >i = |Pi|/e i), retains the same form in the non-relativistic case. Its form is naturally, 
therefore, the same as that of the result given by the non-relativistic theory (cf. 
QM, (148.17)). 

Let us now consider the scattering of a positron by an electron (H. J. Bhabha, 
1936). This is another cross-channel of the same general reaction as the electron- 
electron scattering. If p_, p+ are the initial momenta of the electron and positron, and 
pi, p + their final momenta, the change from one case to the other is made by the 
substitutions 


p 2 -»p_, p{-»—p + , p2-»pi. 

The kinematic invariants (81.2) become 

s=(p--pl) 2 , t = (p + -pi) 2 , U = (p- + p + ) 2 . (81.16) 

If ee scattering is the s channel, ee scattering is the u channel of the reaction. The 
square of the scattering amplitude, expressed in terms of s, t and u, remains as 
before; in the denominator of (81.5), s must be replaced by u. Thus the cross- 
section for scattering of a positron by an electron is, instead of (81.7), 

d<T = u(™4m 2 ) {? [2(s2 + " 2) + 4m2(t “ m2)] + 

+ “2 [:>(s 2 + t 2 ) + 4 m 2 (u - m 2 )] (^s - m 2 )(ls - 3m 2 )J. (81.17) 

t The kinematic relations for elastic collisions in various frames of reference are given in Fields, 
§13. 
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In the centre-of-mass system, the values of the invariants s, t , u differ from 
(81.8) by the interchange of s and u \ 

s = -4p 2 cos 2 50 , t = -4p 2 sin 2 50 , u=4s 2 . (81.18) 

In the non-relativistic limit, formula (81.17) reduces to Rutherford’s formula: 

do 


dcr = 


(^) - 
\mv J si 


sin 7 !? 


(non-relativistic), 


(81.19) 


where v = 2p/m. This comes from the first term in the braces in (81.17), which 
originates from the “scattering”-type diagram (see §73). The contributions from the 
“annihilation” diagram (the second term in (81.17)) and from its interference with 
the scattering diagram (the third term) vanish in the non-relativistic limit.f 

In the general case of arbitrary velocities, the contributions of all three terms in 
(81.17) are of the same order of magnitude; the first term predominates only at 
small angles, because of the factor t 2 « sin _4 ^0. Combining like terms, we can write 
the cross-section for scattering of a positron by an electron (in the centre-of-mass 
system) in the form 


dcr = do 


r\_m 2 f (g 2 + p 2 ) 2 _ \_ 


16 e l p 
12 e 4 + m 4 "~ 2 ^ 2 


sin 4 !? 


4p 2 (g 2 + p 2 ) 

4 


8 g 4 - m 4 1 , 

p 2 e 2 sin 2 50 

sin 2 sin 4 50 J 


(81.20) 


The symmetry with respect to 0 and tt - 0 which is typical of scattering 
involving identical particles does not, of course, occur when a positron is scattered 
by an electron. In the ultra-relativistic limit, the expression (81.20) differs from the 
electron-electron cross-section only by the factor cos 4 20 : 

dcr e e = cos 4 20 dcr ee (ultra-relativistic). (81.21) 

In the laboratory system, where one of the particles (say the electron) is at rest 
before the collision, we again define 

A = = g -- ~ - m -, (81.22) 

m m 


i.e. the energy transferred by the positron to the electron. As in (81.13), we now 
have 

s = - 2m(g+ — m — m A), 
t = - 2m 2 A, u = 2m(m + e+). 


Substitution of these expressions in (81.17) easily gives the following formula for 

t See (83.4) and (83.20) for the passage to the non-relativistic limit in the scattering and annihilation 
terms in the scattering amplitude. The latter term contains a factor 1/c 2 , and therefore tends to zero. 
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the energy distribution of the secondary electrons: 


da = lirrl 


d A 

~2 - 


Jjl. 

llA 2 


2y 2 + 4y + 1 1 3y 2 + 6y + 4 

7 + 1 A ( 7 +I ) 2 


2y 


A + - 


1 


(y + 1 ) (y + 1 ) 


’}• 


(81.23) 


where y = e+/m ; A varies from 0 to 7 - 1. When A <1 7 - 1, (81.23) leads to the same 
formula (81.15) as for electron scattering. 

The polarization effects in the scattering of electrons or positrons are calculated 
by the general rules given in §65. In all but special cases, the resulting formulae are 
lengthy. Here we shall give only some comments.! 

In the approximation considered (the first non-vanishing approximation of 
perturbation theory), the cross-section contains no terms linear in the polarization 
vectors of the initial or final particles. As in the non-relativistic theory (QM, §140), 
such terms are forbidden in consequence of the requirement for the scattering 
matrix to be Hermitian. The scattering cross-section is therefore unchanged if only 
one of the colliding particles is polarized; and unpolarized particles do not become 
polarized as a result of scattering. 

The same conditions prohibit correlation terms in the cross-section which 
contain the products of the polarizations of three of the particles (initial and final) 
concerned in the process. The cross-section does, however, contain double and 
quadruple correlation terms. In the scattering of unlike particles (electron and 
positron, electron and muon), these terms vanish in the non-relativistic limit, since 
there is no spin-orbit interaction. In collisions of like particles, however, there are 
correlation terms even in the non-relativistic case, because of exchange effects. 


PROBLEMS 

Problem 1. Determine the scattering cross-section for polarized electrons in the non-relativistic 
case. 

Solution. In the non-relativistic case, the bispinor amplitudes in the standard representation have 
two components, and the density matrices are the two-rowed matrices (29.20). In the scattering 
amplitude (81.3), the only non-zero terms are those with /x = v = 0, which contain matrices y° that are 
diagonal (in the standard representation). Instead of (81.4) we have 

|M /l | 2 =167rV-4m 4 |(p + ^) tr (1 + cr • £,) tr (1 + cr • fc)tr (1 + a • ?,)(! + • £)] 

= 167r V ' 4 m 4 • 4 |p + p-T(i + £, . £,)j, 

the summation being over the polarizations of the final electrons. Hence the scattering cross-section is 

where 0 is the scattering angle in the centre-of-mass system and dcro the scattering cross-section (81.9) 
for unpolarized particles. For completely polarized electrons, this formula is the same as the result in 


f For further details see the paper by W. H. McMaster, Reviews of Modern Physics 33, 8, 1961. 
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QM, §137, Problem, with |£i| = |fc| = 1, 5i -fc = cos a, where a is the angle between the directions of 
polarization of the electrons. 

For the scattering of positrons by electrons, there is no dependence on the polarization in this 
approximation (da = dao); this is easily seen by noticing that, in the non-relativistic limit, different pairs 
of components are non-zero in the electron and positron amplitudes u p and u~ p . 

Problem 2. In the non-relativistic case, determine the polarization of scattered electrons in the 
scattering of an unpolarized beam by a polarized target. 

Solution. We can calculate the scattering cross-section for given initial polarization £2 and 
detected final polarization £1; only the polarization of one final electron is detected. By the same method 
as in Problem 1, we find 


da = 2 "do-o !—£{•£: 


2 cos 0(1 - cos 0)1 


1 + 3 cos“ 0 

The polarization vector of the scattered electron is therefore 

r(/)_ p 2 COS 0(1 - COS 0) 
£l 1 + 3cos 2 8 ■ 


Problem 3. In the non-relativistic case, determine the probability of spin reversal of a completely 
polarized electron scattered by an unpolarized electron. 

Solution. We similarly find the cross-section for given polarizations £1 and £1: 


da 


2.dao 1 + £1 


, 2 cos 0(1 + cos 0)1 
1 1 + 3 cos 2 0 J 


Putting £i • = -1, we then find the probability of reversal of the spin direction: 

da _ (l-cos0) 2 _ 
dao 2(1 + 3 cos 2 0)‘ 

Problem 4. Determine the ratio of the scattering cross-sections for helical electrons with parallel 
and antiparallel spins, in the ultra-relativistic case. 

Solution. In (81.4) we must put, according to (29.22), 

pi =2 (ypOO - 2Aiy 5 ), pi = 2 (yp 2 )(l - 2A 2 y 5 ), 

p{ = 27 p(, pi^iyp'i, 

where Ai, A 2 = ± 2 . The traces are calculated by the formulae given in §22; in particular, 

tr (y\ya)y p (yb)y v ) tr (y 5 (yc)y fl (yd)y v ) = i 2 (e p ^ l, a p bK)(e irP TvC <ir d T ) 

= 2(8 P 8 K T - 8 p T 8<r)a p b K c <r d T 

= 2(ac)(bd)-2(ad)(bc). 


The result is 


da 

dt 


(s 2 +u 2 s 2 + t 2 , 2s 2 \ , , (s 2 -u 2 , s 2 -t 2 , 2 s 2 \ 

— t — + - r- + —+4AiA 2 . -7T-- +-?- + — . 

\ t u tu ) \ t u tu ) 


Since the momenta of the colliding electrons (in the centre-of-mass system) are opposite, antiparallel 
spins correspond to like helicities (Ai = A 2 ), and parallel spins to unlike helicities (Ai == -A 2 ). Substituting s, t, 
u from (81.8) (with p 2 ~ e 2 ), we find the required ratio: 


da tt Ida tl =1(1+6 cos 2 6 + cos 4 6). 


( 1 ) 


This has its least value, g, when 6 = \tt. 
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Problem 5. The same as Problem 4, but for the scattering of positrons by electrons. 
Solution. In this case we have to calculate, instead of (81.4), 

\M fi \ 2 -^ 167rV|p tr (p' - y^p - y v ) tr (p+y^pjy„) tr (pL y ^p.y v p +y ^piy v ) + ... j; 

the remaining terms are obtained by interchanging p+ and p-. The density matrices are 


P- = kyP-)(l-2A-y 5 ), 
P- = 27P-» 


p+ = 2(yP+)(l + 2A+y 5 ), 
p! = 2ypl, 


where A+, A- = ± 2 (and for the positron, as for the electron, A+ = 2 denotes that the spin is parallel to the 
momentum). The result of the calculation is 


da 
dt ‘ 


s z +u z s z +t z 2s z \ v s z -u z s z -t z 2s z \ 

\ r u tu ) \ V u tu ) 

Hence we find for the ratio of cross-sections the same value as formula (1), Problem 4. 

Problem 6. Determine the cross-section for scattering of muons by electrons. 

Solution. The process is described by the one diagram (73.17). Instead of (81.5) we have 

da z 

KPeP») ~ 

4ire* dt 


"(PepJ-mV f(t ’ u) 


[ S -(m + ,.) 2 ][s-(m-^] /(f ’ U) ’ 
f(t, u) = tr [( 7 pi + p)y\yp„ + p)yl tr [(yp'e+ m)y k (ype + m)y„]; 


( 1 ) 


p e , Pli and p'e, pi are the initial and final 4-momenta of the electron and the muon, and m, p their masses. 
The invariants are 


S = (p e + p h if = m 2 + pb 2 + 2p e Pn', 

t=(Pe- Pef = 2(m 2 - PePe) 

= 2 (p^-p^pi), 

u = (Pe - pi) 2 = m 2 + p 2 -2p e p'^ 
5 + t + M - 2(m 2 + p, 2 ). 


The result of the calculation is 


/ = p{(PeP^) 2 + (PePi) 2 + 2(^ 2 + P 2 )0 

: = p {i(5 2 + w 2 ) + (m 2 + p 2 )(2t — m 2 — p 2 )}. (2) 

Formulae (1) and (2) give the solution of the problem. In the centre-of-mass system, 

4 

da = —-— x 2^4 [(ee£^ + P 2 ) 2 + (£e£^ + p 2 cos 0) 2 - 2 (m 2 + p 2 )p 2 sin 2 20], 

o(£c + Ejx) p Sin 20 

where do = 2i t sin 0 dd; e e , e^ are the energies of the electron and the muon; p 2 = £ 2 - m 2 = eJ — p 2 . If 
p 2 < p 2 , we return to formula (80.9) for scattering by a fixed centre of Coulomb force. In the 
ultra-relativistic case (p z > p, 2 ), 


j _ e 4 1 + cos 4 20 j 

do- = Tr-* —."4 t a — do. 

8p sin 20 
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In the laboratory system (where the electron is at rest before the collision), 


dor = 2ir 



l-vi 



where is the energy of the incident muon, and is its velocity; m A = e' e - m = - ej, is the 

energy of the recoil electron; and 


A 


max 


2pl 

m 2 + /it 2 + 2m£^ 


is the maximum value of A. 

Problem 7. Determine the ratio of cross-sections for the mutual scattering of helical electrons and 
muons with parallel and with antiparallel spins, in the ultra-relativistic case (e^ > fi, e e > m). 

Solution. t As in Problem 4, we find 

dcrtt/dcrtJ, = cos 4 20 . 


where 0 is the scattering angle in the centre-of-mass system. 

Problem 8. Determine the cross-section for the conversion of an electron pair into a muon pair (V. 
B. Berestetskii and I. Ya. Pomeranchuk, 1955). 

Solution. This is another cross-channel of the reaction to which pue scattering belongs. In this 
channel, 

S=(Pe- Pm) 2 , t = (p e + P,) 2 , U=(p e - Pm) 2 , 


where p e , pe are the 4-momenta of the electron and the positron, and p^, p^ those of the muon and the 
antimuon. The reaction threshold corresponds to an energy 2/x of the electron pair (in the 
centre-of-mass system), so that we must have t > 4/x 2 . In the laboratory system, where the electron is at 
rest before the collision and the positron has energy e+, 


t = 2 m(e+ + m) ~ 2 me+, 

so that we must have e+ > e t , where the threshold energy e t =2pb 2 /m; here and below, all ap¬ 
proximations allowed by the inequality /l i>m are made. 

The differential cross-section is (instead of formulae (1) and (2), Problem 6) 


Att£ ds 

d(r = (E^)i f(t ’ u) 

^ 47re 4 -jj- [ 2 ( 5 2 + m 2 ) + 2p, 2 t — /it 4 ]. 


For given t, the quantity s takes values between the limits determined by the equations su ~ /it 4 , 
s + t + 2/x 2 , i.e. 

/t 2 - -2 1 - W[t(t - 4/x 2 )] ^ 5 ^ /x 2 - \t + W[t(t - 4/x 2 )]. 

An elementary integration gives 




r e = e 2 lm; 


0) 


in the laboratory system, t = 2me+. This formula is not valid in the immediate neighbourhood of the 
threshold: when e+- e t ~ fie 4 , the muons formed cannot be regarded as free particles; when the 
Coulomb interaction between them is taken into account, the cross-section tends not to zero but to a 
constant value as e+-> (see QM, §147). 

The cross-section (1) has its maximum value when e+ = 1.7e t . Its maximum value is about 20 times 
less than the cross-section for two-photon annihilation at the same energy. 


t Another method of solving this problem is given at the end of §144. 
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§ 82. Ionization losses of fast particles 

Let us consider a collision between a fast relativistic particle and an atom, 
accompanied by excitation or ionization of the atom. Such inelastic collisions for the 
non-relativistic case have been discussed in QM, §§148-150; here we shall derive 
the relativistic generalization of the formulae obtained in QM (H. A. Bethe, 1933). 

The velocity of the particle incident on the atom is assumed large in comparison 
with those of the atomic electrons; thus we always assume that Za< 1, i.e. that the 
atomic number is fairly small. This condition ensures the applicability of the Born 
approximation to the process under consideration. The solution of the problem 
depends to some extent on whether the fast particle is light (electron or positron) or 
heavy (meson, proton, a-particle, etc.). The second case is the simpler, and will be 
taken here. 

Let p = (e, p) and p' = (e', p') be the initial and final momenta of the fast particle 
in the laboratory system, where the atom is at rest before the collision; the 
difference q = p'- p gives the energy and momentum transferred to the atom by 
the particle. The range of possible momentum transfers can be divided into two 
parts: 

(I) q 2 /m ^ m, (II) q 2 /m > I, (82.1) 

where m is the electron mass and I is a mean energy of the atom, its ionization 
potential. The two parts overlap with I <^q 2 /m m; this allows an exact joining of 
the results for each part separately. The momentum transfer will be said to be 
respectively small and large in the two parts of the range. 


Small momentum transfer 

In this range, the atomic electrons may be regarded as non-relativistic in both 
the initial and the final state of the atom. 

The amplitude of the process is 

M/l 0 - e 2 JU-q)J v p P (q)D,Aql (82.2) 

where J n o is the transition 4-current of the atom from the initial state (0) to the final 
state (n), and J p > p is the transition 4-current of the fast particle; these currents here 
replace w'yw, which would occur, for example, in the scattering amplitude of two 
“elementary” particles such as the electron and muon in (73.17); cf. also (139.3). 
The transition currents are taken in the momentum representation (see (43.11)). The 
cross-section of the process in the laboratory system is 

da n = 2irS( e - e'- <o„ 0 ) \Mf\ 2 (823) 

where o) n0 = E n — E 0 is the transition frequency between the states of the atom. The 
final state may belong to either the discrete or the continuous spectrum, cor¬ 
responding to excitation and ionization of the atom respectively. In the law of 
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conservation of energy (represented by the delta function in (82.3)), the recoil 
energy of the atom is neglected; this is certainly permissible for a small momentum 
transfer. 

The photon propagator is here conveniently taken in the gauge (76.14), in which 
only its space components are non-zero: 


Dik(q) = 



(82.4) 


Then only the space components of the transition currents in (82.2) are likewise 
needed. 

The atomic transition current J n0 (q) is here the Fourier component of the usual 
non-relativistic expression: 


J " o(q) = i/ « _i, ' r (^oV^*-^*V^o)d 3 x, (82.5) 

where if/ 0 and if/ n are the atomic wave functions; for simplicity, the sign of 
summation over the electrons in the atom will be omitted henceforward, i.e. the 
formulae will be written as if there were only one electron in the atom. Integrating 
by parts in the first term, we can rewrite this expression as a matrix element: 

Jno(q) — 2 (ve -iq ' r + e~ iq ’ r v) n0 , (82.6) 

where v= -(i/m)V is the electron velocity operator. 

Since the momentum lost by the scattered particle is relatively small (|q| <1 |p|), 
the transition current for this particle can be replaced simply by the diagonal 
element 


Jpp(O) = 2pz, (82.7) 

corresponding to classical motion in a straight line (cf. (99.5)); a factor z is included 
to take account of a possible difference between the particle charge ze and the 
electron charge e. 

Since q is small, so is the angle of deviation d of the particle. The longitudinal 
and transverse components of q (relative to p) are 


-<2ll = (dplde)(o„ 0 = o)„o/u, = |p|^. 


(82.8) 


and hence q • p ~ - eco n0 . 

Substitution of (82.4)-(82.8) in (82.2) gives 


M ( fj° : 


4 irze 


n 


! —(q-ve~ iqr +e~ iq 

WnO 


r q • v) + (p • ve~ iq r + e“ iq r p • 



In the first term, since 


q • v/ + /q • v = 2 if. 
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where f = e Iq r (see QAf, §149), the matrix element of this operator is 2i(f) n0 :=: 
2co n ofnQ. In the second term, e~' qr can be taken as unity, since q is small. Then 

M/"> = - ^{ 8 (e-'n,o-ipT rt a 

The squared modulus is 

W| 2 = 2)2 {e 2 |(e-‘«• r )„o| 2 + 2(q • r„ 0 )(p r n0 )eco n o + (p • r n0 ) cu n o}? (82.9) 

here, in the second term, we have put e _,q r ~ 1 - iq • r, but this cannot be done in 
the first term, for a reason explained in the next footnote but two. 

The energy lost by the fast particle in its inelastic collisions with atomst is given 
by 

K = 2 | o)„odo-„ = 2 f cojMtff do’, (82.10) 

where the summation is over all possible final states of the atom, and the 
integration is over the directions of the scattered particle; this quantity will be 
called the effective retardation ( k/e is known as the energy loss cross-section). 

The integration in (82.10) can be carried out in two stages, by averaging over the 
azimuth of the direction of p' relative to p and then integrating over do' ~ 2irfi d$, 
where d is the small scattering angle. The first stage makes the change 

q * r n0 ^ q\\Xno = — ((*> n olv)x n o, 

where x n0 is the matrix element of one of the Cartesian coordinates of the atomic 
electrons .$ The integration over dd can be replaced by integration with respect to 
q 2 , since 

2 2,2.. 2 - ^n0 . n 2a2 __ CoIqM 2 2 a.2 in 

- q - - co n0 + q ~ - w n 0 +“^2" + p tr - ^2 h P # toz.llj 

and therefore 2ddd = d|q 2 |/p 2 , M being the mass of the fast particle. The result is 
K =47 T(ze 2 ) 2 2 J {|( e ---)„o| 2 ^-^oW 2 (^ + l)}^l. (82.12) 

The lower limit of the integration with respect to q 2 is 


|q 2 |min = (M 2 /p 2 )o) 2 0 . 


(82.13) 


t These are often called ionization losses, although they are due to excitation as well as ionization of 
atoms. 

$ It does not matter which coordinate: after the summation over the directions of the angular 
momentum of the atom in the final state, which is implied below, the matrix element does not depend on 
the direction of the jc-axis. 
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As the upper limit, we take a value \q% such that 

I |q 2 |i/m m, (82.14) 

which thus lies in the overlap of ranges I and II (82.1). 

The integration and summation in (82.12) are carried out in the same way as was 
done for the non-relativistic case in QM , §149. The entire range of integration is 
divided into two parts: (a) from |q 2 | min to \q\ and (b) from \q 2 \o to \q 2 \u where |q 2 | 0 is 
such that 


IMl |p| V\q 2 \o < ma ; 


(82.15) 


the quantity ma on the right is of the order of the momenta of the atomic electrons. In 
part (a) we can put e _,qr ~ 1 - iq • r, and the contribution of this part to k is 



In the second term, the integration can be extended to infinity. 
The summation is carried out by means of the formula 


2 o>„o|je„o| 2 = Z/2m, (82.16) 

n 

where Z is the number of electrons in the atom; see QM, (149.10). The result can 
be written 


where I is an average energy of the atom, defined by 

2) Ct) n o|x n o| log G) n o 

log 1= J - 

Ci) n o|Xno| 

n 

= 1^2 On oM 2 log <•)„(>. (82.18) 

In part (b), (82.11) shows that |q 2 | ~ p 2 # 2 , i.e. |q 2 | is independent of the particular 
final state n of the atom, and the limits of integration are also independent of n. 
The summation over n can therefore be taken inside the integral in (82.12). In the 


QE4 - W 
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first term, the summation is carried out by means of the formula 

2 |(<r i<| r )„o| 2 a>„o = (Z/2m)q 2 (82.19) 

n 

(see QM, (149.5)), and the integral ist 


2 jrZ(ze 2 ) 2 
mv 2 



The integral of the second term in (82.12) over this part of the range makes a 
negligible contribution to k. 

Adding the last formula to (82.17), we find as the contribution to k from the 
whole range of small momentum transfers 


2 jrZ(ze 2 ) 2 
mv 2 


k>g M^- u2 ] 


(82.20) 


Large momentum transfer 

Let us now consider collisions with a momentum transfer which is large 
compared with the momentum of the atomic electrons (q 2 > ml). Here we can 
evidently neglect the binding of the electrons in the atom, regarding them as free. 
Accordingly, the collision between the fast particle and the atom may be taken as 
an elastic collision with each of the Z atomic electrons. Because of the high speed 
of the particle, the atomic electrons may be assumed to be originally at rest. 

Let m A denote the energy transferred from the fast particle to an atomic 
electron, and let dcr A be the cross-section for elastic scattering with this energy 
transfer. The differential effective retardation by the whole atom is then 

cIk = ZmkdcrA. (82.21) 

The maximum energy which can be transferred to an electron at rest by the impact 
of a particle with mass M > m is 


. _ 2mp 2 2mp 2 

m mm ~ m 2 + M 2 + 2me~ M 2 + 2me , 

where e and p are the energy and momentum of the incident particle; see Fields , 
(13.13). We shall also suppose that the energy e , though ultra-relativistic (e > M), is 
nevertheless such that 


e M 2 /m. 

t The logarithmic divergence of the integral at the upper limit is the reason why e~ lq r 
expanded in powers of q in the first term in (82.12). 


(82.22) 
cannot be 
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mA max - 2mp 2 /M 2 = 2 mv 2 y 2 (y = e/M = 1/V(1 - v 2 )) (82.23) 


is small in comparison with the initial kinetic energy of the incident particle 
(mA m ax^ e ” M). Correspondingly, the momentum transfer q is always small in 
comparison with the initial momentum p of the particle. This enables us to regard 
the motion of the particle as being unaltered by the collision, i.e. the particle itself 
as having infinite mass. Then the scattering cross-section is found by simply 
transforming the cross-section (80.7) for electron scattering by a fixed centre to the 
laboratory system, in which the electron is initially at rest. This is easily done by 
noting that, in the approximation used, 

- q 2 ~ q 2 = 4p 2 sin 2 2 $, do ' = rrd|q 2 |/p 2 , 


and the relative velocity is v in both systems. 


da 


4 tr{ze 2 ) 2 1 , \q 2 \ \d|q 

4m 2 y 2 ) \q" 


2|2 ■ 


The energy transfer A is expressed in terms of the same invariant q 2 : - q 2 = 2m 2 A, 
and thereforet 


j 2rr(ze 2 ) 2 ( t 2 A \ dA 

da a =-1 - IT - -ry 

m 2 v 2 \ A mm J A 2 


(82.24) 


The contribution to the effective retardation from this range of momentum 
transfers is found by integrating (82.21) from the limit |q 2 |i defined above to 
Id 2 |max = 2m 2 A max . The result is 


27r(ze 2 ) 2 Z /, 2A ma xTTl 

'-'m? - l los n?r 



(82.25) 


Finally, adding the contributions (82.20) and (82.25), we have for the total 
ionization losses by the fast heavy particle (in ordinary units) 


. 47rZ(ze 2 ) 2 


mv 


(log- 


2 mv 2 




’ 1(1 - v 2 lc 2 ) 

In the non-relativistic case, this reduces to QM, (150.10): 


(82.26) 


4'rrZ(ze 2 ) 2 1 2 mv 2 

k = -log —p—, 

mv I 


(82.27) 


t In this expression, of course, no account is taken of the specific effects of strong interactions when 
the heavy particle is a hadron. Such effects (corresponding to the hadron form factor) are, however, 
important only when \q 2 \ 1/M 2 , and such momentum transfers are excluded by the condition (82.22). 
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and in the ultra-relativistic case 


4 irZ(ze 2 ) 2 
me 2 



2 me 2 

1(1 - v 2 /c 2 ) 



(82.28) 


The retardation depends only on the velocity of the fast particle, and not on its 
mass. The decrease of the retardation with increasing velocity (82.27) changes to a 
slow (logarithmic) increase in the ultra-relativistic range. 


PROBLEMS 

Problem 1. Determine the effective retardation of a relativistic electron. 


Solution. The contribution of the range of small momentum transfers is again given by (82.20). 
For large momentum transfers, (82.24) must be replaced by (81.14), which includes exchange effects. 
Integrating A • da a over dA from \q 2 \\l2m 2 to 2(7 - 1) and adding to (82.20), we get 


2irZe 4 

: T 


log 


mV-l)(-r 
2 1 1 


l)c 4 


o l 0 g 2 + V^ 

y I y 


8-y 


1 


( 1 ) 


where 


7 = (1 - v 2 lc 2 y\ 

In the non-relativistic case, we get the formula given in QM, §149, Problem, and in the ultra-relativistic 
case (7 > 1 ) 


K = 


2t rZe A 


/, m 2 cV 

( Og 


ir 



( 2 ) 


Problem 2. The same as Problem 1, but for a positron. 


Solution. For da\ in the range of large momentum transfers, the expression (81.23) must be used, 
the upper limit for A being 7 - 1. In the ultra-relativistic case, the result is 


2irZe A 

k = ——r 


(log 


2m 


2 4 3 
C 7 
71 - 


12 / 


§83. Breit’s equation 

In classical electrodynamics, a system of interacting particles can be described 
by means of a Lagrangian function depending only on the coordinates and 
velocities of the particles, and correct as far as terms — 1/c 2 (Fields, §65). This is 
because radiation appears only as an effect of order 1/c 3 . 

In the quantum theory, this corresponds to the possibility of describing the 
system by Schrodinger’s equation including second-order terms. For an electron 
moving in an external electromagnetic field such an equation has been derived in 
§33. We shall now derive a similar equation describing a system of interacting 
particles. 

We start from the relativistic expression for the scattering amplitude for two 
particles. In the non-relativistic approximation, this becomes the usual Born 
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amplitude, proportional to the Fourier component of the potential of electrostatic 
interaction of two charges. By calculating the amplitude as far as second-order 
terms, we can establish the form of the corresponding potential, taking account of 
terms ~ 1/c 2 . 

Let us first assume that the two particles are different, with masses m { and ra 2 (say 
an electron and muon). Then the scattering process is represented by a single diagram, 



The corresponding amplitude is 

M fi = e 2 (u;y^Wi)D^(q)(uh%), 
q = p'i~Pi = P2-P2; 

here it is assumed that the charges have the same sign. If the signs are different, e 2 
becomes -e 2 . 

The subsequent calculations are considerably simplified if the photon pro¬ 
pagator D ^ is chosen not in the ordinary gauge but in the Coulomb gauge (76.12), 
(76.13):f 


(83.1) 


d «-°. D »- q =-Jv-io ( 8 »-T) <83 ' 2) 

Then the scattering amplitude is 

Mfi = V)Doo + (u [y%my k u 2 )D ik }. (83.3) 

If all terms in 1/c are neglected, the second term in the braces vanishes, and the 
first term gives 


= - 2 m r 2m 2 (wl 0) '* w^Xw^w^ )l/(q), (83.4) 


where 


U (q) = 47rc 2 /q 2 , (83.5) 

and wS 0 ) ,w^ 0) ,... denote the spinor (two-component) amplitudes of the non-rela- 
tivistic plane waves, as defined in §23. The function U (q) is the Fourier component 
of the Coulomb interaction potential energy, U(r ) = e 2 \r. 

In the next approximation (with respect to 1/c), the “Schrodinger” wave 
function of the free particle c/> Sc h (normalized by the integral / |c/>s C h | 2 d 3 x ) satisfies 


t In this section, factors of c will be written in all formulae, and factors of h in the final formulae. 
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the equation 


H m <f >sch = (e - mc 2 )(f>sch, 



8m c 


p = -iV, 


(83.6) 


which includes the next term in the expansion of the relativistic expression for the 
kinetic energy. The (spinor) amplitude of this plane wave will be denoted by w, 
which tends to w (0) as 1/c -»0. The required scattering amplitude must be expressed 
in terms of these amplitudes, in order to determine from its form the “Schrodinger” 
interaction potential of the particles in the approximation considered. 

In accordance with formula (33.11), the bispinor amplitude u of the free particle 
can be expressed in terms of the “Schrodinger” amplitude w, with sufficient 
accuracy, by 


u = 



(l-p 2 /8m 2 c 2 )w 
(a • p/2mc)w 


)• 


(83.7) 


This formula gives 


u[y°Ui = mJ*Mi 


= 2m { 1 ~8^) Wl * W ' + 2^P w: * (a ‘ pi)(tF ‘ p,)Wl 


= 2miw[*\ 1 


;*{i 


—Vj + 
8 mJP 


2m\C 
4m 2 c 2 J 


Wi, 


u [yu\ = u[*au\ 

= (l/c)wi*{cr(cr • pO + (a • piMwj 
= (l/c)\Vi*{icr x q + 2pi + q }w u 


where q = pI“Pi = P 2 -P 2 . The corresponding expressions for (u 2 y°U 2 ) and (u 2 yu 2 ) 
differ in that the suffix 1 is replaced by 2 and q by -q. 

We now substitute these expressions in (83.3). Since the product (u[yui)(u 2 yu 2 ) 
already contains the factor 1/c 2 , the term co 2 /c 2 in the denominator of D ik may be 
neglected. The scattering amplitude is then 


M fi = ~2m x • 2m2(w!*W2*Lr(p 1 , p 2 , q)wi w 2 ), (83.8) 


where 


U( pi,p 2 , q) — 47rc 


fl_1 

lq 2 8 m‘ 


8m 2 c 2 


Sm 2 c 2 + 


(q * Pi)(q * P 2 ) 
mim 2 q 4 


JIIP 2 

mim 2 q 2 


+ 


icr l - qxp! icr rqXp; icr 2 - qxp 2 

„ 2 ~ 2^,2 „ 2~"5 a 2 ~ 2 _2 


2m im 2 c i q^ 


4m jc q 

| itr 2 • q x pi | (<r t • q)(tr 2 • q) ff i • ff 2 ). 

2m ] ni2C 1 q 1 4m l miC 2 q 2 4mim 2 c 2 J’ 


4m 2 c 2 q J + 


(83.9) 
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the suffixes 1 and 2 to the Pauli matrices indicate the spinor indices on which they 
act, cri acting on Wi and cr 2 on w 2 . 

The function U(pi,p 2 , q) is the particle interaction operator in the momentum 
representation. It is then related to the operator t/(pi,p 2 , r) in the coordinate 
representation by 

I e - i(p ' r ‘ +pi ^U( p,,p 2 , r) e i(p i r i +p 2 r 2 ) rf 3 Xl d 3 X2 

= (2tt) 3 8(pi + p 2 - p! - P 2 >t/(pi, p 2 , q). (83.10) 

If the operator U is simply a function U(r) (r = ri - r 2 ), then U( p 1 ? p 2 , q) is 
independent of pi and p 2 , and formula (83.10) reduces to the usual definition of the 
Fourier component: 


f e- iq r U(r) d 3 x = U(q). 

Hence it is clear that, to find L7(pi, p 2 , r), we must calculate the integral 

fe iq r U( Pl ,p 2 ,q)d 3 q/(27r) 3 , 

and then replace pi and p 2 by the operators pi = -iVi, p 2 = -iV 2 , writing these to the 
right of all the other factors. 

The required integrals are found by differentiation of the formula 


r 4tt d q _ 1 
(27 rf - r 


ijr 

„ 3 * 


f e iqr ^ 

J q 

For example, taking the gradient gives 

f e iq r 4lT 2 q f q 3 = -iV- = l A 
J q 2 (2tt) 3 r r 

Next, with a and b constant vectors, we have 

f 47r(a • q)(b • q) d 3 q _ u / ±\ f giq . r ( . ±\ 
j q 4 (2 it ) 3 2 \ dr) J \ dq) q 2 (27r) 3 ’ 

the resulting integral, after integration by parts, reduces to (83.12), so that 

f 4n-(a • q)(b • q) . r d 3 q _ l( b • r 
J q 4 e (2^7 “ 2U V) r 


(83.11) 


(83.12) 


(83.13) 
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Finally, 


I 


4-7r(a • q)(b • q) 

q 2 




In expanding the derivatives, it must be remembered that these expressions include 
the delta function S(r). To separate this, we note that, after averaging over the 
directions of r, 


(a • V)(b • V)j = - |(a • b)A j = A -f (a • b)5(r). 


Now expanding the derivatives in the usual manner, we find 

/ 4 , S(. flp ■ •■D .- -0 , j,{, . „ - 3 (a^Kbll)} + <£ . . b8(r); (83.14) 


on averaging over the directions of r, the first term vanishes and only the 
delta-function term remains. 

Using these formulae, we obtain the following final expression for the particle 
interaction operator: 


, e 2 ire 2 h 2 ( 1 


2m\m 2 c r 


1+ n?) 

1 2/ 

r * (r * Pi)P 2 1 


+ 


e 2 h 

TZJ 

lC . 

e 2 h 2 


Pl-P2+ ~ X \2 rl/ ^ ] 

23 


e 2 h 


r 

e 2 h 


\ rX p! • (Ti + 


+ 4m 2 c 2 r 3 r X ** 2 a2 2mim 2 c 2 r 


4 m 2 c 2 r 3 
{r x p, • a 2 - r x p 2 • cri} + 


(83 , 5) 


The total Hamiltonian of the two-particle system in this approximation is 

H=HS 0) + H^ 0) +U, (83.16) 


where H (0) is the free-particle Hamiltonian (83.6). 


TWO ELECTRONS 

If the two particles are identical (two electrons), then the scattering amplitude 
includes a second term which is represented by the “exchange” diagram 

P 2^ ^ P 1 


P i 



P 2 
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There is, however, no need to calculate the contribution of this term to the 
interaction operator. The reason is that the description of a system of identical 
particles by means of Schrodinger’s equation can be achieved with an interaction 
operator similar to that for non-identical particles, if the solutions of the equation 
are appropriately symmetrized. In particular, for particle scattering this sym- 
metrization will automatically take account of the contributions to the amplitude 
which correspond to the two Feynman diagrams. 

Thus the Hamiltonian of the two-electron system is obtained from formulae 
(83.15), (83.16) by simply putting mi = m 2 :f 


A = 2 + pil “ gP? <W + pS + C " Pl ' p >- r) ' 


U(P„ i>>, r> = 7- »(^) 8(r>- J^p- r (t:' + 


\mc ) 


e 

2 m 2 c l r 


e 2 ti 


-*■ 4 ^ W {—(cfi + 2a 2 ) • r x P! + (a 2 + 2<n) • r x p 2 } + 

+ -4 ' r) ~T 8( 4 < 8317) 


The presence of terms in S(r) does not, of course, imply that there is a particularly 
strong interaction. The value of all the correction terms after integration is of the 
same order, and according to the sense of the expansion used they are all to be 
regarded as small compared with the first term (the Coulomb interaction). 

The different groups of terms in the interaction operator (83.17) are of different 
types. The first three terms have a purely orbital origin. The next term is linear in the 
spin operators of the particles, and corresponds to the spin-orbit interaction. The last 
term, which is quadratic in the spin operators, describes the spin-spin interaction .t 


Electron and positron 

The electron-positron system needs special consideration. The scattering am¬ 
plitude in this case consists of two terms: 

M n = -e 2 [u{p-)y*u(p-)]D ll „(p--pL)[a(-p + )y v u(-pl)] + 

+ e 2 [M(-p+) / y ft M(p-)]D M> ,(p- + p + )[M(pI)y"M(-p+)]; (83.18) 

the first term corresponds to the scattering diagram and the second to the anni¬ 
hilation diagram. Since the wave function of the “electron + positron” system need 


t The wave equation with the Hamiltonian (83.17) was first derived by G. Breit (1929); a consistent 
quantum-mechanical derivation was given by L. D. Landau (1932). 

$ This interaction has been mentioned in QM, §72, in connection with the fine structure of the 
atomic levels, and the spin-spin interaction between the electrons and the nucleus is considered in QM, 
§121, in connection with the hyperfine structure of levels. In particular, the formula QM (121.9) 
corresponds to the delta-function term in the spin-spin interaction operator. 
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not be antisymmetric, the two terms make independent contributions to the 
interaction operator. 

The first term (which has the same structure as the amplitude (83.1)) leads, of 
course, to an operator differing only in sign from (83.17). Let us now consider the 
transformation of the second term. 

Here we use the photon propagator in the ordinary gauge: 

n _ 477 _ 477 

AV - k 2 - w 2 /c 2 _ k 2 g^- 

In the present case k = p+ + p_, and since the particles are “almost non-relativis- 
tic”, we have 


co 2 lc 2 = (e+ + e -) 2 /c 2 ~ 4m 2 c 2 > (p+ + p _) 2 = k 2 . (83.19) 

For the photon propagator it is therefore sufficient to write 

Dp V « (irlm 2 c 2 )g ll „. 

This already contains a factor 1/c 2 . It is therefore sufficient to take the amplitudes 
u(p) in the zero-order approximation: 

«(P-) = V(2m) ( W J w(-p+) = V(2m) ( w ° (0 ))> 

where w~\ w (0) are the three-dimensional spinors which appear in (23.12); the index 
(0) will henceforward be omitted. With these amplitudes we have 

u(-p + )y°u(p-) = u*(-p + )u(p-) = 0, 
u(~~P+)y u (P-) = u*(—p+)au(p~) = 2m(w*aw-). 

On substitution of these expressions, the “annihilation” term in the scattering 
amplitude becomes 


(arm) _ _^2 -~p (2m) 2 (w*aw_)(w_*avv'). (83.20) 

It is not yet possible, however, to draw from this any immediate conclusions as to 
the form of the interaction operator. Firstly, the spinors w in terms of which the 
amplitudes u(-p +) are expressed are not yet literally positron spinors. The positron 
amplitudes are got from u(-p + ) by charge conjugation, and according to (26.6) the 
corresponding spinors (which we denote by w+) are related to w by vv+ = cr y w*, 
whence 


w* = cr y w+ = -w+cr y , w = — cr y w* 


(83.21) 


Secondly, the scattering amplitude must be brought to a form in which the 
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electron spinors (vv_ and vv_) are contracted, and likewise the positron spinors (w+ 
and vv|). This is achieved by means of the formula 

(w*aw-)(w-*<rw') = i(w-*w-)(w*w') - 5 (w-*aw-)(w*crw'), (83.22) 

which follows from (28.17) 

Finally, expressing w and w' in terms of w+ and by (83.21), we easily find 


(w*w') = (wi*w+), 
(w*crw') = -(w+*crw+). 


(83.23) 


Substituting (83.23) in (83.22) and then in (83.20), we obtain the final expression 
for the annihilation part of the scattering amplitude: 

MJT 0 = - 4m 2 (wL*wl* , (3 + cf+ • <r_)] w_w + ), 

the matrices a- and or+ acting on vv_ and w+ respectively. The expression in the 
square brackets is the interaction operator in the momentum representation. The 
corresponding coordinate operator is 

U <ann)(r ) = |^p (3 + CF + -a- ) 8 (r ), r = r_ — r+ (83.24) 

(J. Pirenne, 1947; V. B. Berestetskii and L. D. Landau, 1949). The total electron- 
positron interaction operator is — U" + 0 (ann) , with 0 given by (83.17). 


§84. Positronium 


The results obtained in §83 can be applied to positronium , a hydrogen-like 
system consisting of an electron and a positron. 

In the centre-of-mass system, the electron and positron momentum operators in 
positronium are p = -p+ = p, where p = —iftV is the operator of the momentum of 
relative motion corresponding to the relative position vector r = r_ - r + . The total 
Hamiltonian for positronium ist 


/v 2 2 

£=£---+ v,+ v 2 + v 3 , 

m r 


Vi = - 


4m c 


+ 47r/ao6(r) ■ 


2m c 


r t r 




v 2 =6ni-pi-s. 

Vs = 6 til A{ ( ^ ' r) f -- T ) - -|S 2 } + 4tt(x^S 2 -2)S(r). 


(84.1) 


t In ordinary units. 
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Here jm 0 = etiUmc is the Bohr magneton, til = r x p is the orbital angular momentum 
operator, S = 2(0++ cr-) the total spin operator of the system, whose square 
S 2 = 2(3 + 0 + • ct_). Vi includes all the purely orbital correction terms, V 2 the spin- 
orbit interaction, and V 3 the spin-spin and “annihilation” interactions. 

The “unperturbed” Hamiltonian 

H = p 2 /m - e 2 \r 

naturally differs from the Hamiltonian of the hydrogen atom only in that the 
electron mass is replaced by the reduced mass \m. The energy levels of positronium 
therefore have absolute values which are half those of hydrogen: 

E = -me 4 /4ti 2 n 2 , (84.2) 

where n is the principal quantum number. 

The remaining terms in (84.1) cause a splitting of the levels (84.2), i.e. the 
appearance of a fine structure. The resulting levels are classified primarily by the 
values of the total angular momentum j. We also see that the particle spin operators 
appear in the Hamiltonian (84.1) only through the sum S. This means that the 
Hamiltonian commutes with the squared total spin operator S 2 , i.e. the value of the 
total spin continues to be conserved in the approximation considered (the second 
approximation with respect to 1/c). The energy levels of positronium can therefore 
be classified by the total spin, which takes values S = 0 and S = 1. The levels with 
spin 0 are called parapositronium levels, and those with spin 1 orthopositronium 
levels. 

It must be emphasized that the conservation of the total spin in positronium is 
actually exact, and does not depend on any particular approximation with respect 
to 1/c; it follows from the CP invariance of electromagnetic interactions. Posi¬ 
tronium is a strictly neutral system, and its states therefore have definite charge 
parity and combined parity. The latter is equal to (- l) s+1 (see §27, Problem); since S 
can take only two values, 0 and 1, the conservation of combined parity is equivalent to 
that of total spin. 

When S = 0 the total angular momentum j is equal to the orbital angular 
momentum, but when S = 1 and j is given, the number l can take the values j, j ± 1, 
so that in general each level (n, j) of orthopositronium is split into three. Since the 
values 1 = j and l = j ±1 correspond to opposite parities, the Hamiltonian has no 
matrix elements between these states. But the perturbation operator (the first term 
in V 3 ) in general has non-diagonal elements between states with l = j + 1 and 
l = j - 1; the number l then, of course, no longer has the strict significance of an 
orbital angular momentum. 

The Zeeman effect in positronium has some unusual features (V. B. Berestetski! 
and I. Ya. Pomerachuk, 1949). 

The orbital magnetic moment of positronium is always zero: since in posi¬ 
tronium r+ x p + = r_ x p_, we have the operator 


IBli = j^o(r+ xp + -r x p_) = 0. 
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jx s = ja 0 (cr + - ct-); (84.3) 

it is not proportional to the total spin operator S = 2(0 + + a-), and the operators S 2 
and jjl 2 do not commute. The states with definite values of the total spin S and its 
component S z are therefore not, in general, eigenstates for the magnetic moment. 
States with given S kand S z are described by spin functions xss z having the form 


Xu = a+a-, xu-i = P+P-> 

Xio = V2 + a -P + )> 

Xoo = V2 ~~ a ~P + 


(84.4) 


where a and j3 are the spin functions of one particle corresponding to spin 
projections +2 and the suffixes + and - indicate that the function belongs to 
the positron and the electron respectively. The first two spin functions, xn and 
Xi-u are also eigenfunctions of the operator jx z , corresponding to the eigenvalue 
zero. The functions x\o and ^ 0 o are not eigenfunctions of p, 2 , but the following 
combinations are eigenfunctions: 

^2 (* 10 + *°o) = a+ Py /2 ^ 10 = a -P+ • (84.5) 

It is easy to see that the only non-zero matrix elements (S'Sz|p, 2 |SS 2 ) calculated 
from the functions (84.4) are 

<00|ja 2 |10) = (10 |/jl 2 |00> = 2jut 0 . (84.6) 

In weak magnetic fields (when jao H A, where A is the difference between the 
level energies with S = 0 and S = 1) the initial approximation for the calculation of 
the Zeeman splitting is formed by states with definite values of the total spin. In the 
first approximation, this splitting is given by the mean value of the perturbation 
energy operator 


V H - -jizff. 

But all the diagonal matrix elements of the operator /i 2 , and therefore Vh, as 
calculated from the functions (84.4), are zero. Thus, in weak fields, there is no 
linear Zeeman effect in positronium. 

In the opposite limiting case of strong fields ( ix 0 H > A), we can neglect the spin 
interaction which brings about definite values of S. The components of the split 
level will then correspond to states with definite values of |a 2 = ±2/x 0 (described by 
the functions (84.5)), and the displacement of these components will be ±2jtx 0 H. 
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PROBLEMS 

Problem 1. Determine the fine structure of the levels of parapositronium (V. B. Berestetskii, 
1949).t 

Solution. The required level splitting energy is given by the mean values of the correction terms 
in the Hamiltonian (84.1), calculated by means of the wave functions of the unperturbed states with 
different values of j = l (=0, 1,..., n - 1). When S = 0, the only non-zero contributions come from Vi 
and the second term in V 3 . 

The unperturbed wave functions, which we denote by if/, satisfy Schrodinger’s equation^ 
p 2 <li = -A<l)=(E+^j<p, E = -l/4n 2 . 

Hence 

p> = p 2 (E+i)^=(E+J)V-^Ai + 2(vi)-(V^) 

= (e + “) >fr + 4ir8(r)i jj + p 


The mean value is 


'=(e + D + 4ir|*(0)| 2 + J I 


£l *1 

dr 


dr do. 


The integral is equal to -f \ijj(Q)\ 2 do; since i/f(0) = 0 except when l =0, and the wave functions of S 
states are spherically symmetric, the integral is —4'rr|i/f(0)| 2 and cancels with the second term. 

Using the orbital angular momentum operator 1 = r x p, we can write 


“P V = 


d 2 if/ + 2cty 
~dr T r dr 




if/. 


The other required mean value is therefore 

| </>* p ■ (r • p)p ipd 3 x= - j ifi* d 3 x 
= i (e + 1 ) - 4ir|i/((0)| 2 - (+ 1 )? 73 ; 


if l = 0 , the last term does not appear. 

According to the familiar formulae in the theory of the hydrogen atom (QM (36.14), (36.16)), with the 
electron mass m replaced by \m, we have 




1 

2rT 


1 


2n (21 + 1 )’ 


1 


4 n 3 l(l + 1)(2 1 + 1) 


(^0). 


From these formulae, we find the required energy levels of parapositronium: 




1 _ 2 me 4 1 / 1 11 \ 

4fP “ 2rp \2! + 1 32n/’ 


t The fine structure of orthopositronium has been discussed by A. A. Sokolov and V. N. Tsytovich, 
Zhurnal eksperimentaVnoi i teoreticheskoi fiziki 24, 253, 1953. 

$ In the calculation it is convenient to use atomic units. 
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Problem 2. Determine the difference between the energies of the ground states (n = 1, l = 0) of 
orthopositronium and parapositronium. 

Solution. The dependence of the energy on the total spin S when l = 0 arises only from the mean 
value of the second term in VV, the first term gives zero on averaging over angles in the spherically 
symmetric S state.! The ground level of orthopositronium ( J Si) lies above that of parapositronium ( So) 
by an amount 


ECSi)-E(So) 


1 2 me * 
12 a ~h r 


= 8.2 x 1 (T 4 eV. 


§85. The interaction of atoms at large distances 

Attractive forces act between two neutral atoms at a distance r apart which is 
large compared with the dimensions of the atoms themselves. The usual quantum- 
mechanical calculation of these forces (see QM, §89) is, however, inapplicable at 
very large distances, because this calculation considered only the electrostatic 
interaction, i.e. retardation effects are ignored. Such a treatment is valid only if the 
distance r is small in comparison with the characteristic wavelengths A 0 of the 
interacting atoms. In this section we shall give a calculation not subject to that 
limitation. 

The procedure is much the same as in §83: the amplitude of elastic scattering 
(i.e. scattering without change of internal state) for two different atoms is cal¬ 
culated in the first non-vanishing approximation. The resulting expression is com¬ 
pared with the amplitude which would result if the interaction between the atoms 
were described by the potential energy U(r). 

In the latter case, the first non-vanishing S-matrix element describing the 
process in question would be the first-approximation element 

S f i = -i J iAi*(ri)i// 2 *(r 2 )t/(r)i// 1 (r 1 )i// 2 (r 2 ) d 3 x l d 3 x 2 x 

x j exp{-i(£! + g 2 ” e[ - e 2 )t} dt. (85.1) 

Here i/q, i f/ 2 and i/d, i fj 2 are the time-independent parts of the wave functions (plane 
waves), describing the translational motion of the two atoms with initial and final 
momenta; ei, e 2 and ej, e 2 are the kinetic energies of this motion; the coordinates ri 
and r 2 of the atoms as a whole can be regarded as the coordinates of their 
nuclei, and the distance r = |ri — r 2 |. The time integral in (85.1) gives, as usual, the delta 
function which expresses the law of conservation of energy. For convenience in the 
subsequent comparison, however, it is better to consider formally the limiting case of 
atoms of infinite mass; for given momenta, this limit corresponds to zero energies e. Or 
we can say that the times considered are small in comparison with the periods 1/e. 

t The averaging over angles must precede the integration over r, as is evident from the manner of 
calculation of the integral (83.14) which leads to the first term in V 3 . 
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Then (85.1) becomes 

Sfi = - it JJ <t'i*<l' 2 *U(r)if/ I if /2 d 3 x, d 3 x 2 , (85.2) 

where t is the time integration range. 

The actual calculation of the elastic-scattering amplitude, under these assump¬ 
tions, can be divided into two stages. We first average the S-operator over the 
wave functions of the unchanged (ground) states of the two atoms (for given 
coordinates ri and r 2 of their nuclei) and over the photon vacuum: no photons are 
present at the beginning and end of the process. We then obtain a quantity which is 
a function of the distance between the nuclei, and which we denote by (S(r)).f In 
order to find the required transition matrix element, we have then to calculate the 
integral 


Sfi = JJ t/'i*</' 2 *<S(r))t//i </>2 d 3 Xid 3 x 2 . (85.3) 

Comparison with (85.2) shows that, if (S(r)) is obtained in the form ( S(r)) = 
-itU(r), then the function U(r) is the required energy of interaction of the atoms. 

Since we are here concerned with a collision not of elementary particles but of 
more complicated systems, namely atoms, which may be excited in the inter¬ 
mediate states, the usual formal rules of the diagram technique are not directly 
applicable, and we shall begin from the expression of the S-operator as the 
expansion (72.10). 

In the interaction of atoms, the important field components are those whose 
frequencies are of the order of atomic frequencies or less. The corresponding 
wavelengths are large compared with atomic dimensions. The electromagnetic 
interaction operator can therefore be taken in the form 

V = ~E(r,) • di - E(r 2 ) • d 2 , (85.4) 

where di, d 2 are the dipole moment operators of the atoms (i.e. the time-dependent 
or Heisenberg operators) and E(r) is the electric field operator at the positions of 
the corresponding atoms. 

The mean values of the dipole moment of the atom in its stationary states are 
zero (QM, §75). Hence it follows that a non-zero amplitude occurs only in the 
fourth approximation of perturbation theory, i.e. as the matrix element of the 
operator 

s (4) = J dti .. . J dt 4 . T{V(tOV(t 2 )V(t 3 )V(t 4 )}: (85.5) 

in lower orders, every term in the product of operators V will contain at least one 
of the operators d } and d 2 in the first degree, and on averaging over the state of the 
corresponding atom the result is zero. 

t In place of the more lengthy notation for a diagonal matrix element, indicating the states of the 
atom and of the photon field. 
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Let us now average the operator (85.5) over the photon vacuum. According to 
Wick’s theorem, the expectation value of the product of four field operators E is 
the sum of products of pairwise expectation values (contractions). The division into 
pairs can be made in three ways, which may be represented by the diagrams 


1 2 

o-o 


o-o 

3 4 


1 


3 


2 

P 

/ 


b 

4 


1 2 

? ? 


I 

I 

A 

3 


A 

4 


(85.6) 


where the broken lines represent contractions and the numbers correspond to the 
arguments t u L, L, h- Moreover, spatial coordinates ri or r 2 may correspond to 
each point, with two points having ri and two r 2 , since otherwise, in the relevant 
term of the sum, one of the operators di and d 2 will appear in the first degree, giving 
zero on averaging with respect to the state of the atom. It is clear that there must 
be one r } and one r 2 at the ends of each line, since otherwise the diagram (i.e. the 
corresponding term in the matrix element) will reduce to a product of independent 
functions of ri and of r 2 instead of being a function of the difference ri -r 2 ; such 
terms do not pertain to scattering.f In accordance with these conditions, the 
arguments ri and r 2 can be assigned to the four points in the diagram in four ways. 
Using also the commutativity of the operators di and d 2 and averaging over the 
states of each atom, we find that all the 3 x 4 = 12 terms thus obtained are equal, 
differing only in the naming of the variables of integration. The result is 


{Sir)) = lfdt>...f dU. <T(E,(r„ U)E k (r 2 , t 2 ))> x 

x <T(E,(r 2 , h)E m { r„ t 4 )))<T(dii(t.)di»(t4))><T(d2t(t2)d2i(t3))>, (85.7) 


where i, k, l , m are three-dimensional vector indices. 

To calculate the quantities 

Df k ( Xl - x 2 ) = <T(E,(x,)Ek(x 2 ))> (85 ' 8) 

we use the gauge in which the scalar potential d> = 0. Then E = — dA/df, and we 
have 


Dl(x, - x 2 ) = OXAifccOAkta))) 

ati at 2 

. d 2 

= ijpDik(x), 

where Jt = X\ - x 2 and D ik (x ) is the photon propagator in this gauge.$ 

t They give corrections, of no interest here, to the energy eigenvalues of each atom. 

$ The first derivative dD ik (t)ldt has a finite discontinuity at t = 0. The second derivative, i.e. the 
function Df k (t), therefore includes a delta-function term ~ 8 (4) (*2 - xi). This term, however, is zero for 
all ri 7 ^ T 2 and is of no interest here. 


QE4 - X 
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We shall find it more convenient to use the propagator D ik (a),r) in the mixed 
co -r representation, related to D ik (t, r) by 

D ik (t , r) = J D ik (co , r) e~ mt dcollir , 

with 

Df k (t, r) = -i J co 2 D ik (a>, r) <T iw ' dw/2ir. (85.9) 


The quantities 


ati k (t i — £ 2 ) — i(T(d,(ti)dfc(t2))) 


(85.10) 


can be expressed as a Fourier integral 


auc(t)= J e 0)1 a ik (co) dco/lir. 

— ct > 


Putting for convenience t 2 = 0, t\ = t , and using the definition of the T product, we 
can write 


oo 

a ik (a>)= J e Mt a ik (t) dt 

— 00 

0 00 

= i J e iwt (d k (0)di(t))dt + i J e iw ‘(di(t)d k (0))dt. (85.11) 

-oo 0 


The mean values (with respect to the ground state of the atom) which appear here 
can be expressed in terms of the matrix elements of the dipole moment: 


( d k (0)d i (t)) = 'E(d k )on(dXoe i ^‘, 

n 


(di(t)d k ( 0)) = 2 (ddoMU 

n 


For convergence of the integrals in (85.11) it is necessary to take co in the first 
integral as co - iO, and in the second as co + iO. Carrying out the integrations, we 
obtain 


a ik (co) 


Y / (dj)on(dk) 
n Wo ~ CO ~ 


n 0 

iO 


+ 


(d k )on(dj) n o \ 

cono 4 - co — iO/ 


(85.12) 
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If the ground state is an S state, this tensor is simply a scalar, a ik (tt) = a8 ik , 
where 


«(«>) = 4s l<lon| 2 (---^ +- JT -jA (85.13) 

3 n \0) n o—0) — W a) n o+0) — W/ 

If, however, the atom has an angular momentum, the same result is obtained on 
averaging over the directions of this angular momentum, and it will be assumed that 
this has been done; we are, of course, interested in the interaction of atoms 
averaged over their mutual orientations. 

Comparison of (85.12) with (59.17) shows that a ik (<o) is the same as the tensor 
for coherent scattering of a photon of frequency co by an atom. According to 
(59.23), a(w) for o) >0 is the polarizability of the atom. Its values for co <0 are 
expressed in terms of those for w >0 by means of the relation a(-w) = a(w), 
which is obvious from (85.13). 

Substitution of these expressions in (85.7) gives 


<S(r» = 


dt \... dt4 


dl li dfl 2 do)\ do) 2 
2tt 2tt 2tt 2tt 


X 


x a 1 (H 1 )a 2 (fl 2 )wiD l 7 C (wi, r)o) 2 Di k (co 2 , r) x 


x exp{— io)\(t\ — f 2 ) — i(o 2 (t 3 ~ t 4 ) — i£li(ti — t 4 ) — ifl 2 (t 2 ~~ ^ 3 )}? 

where r = 1*1 - r 2 , and we have used the fact that D ik (a), r) is an even function of r. 
The integration over three times gives delta functions (whereby —Hi = fl 2 = (o 2 = 
co 1 ), and that over the fourth time gives a factor t: 

(S(r)) = -itU(r), 


where 


U(r) = \i J o) 4 ai(a))a 2 (o))[Di k ((o , r )] 2 dw/27r. (85.14) 


This formula gives the energy of interaction of two atoms at any distance large 
compared with the atomic dimensions a. We have now to find and insert an explicit 
expression for D ik (<o, r). 

Comparison of the expressions (76.14) and (76.8) shows that 


Dik((o, k) = - («,» - ^)d(®, k), 
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where D(co , k) is given by (76.8). In the co - r representation, the relationship is 
correspondingly 


D,( U ,r)=-( 8 , + ^^)D(«,,r). 


CO dXidXk 

Substitution of D(co, r) from (76.16), and carrying out the differentiations, gives 
D ik (a), r) = [s ik (l + rV - + 


(85.15) 


XjX k / 3 _ 3 i 
r 2 \co 2 r 2 \o)\r 


0] ^ 


(85.16) 


Then, substituting this expression in (85.14), we find by a simple calculation, 
using the fact that a(w) is even, the final expression for the interaction energy of 
the atoms: 


U(r) = ^ 1+ ~ W- ( 3 ? * (i?] (85 - 17 > 

0 

This general result can be simplified in the limiting cases of “small” distances 
(a <r < A 0 ) and “large” distances (r > A 0 ). 

When r < A 0 , the important values in the integral are (see below) co ~ w 0 , where 
w 0 ~ cl A 0 are the atomic frequencies, and therefore cor < 1. Then only the last term 
in the bracket need be retained, and the exponential may be replaced by unity. 
Writing the integral as one from -oo to (with a view to the subsequent 
calculations), we find 


U(r) = 2%F 6 / < 85 - 18 ) 


The interaction law at these distances proves to be 1/r 6 , as it should. The integral in 
(85.18) is easily calculated, after substitution of a((o) from (85.13), by closing the 
contour of integration with an infinite semicircle in the lower half of the complex 
(o -plane; the integral is determined from the residues of the integrand at the poles 
co = to 0 . Assuming (to simplify the result) that the two atoms are identical, we 
find (in ordinary units) 


U(r) = 


3 r 6 fa ft(w n0 + to„'o)’ 


|do„| 2 |do 


(85.19) 


the same as the familiar London’s formula (see QM, §89, Problem). 

In the limit of large distances (r > A 0 ), the important values in the integral are 
o) ^ c/r < o) 0 ; when co ^ w 0 , the integral is made small by the rapidly oscillating 
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factor exp 2 icor. We can therefore replace the polarizabilities «i(w) and a 2 (co) by 
their static values «i(0) and a 2 (0). The integration is then elementary. (To ensure 
convergence, r in the exponential is to be replaced by r + i 0.) The final result is (in 
ordinary units) 


U(r) = 


23 hca i(0)a2(0) 
4 rr r 7 


(H. B. G. Casimir and D. Polder, 1948).f 


(85.20) 


t The derivation given here is due to I. E. Dzyaloshinskii. 
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INTERACTION OF ELECTRONS WITH PHOTONS 


§ 86. Scattering of a photon by an electron 

The conservation of 4-momentum in the scattering of a photon by a free electron 
(the Compton effect ) is expressed by the equation 

p + k = p' + k', (86.1) 

where p and k are the 4-momenta of the electron and the photon before the 
collision, and p' and k' their 4-momenta after the collision. The kinematic in¬ 
variants defined in §66 are 

s = (p + k) 2 = (p' + k') 2 = m 2 + 2pk = m 2 + 2p'k\ 
t = (p -p 1 ) 1 = (k’-k) 2 = 2(m 2 -pp') = -2kk', 
u = (p - k') 2 = ( p'-k) 2 = m 2 -2pk' = m 2 -2p'k, 
s +1 + u = 2m 2 . 

The process in question is represented by the two Feynman diagrams (74.14), 
and its amplitude is 


Mfl = -4ire 2 e' IJ *e v (u'Q , "''u), 


(86.3) 


where 


Q* v = y^iyp +yk + m)y’' + u y^iyp - yk’ + m)y >l . (86.4) 

Here e , e' are the polarization 4-vectors of the initial and final photons; m, u ' the 
bispinor amplitudes of the initial and final electrons. 

According to the rules given in §65, for arbitrary polarization states of the 
particles \M fi \ 2 is replaced by 

iM/^lbTrV^ (86.5) 

where p (e) , p (e) ' are the density matrices of the initial and final electrons, p (7) , p (7)/ 
those of the photons. The photon (tensor) indices are written explicitly, but the 
electron (bispinor) indices are not. The trace symbol refers to the latter indices, as 
does the superscript plus in the definiton Q^ = y°Q^y°. 
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Let us consider the scattering of an unpolarized photon by an unpolarized 
electron, without regard to their polarizations after the scattering. The averaging 
with respect to the polarizations of all particles is given by the density matrices: 

pZ! = pit = - igxp., p M = i(yp + m), p (e> ' = i(yp' + m); 

the change to summation over the polarizations of the final particles involves a 
further multiplication by 2 x 2 = 4. 

From formula (64.23), in which we must now put I 2 = - m 2 ) 2 (see (64.15a)), 

we find the cross-section 

rrr fit — 

do- = ( 7 ~^ 2 ) 2 M(yp' + m)Q^(yp + m)Q X(l }. 

From (65.2a), Q^ = Q^. Separating the terms which differ only by the changes 
k <r> — k f (and accordingly s **u), we can put the cross-section in the form 

ire^ 

do = dt —y [f(s, u ) + g(s, u) + f(u, s) + g(u, s)]. 


with the notation 

f(s, “) = 4 ( s - m 2 ) 2 tr{(yp'+ mjy^Cyp + yk + m)y' , (yp + m)y v (yP + yk + m)y„}, 

S(s, u) = 4 ( s - m i)(n_ m ^) tr {(TP' + m)y ,l (yp + yk + m)y v (yp + m)y li X 
x(yp-yk’ + m)y v }; 

this notation takes account of the fact that the result will depend only on the 
invariant quantities. 

The summation over p, and v is effected by means of formulae (22.6); then, 
omitting terms which contain an odd number of factors y, we obtain 

f(s, u) = ■ tr {(yp')(yp + yk)(yp)(yp + yk) + 4 m\yp + yk)(yk - yp')+ 

+ m 2 (yp)(yp') + 4m 4 }. 

The trace is calculated by means of formulae (22.13); expressing all quantities in 
terms of the invariants s and u , we easily obtain 

/(s, u) = {4m 4 - (s - m 2 )(u - m 2 ) + 2m 2 (s - m 2 )}. 


Similarly, 


g(s, m ) = 


2 m 2 


(s - m )(u - m ) 


27 { 4 m + (s - m ) + (m - m 2 )}. 
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The cross-section is thus 


da = $irr 2 e 


m 2 dt 
(s - m 2 ) 
2 


ft 


m 


m 


2 + 


m 


u - m 


o’ 


+ 


+ 1 


m 


m 


> + - 


m 


u-m 


_1 ( s ~ m2 u ~ m2 \\ 

4 \u-m 2 s - m 2 ) J ’ 


( 86 . 6 ) 


where r e = e 2 \m. This formula expresses the cross-section in terms of invariant 
quantities, and can easily be used to express it in terms of the collision parameters 
in any specified frame of reference. 

Let us do this for the laboratory system, in which the electron is at rest before 
the collision: p = (m, 0). Here 

s - m 2 = 2mco, u - m 2 = -2ma)'. (86.7) 


Squaring the equation of conservation of 4-momentum in the form p + k - k' = p', 
we have 


pk - pk f - kk' = 0, 
whence (in the laboratory system) 

m(co — o) f ) — — cos #) = 0, 

where # is the angle of scattering of the photon. This equation gives the relation 
between the photon energy change and the scattering angle: 

— (l-costf). (86.8) 

CO CO m 


The invariant t is 


t = - 2kk' = - 2coco f (l - cos #). 
For a given energy co we find, using (86.8), 


dt = 2co fl d cos # = (1 /t t)co' 2 do’ (do' = 2i r sin d dd). 

Substitution of these expressions in (86.6) gives the following formula for the 
scattering cross-section in the laboratory system: 

da = + sin 2 d) do' (86.9) 

\co} \co CO } 

(O. Klein and Y. Nishina, 1929; I. E. Tamm, 1930). 

Since the angle # is unambiguously related to co' by (86.8), the cross-section can 
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, 2 m dco f a) , co ' (m m\ 2 1 1 \1 1A . 

da = irr 2 -— — + — + —- -2 ml — -, (86.10) 

CO ICO CO \CO CO / \co CO / J 

with co' varying in the range 

r ^co. (86.11) 


CO 


1 + 2co/ra w * 

When co < m, we can put co' ~ co in (86.9), and the result is, as it should be, the 
classical non-relativistic Thomson’s formula 


da = ir 2 (l + cos 2 #) do'; 


( 86 . 12 ) 


see Fields, (78.7). 

To calculate the total cross-section, we return to formula (86.6). The invariants 
s, t, u there take values satisfying the inequalities 

s^m 2 , t ^ 0, us^m 4 . (86.13) 


These have already been derived in §67; the corresponding physical region is I in 
Fig. 7 (§67). They are also easily obtained directly from the expressions for the 
invariants in the centre-of-mass system. Here p + k = 0, and the energies e of the 
electron and co of the photon are related by e = V(o> 2 + m 2 ). The invariants are 


s = (e + co) 2 = m 2 + 2 co (co + e), 
u = m 2 - 2co(e + co cos 0), 
t = - 2co 2 (l - cos 0), 


(86.14) 


where 6 is the scattering angle (the angle between p and p' or between k and k'). 
The three inequalities (86.13) then result from the conditions co ^ 0 and -1 ^ 
cos 6 ^ 1. 

For a given s (i.e. a given energy of the particles), the integration with respect 
to t can be replaced by one with respect to u = 2m 2 - s - t over the range 

m 4 ls ^ u ^ 2m 2 - s. 


Using instead of s and u the quantities 

x = (s - m 2 )/m 2 , y = (m 2 - u)lm 2 , 

we obtain 


I [(W) ,+ W + KM)]* 


*/(*+!) 


(86.15) 
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and after the elementary integration 

a = 2-rrrj t{(l - ~~ Jl) log(l + x) +1 + f- < 86 ,6 > 

The leading terms in the expansion for x 1 (the non-relativistic case) are 

O _ y2 

o = ~+(l-x). (86.17) 

The first term is the classical Thomson cross-section. In the opposite, ultra- 
relativistic, case (x > 1), the expansion of (86.16) gives 

a = lirr] ^ (log x + 2 ). (86.18) 

In the laboratory system, 

x = 2 (olm, (86.19) 

so that formulae (86.16)—(86.18) give immediately the photon energy dependence of 
the cross-section for scattering by an electron at rest. Figure 13 shows a as a 
function of a>/m. 

In the ultra-relativistic case, the cross-section decreases with increasing energy 
both in the laboratory system (cr oc &T 1 log <o) and in the centre-of-mass system 
(x = 4 o) 2 /m 2 , <x oc (o -2 log w). But the angular distribution in the ultra-relativistic 
case has quite different forms in these two frames of reference. 

In the laboratory system, the differential cross-section has a sharp peak in the 
forward direction. In a narrow cone i J^V(m/w) we have ~ w and the cross- 
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Fig. 13. 
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section doldo'~r 2 e , reaching the value r 2 as #-*0. Outside this cone, the cross- 
section decreases, and in the range -d 2 >ml o» (where o>' = m/(l - cos #)) we have 


do _ 1 2 m 
do'~ 2re a>( 1-cos #)’ 


i.e. the cross-section is reduced by a factor ~m/ra. 

In the centre-of-mass system, on the other hand, the differential cross-section 
has a peak in the backward direction. For it - 0 < 1 we have from (86.14) 


s - m 2 _ 4w 2 
m 2 ~ m 2 ’ 


m 2 - u i,o), ^ 2 

—— ^ i + — 2 (7r - ey. 
m m 


The largest term in the cross-section (86.6) is 


whence 


da ~ 87rr 2 


_ m 2 dt _ 

4(s - m 2 ){m 2 - u )’ 


da = \r\ 


_ do _ 

1 + (it - 0) 2 co 2 /m 2 * 


( 86 . 20 ) 


The cross-section dal do' ~ r 2 in a narrow cone it - 0 ^ m/w; outside this cone it is 
reduced by a factor of the order of ~co 2 /m 2 . 


§87. Scattering of a photon by an electron. Polarization effects 

We shall now go back to the original formulae of §86 and show how the 
calculations must be made in order to take account of the polarization of the initial 
and final photons and electrons. 

The density matrix of the photon can be expressed, according to (8.17), by 
means of a pair of unit 4-vectors e (1) , e (2) which satisfy the conditions (8.16). In the 
present case, these vectors can be taken to be, for both photons, the 4-vectors 
defined in §70f 


e (1) = N/V(-N 2 ), e (2) - P/V(-P 2 ), 

where 

( p * + p' k ) - K\pK + p'K)IK 2 , 
N k = e^P^qJCp, 

K x = k k + k ' k , 

^ = p ^ _ p 


(87.1) 


(87.2) 


t An alternative procedure is to consider from the start a specified frame of reference (say the 
laboratory system) and take for each photon as e (1 \ e (2) purely spatial unit vectors e = (0, e) which are 
orthogonal to the photon momenta and to each other. In that case, however, the calculations will be 
entirely in three-dimensional form, and the result will not be invariant. 
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The quantities Q^ v in (86.5) are given by (86.4). They may be regarded as 
components of a 4-tensor (in the sense that they form a 4-tensor after being 
contracted with spinors as the quantities u'Q^u). All the components of a 4-tensor 
can be obtained by projecting it on four mutually orthogonal 4-vectors, for instance 
on P, N, q and K defined above. Since the tensors p ( $ contain only com¬ 
ponents along P and N, we need in fact only the components of Q^ v along these 
4-vectors. In other words, it is sufficient to find in Q^ v the terms of the form 

Q»v = Qoie^e? + efe™) + Qiie^e™ + efe[ l) ) - 

- me^e? - efeW + Q 3 (e<M ,) - efe?); (87.3) 

the remaining terms would disappear on substitution in (86.5). The quantities Q 0 
and Q 3 are scalars in the same sense that Q^ v is a 4-tensor; they therefore contain 
the matrices y only in the “invariant” combinations yK, etc. In the same sense, Qi 
and Q 2 are pseudoscalars (N is a pseudovector), and hence must contain the matrix 
y 5 . 

By direct projection of the tensor Q^ v we find 

Qo = l iQ' lv (eye[ l) +efe?) 9 


etc. In the calculation it is convenient first to express Q^ v in terms of the mutually 
orthogonal 4-vectors P, N, q, K : 


7" y v + y v ^xxx 7" -7 (7'‘(7K)7” ■ 


m 


u- m 


y v (yK)y»). 


There then remain some purely algebraic calculations using the formulae given 
in §22. It is also possible to make changes in Q^ v which do not affect the result 
after the subsequent construction of the product u'Q^u. For instance, since 

U'(yp + yp')u = 2mU'u , 
ii'y 5 (yq)u = u f (y 5 (yp) + (yp')y 5 )u =2mu'y 5 u, 


we can make in Q^ v the changes 

yp + yp’-+ 2m, y 5 (yq) -> 2 my 5 . (87.4) 

The detailed calculations are omitted here; the final result isf 
Qo = - ma+, Q, = $ia+y s (yK), ) 

(87.5) 

Qi = — ma+y 5 , Q 3 = ma+ + 2 a-(yK), I 


t The expression (87.3) with the values (87.5) corresponds to the formulae (70.11)—(70.13) derived in 
§70 from general considerations. Besides the equations /3 = /6 = 0 which follow from T invariance, 
another invariant amplitude (fc) is here zero also. This is a property of the approximation of perturbation 
theory used here, and would not occur in higher approximations. 
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a± = 


1 


s -m 2 


1 

w-m 2 * 


In the subsequent calculations, it is convenient to apply to Q^ v the same formal 
treatment as has been described in §8 for the photon density matrix: the four 
components of the tensor (87.3) in the directions e {l \ e (2) are combined to form a 
two-rowed matrix Q which is then expanded in terms of Pauli matrices. Similarly 
to (8.18), we obtain 


Q = Q o + Q • <r, Q = (Qu Q 2 , Q 3 ). (87.6) 

The components of the tensor Q^ v = y°Ql v y° in (86.5) are easily seen from (87.3), 
(87.5) and the rules (65.2a) to be obtained from those of Q^ on replacing Q 0 , Qi,... 
by Qo, Qu • • • , where 

Qo = Qo, Qi = - Qu Q 2 = -Qi , Qi = Qu (87.7) 

and simultaneously interchanging the indices p,, v.f In matrix form, 

Q = Qo + Q-<t. (87.8) 

Let us now define more precisely the sense of the 4-vectors e (l \ e (2) in relation 
to the polarization of the photons. For each photon, the independent directions of 
polarization will be determined by the components of the 3-vectors e (1) , e (2) trans¬ 
verse to the photon momentum k.t It is easily seen that, in both the centre-of-mass 
system and the laboratory system (in which the initial electron is at rest), the vector 
P is in the plane of k and k', and N perpendicular to that plane. The direction e (1) is 
therefore that of the polarization perpendicular to the plane of scattering, and e (2) is 
that of the polarization in the plane of scattering. It must also be noted that the 
Stokes parameters £i, £ 2 , 6 are defined with respect to the axes xyz, which form a 
right-handed set with the z-axis in the direction of k. It is easily seen that for the 
initial photon the vectors N, P ± , k form such a set, and for the final photon the 
vectors N, -Pi, k' (where P ± and Pi are the components of P perpendicular to k and 
k' respectively). A change of sign e {2) in the photon density matrix (8.17) is 
equivalent to a change of sign of £i and £ 2 - The density matrices of the initial and 
final photons, referred to the unit 4-vectors e (l) and e (2) , are therefore 

P (y) = k ! + €•"), € = (!., 6,6); ] /0 „ m 

[ (87.9) 

p M, =ki +$'•<*), so. 


t For the matrix Q^ in the original form (86.4) we should have simply Q^ This property, 

however, is lost as a result of transformations such as (87.4). 

$ The longitudinal components of e, like the time components of the 4-vectors e, can here be simply 
ignored; this is permissible, owing to gauge invariance. 
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The tensor trace 


p{tQ^p% ] Q pk 

is now calculated as the trace of the matrix product of the matrices (87.6)-(87.9), 
using (33.5). The result is 


\M„\ 2 = 8ttV tr{(p (e) 'Q 0 p (c) Qo + P <C) 'Q * p (e) Q) + 

+ (I + S') • (p <e) 'Qop w Q + p (e) ’Qp (e> Qo) - i(t - €') • P (e) 'Q x P (e) Q + 

+ (t • €')(p <c) 'QoP (e, Qo - p (e) 'Q • p (c) Q) + 

+ p“’'(S' • Q)p (e) (g • Q) + p ( c) '(S • Q )p <e) (r • Q) - 

- it x t' • (p (e) 'Qop <c) Q - P <e) 'Qp (e) Qo)}. (87.10) 


Scattering by unpolarized electrons 

We shall complete the calculation of the cross-section for the scattering of 
polarized photons by an unpolarized electron, summed over polarizations of the 
final electron. To do so, we must put in (87.10) 

p (e) = kyp + m), p (e)l = kyp' + m), 

double the result, and substitute it in place of \M fi \ 2 in the formula (64.22) for the 
cross-section: 


da = 


1 


dt d<\> 


32n (s - m ) 


2\2 


|M„f, 


where is the azimuth in the centre-of-mass or laboratory system. Some of the 
terms in (87.10) are identically zero; the calculation of the other terms gives the 
final result (with the notation (86.15)) 


da - {da + 2r\ ^ {(6 + 8)[" ~ })] 


(87.11) 


Here da is the scattering cross-section for unpolarized photons given by (86.9); the 
factor 2 appears because there is no summation over the polarizations of the final 
photon in (87.11). 
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In the laboratory system, formula (87.11) becomes 

da = yeffl do'{F 0 + F 3 (& + g) + F„g,£ [ + Fn&ti + F 33 & 8 }, 


do ' = sin cffr d</>, 


(87.12) 


where 


F 0 = — +-sin 2 F 3 = sin 2 #, 

CO CO 


Fn = 2 cos 


(-,+-) 

\CO CO / 


cos F 33 = 1 + cos 2 


(87.13) 


(U. Fano, 1949). Although (87.12) shows no explicit dependence on the azimuth <\> 
of the scattering plane, there is an implicit dependence, since the parameters £ 1 , £ 2 , 
£ 3 are defined with respect to the axes xyz, which are fixed to the scattering plane. 
The Jt-axis is the same for both photons and perpendicular to the scattering plane: 

x||kxk'. 


and the y-axes are in that plane: 

y ||k x (kx k'), y'||k' x (k x k'). 

Taking the sum of cross-sections differing in the sign of (i.e. putting £' = 0 and 
doubling the result), we obtain the total cross-section (summed over polarizations 
of the final photon) for scattering of a polarized photon by an unpolarized electron. 
Denoting this cross-section by dcr(|), we have 

d<T(£) = 1 2 r 2 e((o'l(D) 2 Fdo', (87.14) 


where 


F = F„ + 6 F 3 = - (1 - &) sin 2 #. (87.15) 

CO CO 

We see that the scattering cross-section for photons polarized perpendicular to the 
scattering plane (£ 3 = 1 ) is greater than that for photons polarized in the scattering 
plane (£ 3 = - 1). The cross-section is independent of circular polarization and of the 
parameter £ 1 . The scattering cross-section is therefore equal to that for unpolarized 
photons if there is no linear polarization relative to the x and y axes (£ 3 = 0 ) or even 
if there is polarization relative to directions at 45° to these axes. 

The cross-section for scattering of unpolarized photons with detection of a 
polarized photon has similar properties. This cross-section, which we denote by 
da(%), is obtained from (87.12) by putting £ = 0: 


da(r) = ?r 2 (a>7w) 2 F' do'. 


f' = f 0 +i;f 3 . 


(87.16) 
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From formula (87.12) it is also possible to deduce the polarization of the 
secondary photon itself; we shall denote the parameters of this polarization by 
to distinguish them from the detected polarization According to the rules given 
in §65, the quantities ijP are equal to the ratios of the coefficients of the & to the 
term independent of 


t¥ ) = (FnlF)€u «? ) = (F 22 /F)&, f? ) = (F 3 + F 3 3&)/F. (87.17) 


In particular, for the scattering of an unpolarized photon 


gP = gP = 0 , 


0 = 


_ sin 2 d _ 

to/a»' + ft)'/ft) ~ sin 2 ft' 


(87.18) 


Here gP > 0 , i.e. the secondary photon is polarized perpendicular to the scattering 
plane. Circular polarization of the secondary photon occurs only if the primary 
photon is circularly polarized: ^ 0 only if £ 2 ^ 0 . 

Let us consider the case of complete linear polarization of the incident photon 
(f 2 = 0 , + £3 = 1 ), and find the cross-section for scattering with detection of a 

linearly polarized secondary photon. Expressing the parameters g and in terms 
of the components of the photon polarization vectors e and e\ we obtain the 
following expression for the scattering cross-section: 


da 




+ — -2 + 4 cos 2 0 

co 


do'. 


(87.19) 


where 0 is the angle between the directions of polarization of the incident and 
scattered photons.f 

According to this formula, the cross-section behaves quite differently when the 
polarizations e and e' are perpendicular and when they are parallel. Distinguishing 
these two cases by the suffixes _L and ||, we have in the non-relativistic limit (co m, 
co' ~ o>) 


da± = 0, da\\ = r\ cos 2 0 do ', 


(87.20) 


in agreement with the classical formulae. In the opposite, ultra-relativistic, case we 
have co>m , co '« m/(l - cos #). Here the two ranges of large and small angles 
(large and small co/co') must be distinguished: 


da ! = deni = \r 2 e — do' = \r\ - — for # 2 > m/co ; 

11 (O co(l - COS #) 

da ± = 0, da\\ = r\ cos 2 © do' for t> 2 m/w. 


(87.21) 


f Formula (87.19) itself could be more simply derived by writing from the start e = (0, e), e’ = (0, e') 
in the scattering amplitude (86.3) and continuing the calculation of the squared amplitude in three- 
dimensional form (i.e. separating the time and space components of the 4-vectors). 

On averaging cos 2 0 = (e • e') 2 over the directions of e and e' (using (45.4a)), and doubling the 
cross-section (to sum over e'), we of course return to (86.9). 
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We see that the scattering cross-section has its classical value at very small angles. 
The approximate equality of da ± and dcr\\ at angles which are not very small 
signifies that in this range, in the ultra-relativistic case, the scattered radiation is 
unpolarized; but it must be emphasized that this conclusion applies specifically to a 
linearly polarized incident photon. From (87.17) it is evident that, for a circularly 
polarized photon in the ultra-relativistic case, ^ ~ £ 2 * cos 


Scattering by polarized electrons 

For polarized electrons, the calculation of the traces in formula (87.10) becomes 
very laborious, though not difficult in principle. Here we shall give only some of the 
final results of the calculation^ 

In general, the cross-section depends both on the polarization parameters | and 
of the initial and final photons, and on the polarizations of the initial and final 
electrons, described by vectors £ and The dependence on each of these 
parameters is linear. The cross-section has the form 

da = \da(t £') + lr 2 e (a>'la>) 2 do'{t • « 2 + f' • £& + g • £'& + g' • £'& + G ik U' k + •••}, 

(87.22) 

where da(% 9 £') is the cross-section (87.12). All the terms which contain products of 
two polarization parameters have been written out in (87.22). Terms containing 
products of three or four parameters have been omitted; they are unimportant as 
regards correlations between the polarizations of only two particles, and disappear 
when the polarization parameters of the other two particles are equated to zero. The 
following are the values of some of the coefficients in the laboratory system: 


f = - — (1 - cos t>)(k cos d + k'), 
m 

f' = - — (1 - cos t>)(k + k' cos t>), 
m 

8 = “ m (1 “ Co® #) [ (k cos ^ + k ') “ (! + cos 0) 2m (k “ k) ]’ 

8 ' = “ m (1 “ C ° S d) [ (k + k ' C ° S d) '" (1 + C0S o) -ai' + 'lm (k " k,) ] 


(87.23) 


The cross-section (87.22) contains no term of the form G • £. This signifies that 
the polarization of the electron does not affect the total cross-section (summed 
over I' and £') for the scattering of unpolarized photons. There is also no term of 
the form G' • This signifies that, in the scattering of unpolarized photons, the 
recoil electron is unpolarized. 

We see also that the terms bilinear in the polarizations of the electron and 
photon contain only the parameters £ 2 and £ 2 which correspond to circular 


t Further details may be found in the review articles by H. A. Tolhoek, Reviews of Modem Physics 
28, 271, 1956; W. H. McMaster, ibid. 33, 8, 1961. 


QE4 - Y 
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polarization of the photon. The polarization vectors £ and of the electrons appear 
in the form of scalar products f • £, etc., which contain only the projections of these 
vectors on the scattering plane. Hence, for example, the cross-section for scatter¬ 
ing of a polarized photon by a polarized electron, 

d<r(!, Q = dtr(& + b 2 t (<o'l<o) 2 & • £ do’, (87.24) 

differs from dcr(£) only in that the photon is circularly polarized and the electrons 
have a non-zero projection of the mean spin on the scattering plane. For the same 
reason, the recoil electron is polarized only if the photon is circularly polarized; the 
resulting electron polarization vector is then in the scattering plane: 

£ (f) = f 2 g/F. (87.25) 


Symmetry relations 

Finally, we shall show that the qualitative properties of the polarization effects 
in the scattering of photons by electrons follow from the general requirements of 
symmetry. 

The parameter £ 2 of circular polarization is a pseudoscalar (see § 8 ). Hence, from 
the requirement of P invariance, terms (or oc££) in the scattering cross-section 
could occur only as the product of £2 with some pseudoscalar formed from the 
available vectors k and k'.f But a pseudoscalar cannot be formed from two polar 
vectors. It therefore follows that no such terms can appear in the cross-section. 

The parameters £1 and £3 of linear polarization are related to the components of 
the two-dimensional (in a plane perpendicular to k) symmetric tensor 

SaP=M+P^) 

Wi + 6 £. \ 

2\(, 1 - feA 

In the present case, one of the polarization axes is taken to lie along the vector 
v = kxk', and the other lies in the plane of k and k' (along kxv for one photon and 
along k'Xv for the other). Terms could occur in the cross-section only as 
products S aj 3 v a (k' x v) p (or, equivalently, S a pv a kp), etc. But, since v is an axial vector, k 
a polar vector, and S aj3 a true tensor, such products are not invariant with respect to 
inversion. There are therefore also no terms ^ ( 0 r £') i n the cross-section. Terms 

(or £ 3 )? however, occur as products S a pv a vp, etc., and are not forbidden by 
considerations of symmetry. 

Terms in the cross-section that are proportional to the electron polarization £ 
are not forbidden by parity: such terms could arise from the products £ • v of two 
axial vectors. They must, however, be absent in the first non-vanishing ap¬ 
proximation of perturbation theory, here considered, because the scattering matrix 

t We are considering the process in the laboratory system, where p = 0, p' = k - k'. It is evident that 
the relevant consequences of the symmetry requirements (the presence or absence of particular terms in 
the cross-section) will not depend on the choice of the frame of reference. 
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is Hermitian in that approximation (§71). Owing to this property, the square of the 
scattering amplitude (and therefore the cross-section) is unchanged when the initial 
and final states are interchanged. At the same time the cross-section must be 
invariant under time reversal, i.e. interchange of the initial and final states together 
with a change of sign of the momentum and angular momentum vectors of all the 
particles; the Stokes parameters £i, £ 2 , £3 are then unaltered (see §8). On combining 
these two requirements, we find that in the approximation considered the cross- 
section must be unchanged by a change of sign of all the momenta and angular 
momenta without interchange of the initial and final states, i.e. by the trans¬ 
formation 


k-^-k, k'^-k', (87.26) 

with £ and unaltered. 

The transformation (87.26) changes the sign of the product £ • v , and such terms 
therefore cannot appear in the cross-section. It must be emphasized, however, that 
this prohibition is not a consequence of strict requirements of symmetry, and may 
therefore no longer apply in higher approximations of perturbation theory. 

Among the terms of the binary correlation between the polarizations of the 
photons, only those of the form and £ 2 £3 are forbidden by parity, and none of 
those of the photon-electron correlation are forbidden. But all terms of the form 
£i£ 2 , £i£, &£ are forbidden in the first approximation by the requirement of 
invariance under the transformation (87.26). For instance, terms of the form £i£ 2 
and could be formed (so far as parity is concerned) as scalars such as ^Sapk^p 
and Sapk'aVpt, • k, but such combinations change sign under the transformation 
(87.26). 

The allowed correlation terms of'the form £ 2 £ can be formed as products of the 
type £ 2 £ • k. The electron polarization vectors appear in them only as projections on 
the scattering plane. 

Finally, a number of relations between the coefficients in the allowed terms 
result from the requirements of crossing symmetry. Reaction channels which differ 
by an interchange of initial and final photons correspond to the same process— 
scattering of a photon by an electron. The squared modulus of the amplitude, and 
therefore the scattering cross-section, must consequently be invariant under a 
transformation which expresses the change from one of these channels to the 
other: 


k <->— k\ e <-> e’* 

with the electron momenta and polarizations unchanged. In three-dimensional 
form, this transformation is 


o) <-> — co', k<-> — k', 

£ 2 <->-£ 2 , £3 <-*£3 


(87.27) 


The change in the sign of £ 2 is evident from the expression £ 2 = ie x e* • n, in which 
the vector e x e* changes sign when e and e* are interchanged, while the vector 
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n = k/o) is unchanged when k<-> - k, ax-> - co. The transformation (87.27) does not 
affect the electron momenta and therefore leaves the laboratory system unaltered. 
Hence the cross-section (87.22) cannot change its form under this transformation, 
and in fact the formulae (87.12), (87.22), (87.23) comply with this requirement. 


§88. Two-photon annihilation of an electron pair 


The annihilation of an electron and a positron (with 4-momenta p_ and p+) to 
form two photons (k { and k 2 ) corresponds to two diagrams 






- P- 

-p + 






. p_ 
■”P + 


( 88 . 1 ) 


These differ from the diagrams for scattering of a photon by an electron as follows: 

p->P-, p'->-p+, k-^-k i, k'-^k 2 . (88.2) 


The two processes are two cross-channels of the same (generalized) reaction. After 
the changes ( 88 . 2 ), the kinematic invariants ( 86 . 2 ) become 


S = (p- - k i) 2 , 
t = (p- + p + ) 2 = (k t + k 2 ) 2 , 
w = (p- - k 2 ) 2 . 


(88.3) 


If the photon scattering is the s channel, then the annihilation is the t channel. 

The quantity \M fi \ 2 for annihilation (averaged over polarizations of the electrons 
and summed over those of the photons), when expressed in terms of the invariants 
s and w, is the same as corresponding quantity for scattering, only the meaning of 
the invariants being changed.! In the formula (64.23) for the cross-section, the 
change s <-> t is needed in the coefficients of |M/,| 2 , and I 2 is now, according to 
(64.15a), equal to \t{t -4m 2 ). Making the appropriate alterations in formula ( 86 . 6 ), 
we find the annihilation cross-section 


da = Sirrl 


m 2 ds (7 m 2 [ m 2 \ 2 [ 
t(t -4m 2 ) l\s - m 2 u-m 2 ) 


( m2 i+ -j«L.) _ 1 / s - + u - 

\s-m u-m I 4 \u-m s-m /) 


(88.4) 


The physical region of the annihilation channel is region II in Fig. 7 (§67). For 
given t (given energy in the centre-of-mass system), the range of variation of s is 


t This takes account of the fact that the photons and the electrons have the same number of 
independent polarizations (two), and it is therefore immaterial which correspond to the averaging of 
|M/ip and which to the summation. 
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determined by the equation of the boundary su = m 4 . Together with the relation 
s 4- 1 4- u = 2m 2 , this gives 

-\t ~W[t(t -4m 2 )] ^ s - m 2 ^ -\t + W[t(t -4m 2 )]. (88.5) 

The integration of (88.4) is elementary; the result must be divided by two to 
take account of the identity of the two final particles (the photons). Thus we have 

» = 2?fhj { <t! + T - : >> “>* Vt-V(t-!) " <T + 1)V[T(T ->4 (88 ' 6) 

where t =|t/m 2 (P. A. M. Dirac, 1930). 

In the non-relativistic limit (r-» 1), this gives 

(T=Wr 2 e lV( t-1). (88.7) 


In the ultra-relativistic case (t -» <»), 

cr = (^rJ/rXlog 4t - 1). (88.8) 

In the laboratory system, in which one particle (say the electron) is at rest 
before the collision, the invariant t is 


t = 2(1 + t), 7 = s+lm. 


(88.9) 


Formulae (88.6)-(88.8) give as the dependence of the total cross-section on the 
energy of the incident positron 

■>=7TT r V - r 1 + y 1 - »>] -7(7=1)}- (88 ' 10) 


In particular, in the non-relativistic limit! 

or = 7rr 2 /t) + (non-relativistic), 


( 88 . 11 ) 


where v+ is the velocity of the positron. 

In the centre-of-mass system the electron, the positron and the two photons have 
equal energies, e = The invariants are 


m 2 - s = 2e(e - |p| cos 0 ), 
m 2 - u = 2e(e 4- |p| cos 0 ), 
t = 4e 2 , 


( 88 . 12 ) 


where 0 is the angle between the momentum of the electron and that of one of the 

t This formula becomes inapplicable, however, when v+ ^ a and the Coulomb interaction of the 
components of the pair cannot be neglected; cf. the end of §94. 
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photons. Substituting in (88.4), we find the angular distribution of the annihilation 
photons: 


a - r ^ ml f g2 + P 2 (l + s ^ 2 A) 2p 4 sin 4 0 1 A 

a 4e|p| £ 2 p 2 cos 2 0 (£ 2 - p 2 cos 2 6) 2 \ 


(88.13) 


In the ultra-relativistic case this has symmetrical maxima in the directions 6 = 0 
and 6 = 7r. Near 6 = 0, we have 


dc, ~^WT^W) (ultra-relativistic). 
The total cross-section is obtained from (88.6): 



(88.14) 


(88.15) 


where v = |p|/e = V(£ 2 - m 2 )le is the velocity of the colliding particles. 

We shall not discuss here the details of the polarization effects in annihilation,! 
but merely consider certain qualitative features of these effects in the limiting cases 
where the velocity v of the colliding particles is large or small. The process will be 
considered in the centre-of-mass system. 

In the limit v -»0, only the state with orbital angular momentum of relative 
motion l = 0 gives a non-zero contribution to the cross-section. But the S state of 
the electron + positron system has negative parity (§27, Problem). In odd states of a 
two-photon system, their polarizations are orthogonal (§9). The same must there¬ 
fore be true of the annihilation photons in the non-relativistic case. 

If the electron and positron are polarized, their annihilation is possible (again in 
the non-relativistic case) only if their spins are antiparallel: since the annihilation 
occurs in the S state, the total angular momentum of the system is equal to the 
total spin of the particles, which is 1 when the spins are parallel. The two-photon 
system, however, has no state with total angular momentum 1 (see §9). 

In the ultra-relativistic limit (u -» 1), the annihilation of a longitudinally polarized 
(helical) electron and positron is possible only when their helicities have opposite 
signs.! In this limit, helical particles behave as neutrinos (see the end of §80), and 
the electron and positron undergoing annihilation must be analogous to a neutrino 
and an antineutrino, whence the result stated follows. 

The annihilation of an electron and a positron with the same helicity occurs, in 
the ultra-relativistic case, only when terms containing m are taken into account. The 
amplitude of this process differs, in order of magnitude, by a factor mle from that 
of the annihilation of a pair with parallel spins; the cross-section accordingly differs 
by a factor (m/s) 2 . 

t See W. H. McMaster, Reviews of Modem Physics 33, 8, 1961. 

$ Since the directions of the particle momenta are also opposite (in the centre-of-mass system), 
helicities of opposite sign correspond to parallel spins. 
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PROBLEM 

Find the cross-section for the formation of an electron pair in the collision of two photons (G. Breit 
and J. A. Wheeler, 1934). 

Solution. This is the process inverse to the two-photon annihilation of an electron pair. The 
squared amplitudes are the same for the two processes, and their relationship to the cross-section differs 
only in that here I 2 = (kifo) 2 = it 2 . Hence 


d(J form d(J ai 


t -4m 
1 t 


In the centre-of-mass system (t =4e 2 = 4a> 2 ), 


d(J form — V d(J ann, 

where v is the velocity of the components of the pair. In integrating to obtain the total cross-section, the 
result is not to be divided by 2 (as in the case of annihilation), because the two final particles (electron 
and positron) are not identical. Hence, in the centre-of-mass system, 

CTform “ Cr an n 

= |irr 2 (l - t> 2 ){(3 - d 4 ) log -2v(2- » 2 ) J. (1) 

In an arbitrary frame of reference K, in which the two photons k i and are moving in opposite 
directions, we have (from the invariance of kifo) 


2 

0 ) 1(02 = 0 ) , 

where (o is the energy of the photons in the centre-of-mass system. Since this energy is equal to that of 
the pair components, we have co = e = m/V(l - v 2 ). To change to the frame K, we must therefore put in 
( 1 ) 


u = V(1 — m 2 /a)i(02). 


§89. Annihilation of positronium 

Owing to the conservation of momentum, the annihilation of the electron and 
positron in positronium must be accompanied by the emission of at least two 
photons. Such a decay is possible (in the ground state), however, only for 
parapositronium. In §9 we have shown that the total angular momentum of a 
two-photon system cannot be 1. Hence orthopositronium in the 3 Si state cannot 
decay into two photons. Moreover, since positronium in the 3 Si state is a charge- 
odd system (see §27, Problem), Furry’s theorem (§79) shows that it cannot decay 
into any even number of photons. In the state, on the other hand, positronium is 
charge-even, and the decay of parapositronium into any odd number of photons is 
therefore forbidden. 

The main process which determines the lifetime of positronium is therefore 
two-photon annihilation for parapositronium and three-photon annihilation for 
orthopositronium (I. Ya. Pomeranchuk, 1948). The decay probability can be related 
to the cross-section for annihilation of a free pair. 

The electron and positron momenta in positronium are ~me 2 /ft, i.e. small 
compared with me. Hence, in calculating the probability of annihilation, we can 
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take the limit of two particles at rest at the origin. Let a 2y be the cross-section for 
two-photon annihilation of a free pair, averaged over the spin directions of both 
particles. In the non-relativistic limit, according to (88.1 l),t 

a 2y = Tr(e 2 /mc 2 ) 2 clv, (89.1) 

where v is the relative velocity of the particles. The annihilation probability w 2y is 
obtained on multiplying a 2y by the flux density d|«//( 0)| 2 . Here if/(r) is the wave 
function, normalized to unity, of the positronium ground state: 

<A ( r ) = v ^e- r/ “, a = 2ftW; (89.2) 

the Bohr radius a for positronium is twice that for the hydrogen atom, because its 
reduced mass is half as great. This probability, however, corresponds to the initial 
state averaged over spins, whereas in positronium, of the four possible spin states 
of a two-particle system, only one (with total spin 0) can undergo two-photon 
annihilation. Hence the mean decay probability w 2y is related to the paraposi- 
tronium decay probability w 0 by w 2y = \w Q , and so 

w 0 = 4|^(0)| 2 (^W (89.3) 

Substituting the values from (89.1), (89.2), we obtain for the lifetime of paraposi- 
tronium 

t 0 = 2 h/mc 2 a 5 = 1.23 x 1(T 10 sec. (89.4) 


It should be noticed that the level width r 0 = hi t 0 is small compared with the 
level energy 


|E gr | = me 4 l4h 2 = mc 2 a 2 l 4. 


For this reason positronium may be regarded as a system in a quasi-stationary 
state. 

Similarly we find that the decay probability for orthopositronium is related to 
the spin-averaged cross-section for three-photon annihilation of a free pair by 


Wi -- 3 W 3 7 — 3 )«//(0)| 2 (i;cr3 T )u^ 0 , 


(89.5) 


the statistical weight of a state with spin 1 being i Anticipating, we may mention 
that 


<T3 7 


4(7t 2 -9)c 

3v 



(89.6) 


The lifetime of orthopositronium is therefore 


T1 = 


97T 


2(7r 2 


_ h_ 

9) mc 2 c 


1.4 x 10 7 sec. 


(89.7) 


t Formulae (89.1)—(89.7) are written in ordinary units. 
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The inequality Fi<^|E gr | is here, of course, satisfied even more markedly than for 
parapositronium. 

Let us now calculate the cross-section for three-photon annihilation of a free 
pair (A. Ore and J. L. Powell, 1949). According to (64.18), the cross-section in the 
centre-of-mass system is expressed in terms of the squared amplitude by 


, (2ir) 4 |M fl | 2 e/1 , d% d% d 3 k 

dcrjy —- 1 S(ki 4-k 2 + k 3 )S(o)i + 0 ) 2 + 01)3 — 2m) . 


(27r) 2 Cl) 1 • 2(i>2 * 2(i>3 


(89.8) 


where, according to (64.16), I = 2m ■ \mv = m 2 v 7 v being the relative velocity 
(assumed small) of the positron and the electron; ki, k 2 , k 3 and o) U w 2 , co 3 are the 
wave vectors and frequencies of the photons formed; the delta functions express 
the laws of conservation of energy and momentum. Because of these laws, the 
three frequencies o>i, co 2 , w 3 must be represented by the lengths of the sides of a 
triangle with perimeter 2m. Thus the magnitudes of the momenta ki, k 2 , k 3 and the 
angles between them are entirely determined by specifying two frequencies. 

The three-photon annihilation corresponds to the diagram 


ki 

k 2 

k 3 


P_ 


-P + 


and a further five diagrams obtained from it by interchanging the photons k u k 2 , 
k 3 . The amplitude may be written 

M fi = (47r) 3/2 el 3) *e ( AA 2) *e ( i; 1) *M(- p+)Q ktlv u(p-), (89.9) 

where 

Q** = 2 y X G(k 3 - p + )y»G(p- - k,)y', (89.10) 

int. 

the sum being taken over all interchanges of the photon numbers 1, 2, 3 together 
with corresponding simultaneous interchanges of the tensor indices A, /jl, v. The 
squared modulus of the amplitude, averaged over the polarizations of the electron 
and the positron and summed over those of the photons, is 


4 2 |JVf/i| 2 = (47 t) 3 Mp+Q^p-Qxn,,}, (89.11) 

polar. 


where 


p- = 2 (yp-+m), p + = j(yp + -m). 


The matrices Q Xflv differ from the matrices Q A ^ in that the order of the factors is 
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reversed in each term of the sum. In the limiting case considered, where the 
electron and positron velocities are small, their 3-momenta p_ and p+ may be taken 
as zero, putting p- = p+ = (m, 0). Then the electron Green’s functions are 

r(n yp-yk, + m _ -yk, + m(y° + 1) 

G(P ~ ~ k,) ~ (p~ — ki) 1 - tn i -= 2^1 ’ 


etc., and the density matrices reduce to 

p+ = l 2 m( 7°± 1). 

A large number of terms arise on carrying out the multiplication in (89.11), but 
the number that need to be calculated can be greatly reduced by making full use of 
the symmetry with respect to interchanges of photons. For example, it is sufficient 
to multiply out the six terms in Q A ^ (89.10) each with only one term in Q^ v . In the 
six traces then remaining, we can again select certain parts which are transformed 
into one another by various interchanges of photons. The products of the 4-vectors 
p, k i, k 2 , k 3 which occur when the traces are expanded can all be expressed in terms 

of the frequencies <o u <x> 2 , o) 3 . Since p = (m, 0 ), we have pkj = ma) h - The 

products kik 2 , ... are determined from the equation of conservation of 4-momen¬ 
tum: 2p = ki 4- k 2 + k 3 ; for example, writing this equation in the form 2p - k 3 = 
k\ 4- k 2 and squaring, we have 

k x k 2 = 2m(m - c o 3 ), - (89.12) 


The result of the calculation, which is still fairly lengthy, is 


1 2 |M fl | 2 = (4 w )V-16f(^^)%(^?^ 2 )V(^^) 2 l. 

p£kr. L\ (0 2 (i) 3 ) \ CO 1 CO 3 / \ (x)\(0 2 J J 


Substituting this expression in (89.8), we obtain the differential cross-section for 
three-photon annihilation: 


d°3y= r ( m 2 +(—^- 2 ) 2 +(—x 

7 7T m V l\ (0 2 (0 3 ) \ (1) 1CO3 / \ (Jt)\(i ) 2 ) J 

x 5(ki 4- k 2 4- k 3 )d(( 0 \ 4- (o 2 4- ct) 3 — 2m) ■ ■ ~. (89.13) 


The delta functions have still to be eliminated. The first is removed by 
integrating over d 3 k 3 , and we then write 

d 3 k 1 d 3 k 2 -^ 47 T(o? do)i • 2 tto) 2 d (cos 0 i2 ) da) 2 , 

where 0 12 is the angle between ki and k 2 ; it is assumed that the integration has 
already been performed over the directions of ki and the azimuth of k 2 relative to 
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O3 — \/(to 1 + o\ H" 2o)\0)2 COS $12), 


we find 


d COS 0 i 2 = ((03/(01(02) d(i) 3 . 


The second delta function is removed by integrating over d(o 3 . The resulting 
cross-section for annihilation with formation of photons having specified energies 
is 


1 8e 6 
~ 6 vm 2 


(f"Ll^) 2 + ("LZ^V + da)l da)2 . (89 . 14) 

l\ (0i(0 2 / \ (0i(0 3 / \ (02(0 3 J J 


the factor 1/6 has been included in order to take account of the identity of the 
photons in the subsequent integration over frequencies (cf. the third footnote to 
§64). 

Each of the frequencies o u o 2 , (o 3 can take values between 0 and m ; the latter 
can be reached by two frequencies when the third is zero. For given ( 01 , the 
frequency o 2 varies between m-o 1 and m. Integrating (89.14) over do 2 between 
these limits, we obtain the spectral distribution of decay photons: 


dcriy = (8e 6 /3i;m 3 )F((Oi) do u 

T?/ A (Oi(m - ( 01 ) , 2m - (01 , f2m(m - (Oi) 2m(m - (O1) 2 ] , m-o 1 

F(wi) "(2 + l (o 1 (2m-(Oi) 3 J l0g m * 

The function F(o 1 ) increases monotonically from zero when wi = 0 to unity when 
o\ = m, and is shown graphically in Fig. 14. 

The total annihilation cross-section is obtained by integrating (89.14) over both 
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frequencies: 


(J^y 


m m 



0 m-(o l 


(cl) i + Cl>2 — in) 2 
2 2 
Wi(02 


dcoi dco 2 . 


The value of the integral is (tt 2 — 9)/3, and we thus return to formula (89.6). 


§90. Synchrotron radiation 

According to the classical theory ( Fields , §74), an ultra-relativistic electron 
moving in a constant magnetic field H emits a quasi-continuous spectrum with a 
maximum at the frequency 

a) ~ o)o(slm) 3 , (90.1) 

where 

o>o= t>Mff/|p| 

His (90.2) 


is the frequency of revolution of an electron having energy e in a circular orbit (in 
a plane perpendicular to the field).! We shall assume that the longitudinal velocity 
of the electron (parallel to H) is zero, as can always be achieved by a suitable choice 
of the frame of reference. 

Quantum effects in synchrotron radiation originate in two ways: from the 
quantization of the motion of the electron, and from the quantum recoil when a 
photon is emitted. The latter is determined by the ratio hcj/s, and this must be 
small if the classical theory is applicable. It is therefore convenient to use the 
parameter 


— K JpJ _ Hg _ ftcop / S \ 3 

* H 0 m H 0 m e \m / ’ 


(90.3) 


where H 0 = m 2 l\e\h (= m 2 c 3 l\e\h) = 4.4 x 10 13 G. In the classical case, x ~ We < 1. 
In the opposite limit (x > 1), the energy of the emitted photon ha) ~ £, and (as we 
shall see below) the significant region of the spectrum extends to frequencies at 
which the electron energy after the emission is 

e' — mHolH. (90.4) 


If the electron remains ultra-relativistic, the field must satisfy the condition 

HIH 0 <\. (90.5) 

The quantization of the electron motion itself is expressed by the ratio ftco 0 /e; 
hct)o is the interval between adjacent energy levels for motion in a magnetic field. 

t In this section we shall put c = 1 but retain factors of h. 
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hcoole = ( HlH 0 )(mle) 2 , 


it follows from (90.5) that h(o 0 < e , i.e. the motion of the electron is quasi-classical 
for all values of \• That is, the non-commutativity between the operators of 
dynamical variables of the electron (quantities of order hatje) may be neglected, 
while the non-commutativity of these operators with those of the photon field 
(quantities of order hco/e) is not neglected.t 

The quasi-classical wave functions of stationary states of an electron in an 
external field can be put in the symbolic form 

“(p) (90.6) 


where $(r) ~ exp(/S/ft) are the quasi-classical wave functions of a spinless particle 
(S(r) being its classical action); u( p) is the operator bispinor 


u(p) = 


W (H + m)w ^ 

1 


V(H + m) 


(cr • p)w 


obtained from the bispinor plane-wave amplitude u(p) (23.9) on replacing p and e 
by the operators^ 

p = P- eA = - ihV - eA, H = V(p 2 + m 2 ), 


where P is the generalized momentum of the particle in a field with vector potential 
A(r). The order of the operator factors in ifj is immaterial, since their non¬ 
commutativity is neglected, and the spin state of the electron is determined by the 
three-dimensional spinor w. 

In order to calculate the probability of photon emission in the quasi-classical 
case, it is more convenient to start not from the final formula (44.3) of perturbation 
theory but from a formula in which the integration with respect to time has not yet 
been carried out. For the total (over all time) differential probability we have§ 


dw = 2 Kf 

f 


d 3 k 

(2tt) 3 ’ 



(90.7) 


t The full solution of the quantum problem of synchrotron radiation was first given by N. P. 
Klepikov (1954), and the first quantum correction to the classical formula by A. A. Sokolov, N. P. 
Klepikov and I. M. Ternov (1952). The derivation given here, which explicitly makes use of the fact that 
the motion is quasi-classical, is due to V. N. Baier and V. M. Katkov (1967). A similar method had been 
used earlier by J. Schwinger (1954) to derive the first quantum correction in the radiation intensity. 

$ In this section, unlike Chapter IV, the generalized momentum is denoted by the capital letter P, 
while p denotes the ordinary (kinetic) momentum. 

§ Putting Vfj(t) = Vfi exp (ia) fi t), we find a/i = 2it Vfi8(a) fi ), and, since the squared delta function is to be 
taken as [8(a))r-> (t/27r)8(co), where t is the total observation time (cf. the derivation of (64.5)), we obtain 
from (90.7) the formula (44.3) for the probability per unit time. 



378 


Interaction of Electrons with Photons 


§90 


(cf. QM , (41.2)); the summation is over final states of the electron. 

Using (90.6), we can write the matrix element V fi (t) for emission of a photon a), 
k in the operator form 


v fi (t) = - 


— _ e V(4tt) 


vatu 






f (p) 1 


V(2H)J 


l ' r (e* • a) 


u(p) 
V(2 H) 


d 3 x. 


where the operators in the square brackets act to the left; the photon field is taken 
in the three-dimensionally transverse gauge. The factors exp (±iHt/h) convert the 
Schrodinger operators between them into explicitly time-dependent operators of 
the Heisenberg representation. We can write V fi (t) in the form 

where Q(t ) denotes the Heisenberg operator 


Q(t) = («• e*)e~‘ t f(t) Ui( ^ , (90.8) 

V(2H) V(2H) 

and the matrix element is taken with respect to the functions </>/, 

The summation in (90.7) is taken over all final wave functions (/>/, and is effected 
by means of the equation 


^^Kr')^(r) = 8(r'-r), 

which expresses the completeness of the set of functions </>/. The result is 


dw = £ 0 / dh / dtl ‘ < ><, '"' 2) < l 'lQ + ( t 2)Q( ( i)|i>- (90-9) 

If the integration is over a sufficiently long time interval, t\ and t 2 can be replaced 
by new variables 


t — t 2 — ti, t — 2 (t\ + t 2 ), 


and in the integral over t the integrand may be regarded as the probability of 
emission per unit time. Multiplying by ha ), we obtain the intensity 

dl = j^d 3 k Je' iwT (i|Q + (t + |T)Q(MT)|i><iT. (90.10) 

An ultra-relativistic electron radiates into a narrow cone at angles 6 ~ ra/e 
relative to its velocity v. The emission in a given direction n = k/o> therefore occurs 
over a section of the path in which v turns through an angle ~ra/e. This section is 
traversed in a time r such that r|v| ~ tcj 0 ~ m/e This region gives the principal 
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contribution to the integral over r. In the subsequent calculations, we shall 
therefore expand all quantities in powers of o) 0 r. It may, however, be necessary to 
retain more than just the leading term in the expansion, because of cancellations 
which occur since 1 - n • v ~ 6 2 ~ (m/e) 2 . 

If the operator Q Q is reduced to a product of operators which commute (to 
the necessary degree of accuracy), the taking of the diagonal matrix element 
(i|... |i) is equivalent to replacing these operators by the classical (time-dependent) 
values of the corresponding quantities. This is achieved in the following way. 

According to the foregoing discussion, in the expression for Q(f) only the 
non-commutativity of the electron operators with the photon field operator 
exp(- ik • r(t)) need be taken into account. We have 

p«r ik '* = e" ik ’*(p-ft k ), 1 

(90.11) 

H(p)e' Ik f = 6' ik f H(p-ftk). J 

These formulae follow because e~ lkr is the displacement operator in momentum 
space. Using (90.11), we can take the operator e~ lk ' m out on the left in 
(90.8), and write 0(0 in the form 

0(0 = ^ (0 = 7 ^ (a (9012) 

where H' = H - too, p' = p - hk. 

Then 


Q 2 Qi = R 2 e ik * 2 e ik ^Ru (90.13) 

here and henceforward, the suffixes 1 and 2 denote the values of quantities at the 
times t\ = t-\T and t 1 =t J \-\j. It remains to calculate the product of the two 
non-commuting operators e lkTl and e~ lk ‘ Tl . This product itself may be regarded as 
commuting with the remaining factors. 

We write 


Ur)=e~ UuT e ikmfi e~ ikm \ (90.14) 

this being the combination of operators which appears in (90.10). The operator e lI * Tlh 
is a time-shift operator, and so 

gik •? 2 _ gifir/h ^-iHrlfi 

Substituting this in (90.14) and noting that e lk ri is a displacement operator in 
momentum space, we find 

L(r) = exp{i[H - Mr/ft} exp{-iH(p x - ftk)r/ft}. (90.15) 

Differentiating (90.15) with respect to r and again using the properties of the 
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time-shift operator, we havet 

dL/dr = (i/ft) exp{/(H - fto))r/ft}[H -hco- H( pi - ftk)] x 

x exp{-/H(pi - ftk)r/ft} = (i/ft)[H - hco - H( p 2 - ftk)]L(r). (90.16) 

Having thus made use of the non-commutativity of the operators, we can 
replace all the operators by the corresponding classical quantities (the Hamiltonian 
H by the electron energy e). We have identically 

e(p 2 -/tk) = [(p 2 -ftk) 2 + m 2 ] 1/2 

= [(e - ftw) 2 + 2 h((oe - k • p 2 )] l/2 . 

The difference 


we - k • p 2 = (oe(l - n • V 2 ) 

is small, since from the above analysis 1 — v • n ~ (m/e) 2 . As far as the first order in 
this difference, 

e(p 2 - ftk) ~ e' + (e/e')ft(w - k • v 2 ), 

where e' = e - hco. From (90.16), we now find the differential equation for L(r): 

ihdLldr = (ele')h(co -k • v 2 )L. (90.17) 

This equation is to be solved with the obvious initial condition L(0) = 1. Since 

T 

J v 2 dr = r 2 ~r,, 

0 

we have 


L(r) = exp{/(e/e')(k • r 2 -k • n - wr)}. (90.18) 


So far, no use has been made of the specific form of the electron trajectory. 
Now expressing r 2 -ri in (90.18) in terms of pi by means of the equation of motion 
of the electron in the plane perpendicular to the field H (see Fields, §21): 


r 2 - ri : 


pi . eHr pi x H 

■ - cm- \- — -*— 


sin 
eH e 




^1 - COS 


eHr \ 
e / 


and expanding in powers of r gives 


k * (r 2 - r0 - cot * 


o)r|(n - 


vi — 1) + r 


en • pi x H 2 e 2 H : 


6 e z 


1 


(90.19) 


where in the last term we have put n • vi« 1. 

t Because of the conservation of energy, the Heisenberg operators H(pi) and H(p 2 > are the same; we 
therefore omit the arguments of H in such cases. However, H(pi —ftk) is of course not the same as 
HCpz-ftk). 
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We next transform the remaining factors in (90.13). A direct expansion of the 
product in R(t), using the matrix a from (21.20), leads to 


R(t) = w*e* • (A+ iB x <r)w„ 

* _i-/! , 1 \ e + e '_. 


* i /1 , 1 \ e + e' 

A=!P t + ?r^ v ' 

B = i(—^-r!r—) = ^ (n - v + vm/e), 

\e + m e+m/ 2s 


(90.20) 


where p'(t) = p(t) - ftk; terms of higher order in m/e are omitted. Thus we have 
finally 


e- i “'(i\Q + 2 Q l \i) = mR l L(r), 

R$R\ = tr 1(1 + & • or)(A 2 ~ iB 2 x cr) • e • |(1 + £/ • cr)(Ai + iB x x a) • e*. 


(90.21) 


The factors 2 (1+ £•«■) are two-rowed polarization density matrices of the initial 
and final electron. 

Let us consider the radiation intensity summed over the polarizations of the 
photon and of the final electron, and averaged over the polarizations of the initial 
electron. These operations give, after a simple calculation,! 

1 ^ s 2 + e' 2 . ^ , 1 /tuo\ 2 /m\ 2 


i 2 RiRi = 


■(vvl)+ R T 


With sufficient accuracy we can put 


Vl • V 2 = V 2 - 4T 2 V 2 + 4T 2 V • V 

1 rn 2 1 2 2 

= 1- T~20)oT . 

£ 


Substitution of these expressions in (90.21) and thence in (90.10) gives 


e 2 

di = — -—* Qj 2 do) do n x 
47 T 


J& 


2 c 2 -4- o' 2 

, 8 + 8 2 _2 

" 4" £ “ 2 . 0)07 


)exp{-^(l-n-T + ^«S)}dT. (90.22) 


t This calculation makes use also of the following result. In the summation over e, 

2 (vi • e)(v 2 • e*) = vi • v 2 - (vi • n)(v 2 • n). 

e 

On substituting (90.21) in (90.10), we can integrate by parts, noting that 

(V, • n) exp(- i ± k • n) = ± exp(- i ± k • r,). 

and similarly for V 2 • n. Consequently, in the remaining integration vi • n and V 2 • n can be replaced by 
unity. 


QE4 - 
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This formula shows the frequency and angular distribution of the radiation in¬ 
tensity. 

To find the frequency distribution, we integrate over do n . If the direction of v is 
taken as the polar axis, with an angle # between n and v, then 

n • v = v cos ft, do n = sin ft dft d4 i>, 


and 


/ 


( icore 


} , 2778' f /icore \ / icore \1 

d ° ■=r x n~) ■ exp r 


When this is substituted in (90.22), only the first term need be retained, since the 
second term yields a faster varying exponential (with a factor 1 + v ~ 2 instead of the 
small 1 - v « m 2 l 2e 2 ). Hence 


dl 

dco 


ie 2 co 

2rr 



e 2 +e' 2 

2ee' 



icore 

e' 


{ l ~ v+ h a , 0 ) 


dr. 


According to the integral representation of the Airy function d> (see QM, §b), the 
first term reduces to the integral of the Airy function, and the second term to its 
derivative. The final result is 

£=- {/ « + (f + v * <90 23) 

x 

x = ( hco/e'x ) 2/3 “ (m 2 le 2 )(ecole' coo) 213 (90.24) 

(A. I. Nikishov and V. I. Ritus, 1967). The frequency distribution has a maximum 
when x ~ 1; for * 1 we find (90.1), and for * > 1 (90.4). In the classical limit, 

hco < e f ~ e, x ~ (co/cooHm/e) 2 ; the second term in the round brackets is small, and 
(90.23) becomes the classical formula ( Fields , (74.13)). 

Figure 15 shows diagrams of the frequency distribution for various values of x- 
The quantity 


1 dl 
3J c i/2 d(colcoc) 


is plotted against colco c , where 


hco 


_ £X 


C — I 

3 


+ X’ 


r _ 2e 2 m Y 2e A H 2 e 2 
d 3ft 2 3m 4 - 


The quantity I c i is the classical value of the total radiation intensity; cf. Fields, 
(74.2). 
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Fig. 15 . 


To calculate the total radiation intensity, (90.23) must be integrated with respect 
to a) from 0 to e. We change to integration with respect to jc, noting that 

and x therefore varies from 0 to o°. With two integrations by parts in the first term 
in (90.23), we find 


I = - 


e 2 m 2 x 2 

2V irfi 2 


/ 


4 + 5*jc 3/2 + 4* 2 x 3 

(l+*x 3 ' 2 ) 4 


d>'(x)* dx. 


(90.25) 


Figure 16 shows a graph of the function I(x)lh i- 

When x ^ the important region in the integral is jc ~ 1 . Expanding the 
integrand in powers of x and integrating by means of the formula 


f x p <p'(x) dx = - ^ 3 (4 - ,),6 r(jv + l)n]v + ]), 

0 


we obtain 


I = 1 c l ( 1 ~^~-x+ 4 » x2 ---j- (90.26) 

When * >1, the important region is that in which pc 3,2 ~ 1, i.e., x <§ 1. In the first 
approximation, we can therefore replace <E>'(x) by <t>'(0) = - 3 1,6 r(f)/2 V tt, and the 
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3X 

Fig. 16. 


integration then leads to the result 


32r(j)e 2 m 2 2/3 

243ft 2 


(90.27) 


Synchrotron emission causes the occurrence of a polarization of electrons 
moving in the field (A. A. Sokolov and I. M. Ternov, 1963). To discuss this, we 
have to find the probability of a radiative transition with spin reversal. 

Putting in (90.21) = -£/ = £, |£| = 1, we have 


R?R, = B, • B 2 - (e* • B,)(e • B 2 ) - (e* • B, x Q(e ■ B 2 x Q - i(£ • e*)(e • B, x B 2 ). 


Summation over polarizations of the photon gives, after a simple calculation, 


2 R?R, = (B, • B 2 )(l - ({ • n) 2 ) + (£ • n)(n • B,)(£ • B 2 ) + 

e 

+ (5 • n)(n • Bz)(C n(n • Q) • Bi x B 2 . (90.28) 

We shall assume that x ^ 1 and seek only the principal term in the expansion of 
the probability in powers of h. Since the expression (90.28) (with B given by (90.20)) 
already contains ft 2 , all the remaining quantities s', including those in the exponent 
in (90.18), can be replaced by s. 
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With the expansions 


Bi = ^ - y + \t\ + y 


B 2 


(o 
2e 


(■■■ 

^n-v- 2 rv + y 


r 2 -r! = tv + —v, 


and substituting (90.28) in (90.21) and thence in (90.10), we find the differential 
transition probability per unit time (dw = dl/ha)). The integration over d 3 k is carried 
out by means of the formula 



-m») 


4tt 

(xq — i0) 2 -x 2 


(90.29) 


where in this case 


X 0 =T, 


r 2 ~r u 


x 2 = xl- 


' - t 2 + 


T (Oq \ 

12 r 


The result of the calculation is 


w = 


a_h^ 
it m 


(m) 0,1 j (1 + z W [?'“ + (?■ + 1^) <£ ' T)i '~ 15 ■ * X 4 


where z = T(o 0 elm and the contour of integration passes below the real axis and is 
closed in the lower half-plane. After this integration we finally obtain for the total 
probability of a radiative transition with spin reversal 


5V3a h 2 

W =—77-2 

16 m 



8V3 


15 


1 4 


(90.30) 


where = £ • v, = £ • H/H. This formula is valid for both electrons (e < 0) and 
positrons (e > 0). 

The probability (90.30) is independent of the sign of the longitudinal polarization 
£ll but depends on that of The polarization resulting from the emission is 
therefore transverse.! For electrons, the probability of a transition from a state 
with the spin parallel to the field (£± = 1) to a state with the spin antiparallel to the 
field is greater than that of the opposite transition. The radiative polarization of the 
electrons is therefore antiparallel to the field, and the degree of polarization in a 


t This is also evident from the fact that the axial vector of the resultant polarization must be along 
H, which is the only axial vector occurring in the problem. 
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stationary state is (when £| = 0) 

w(gi = -l)-wtf 1 = l) 8V3 
w(£i = -l) + w(k=l) 15 U ^ Z - 

Positrons are polarized, to the same degree, parallel to the field. 


§91. Pair production by a photon in a magnetic field 

The production of an electron-positron pair by a photon in a magnetic field, and 
synchrotron radiation, are two cross-channels of the same reaction. The amplitude 
M fi of the pair production process is therefore found from the synchrotron 
radiation amplitude by simply making the changes 

e, p->— e+, - p+; e', p'-> e_, p_; a),k->~ft),-k. (91.1) 

Here 8-, p_ and e+, p+ are the electron and positron energies and momenta; 8, p and 
e', p' the initial and final energies and momenta of the electron in synchrotron 
radiation. In terms of angles and magnitudes, the momenta are transformed 
according to 


IpI~Hp+I> Ip'Hp-I, <f>-*<}) — tt, (91.2) 

where 6 ± are the angles between p ± and k, <f> the angle between the kp+ and kp_ 
planes. 

For synchrotron radiation, the cross-section is given in terms of the amplitude 
byt 


da = \M fi f 


i , dVd 3 k. 

8|p|e' w S(e 6 w) (2 tt) 5 ’ 


(91.3) 


see (64.25). The delta function is eliminated by integrating with respect to e '. Since, 
in the present case, p' and k are independent variables, and 


d 3 p' = |p'|e # de # do', d 3 k = co 2 d(odo k9 


we have simply to substitute 

6(8 -e'-co) d 3 p' d 3 k -> <o 2 |p'|8' do k do f d(o. 


Then 


da = \M fi \ 2 


co 


& 


8(2ir) 3 |p| 


r do k do d(0 . 


(91.4) 


t In this section we again put h = 1 as well as c = 1. 
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For pair production by a photon, the cross-section is given in terms of the 
amplitude by 


da = |M/;| 2 


1 

8cl>£_£ + 


5(o> — £ + — £-) 


d 3 p+ d 3 p- 
(2 ir) 5 


or, after elimination of the delta function. 


da = \M fi \ 2 


Ip + IIp-I 

8(27T) 5 ft> 


do+ do- de+. 


(91.5) 


Comparison with (91.4) shows that, to obtain the pair production cross-section 
from the synchrotron radiation cross-section, we have to make in (91.4) the 
changes (91.1), multiply by 


(p llo) 2 ) de+lda), 


(91.6) 


and replace do ' do k by do+ do-. 

In the ultra-relativistic case co > m,t this can be done in the formulae derived in 
§90. Here it is assumed that both particles in the pair are ultra-relativistic; it is 
easily verified that all the approximations used in §90 then remain valid. 

In particular, the probability of pair production by an unpolarized photon, 
summed over the electron and positron spin projections and integrated over the 
directions of emergence of the electron, is found on making the changes (91.1) in 
(90.22) (or rather in the expression for dl/dco), with d 3 k = co 2 do) do n replaced by 
d 3 p+: 




47T 


[ (— 

J \e+e 


el + el 


4e 


— COo+T 2 ] X 


') 


exp I "— ^1 - n • v+ + ^ c4 + )} dr. 


(91.7) 


where co 0 + = |e|H/£+, and n is a unit vector parallel to the photon momentum, which 
lies in the plane perpendicular to the magnetic field. The integration is carried out in 
the same way as in §90, and (since (91.7) depends only on the angle between n and 
v+) it does not matter whether we integrate over do+ or over do n . The result can 
therefore be obtained directly by analogy with (90.23): 


dw= W^{/ + (91.8) 


t More precisely, we must have o> sin d > m, where d is the angle between k and H; when d = 0, no 
pairs are formed. In what follows, we shall take = in- 
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where now 


2 

x = ( m 3 o)l\e\He+e-y , 
k = \e\Hcolm 3 (= h 2 \e\Hcolm 3 c 5 ). 


(91.9) 


The total pair production probability per unit time is found by integrating (91.8) 
with respect to e+; in view of the obvious symmetry in e+ and e = co - e+, it is 
sufficient to take twice the integral from 0 to iw. Changing variables from e+ to x and 
integrating by parts in the first term in (91.8), we obtain 


w 


±IH 

mKVTr 


(4/l 213 ^ 


(X 


3/2 . 


-4/k) 1/2 _ 3(x 3/2 

374 *^00 x H/4^3/2 


2IkW(x) } 
41k) 112 } 


dx (91.10) 


(A. I. Nikishov and V. I. Ritus, 1967). 

In the limit of weak fields (k 1), values of x near the lower limit are important 
in the integral (91.10). Since these values are large, we can use the asymptotic 
expression for the Airy function, 


®(x)~ 


_1 

2x 


174 exp(-ix 3/2 ); 


see QM, §b. With the variable of integration y = x 3/2 -4 Ik, and putting y = 0 
wherever possible, we find by calculation 


w = 



e- 8/3K , 


K< 1 . 


(91.11) 


The exponential decrease of the probability as k-^ 0 corresponds to the im¬ 
possibility of pair production in the classical limit. 

In the opposite limit of strong fields (k > 1), only the second term in (91.10) is 
important, and it is governed by the range of x for which x 3/2 ~ 1 Ik < 1. In that 
range, 3>'(*) may be replaced by <I>'(0) = - 3 1/6 T(i)/27r 2 . With the value of the integral 


J y- v (y -1 r- 1 dy = - M )r(ft)/r(„), 

1 


we find 


3 w x5r 2 (l) |e| 3 H 


W = ; 


2 17r x 7iT 1/2 r(7/6) niK 




T73 


= 0.38|e| 3 H/m« 


1/3 


K > 1. 


(91.12) 


The function mw(«)/|e| 3 H has a maximum value of 0.11 at k ~ 11. 
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§92. Electron-nucleus bremsstrahlung. The non-relativistic case 

This section and those following are concerned with the important phenomenon 
of bremsstrahlung , the radiation emitted in a collision between particles. We shall 
first consider a non-relativistic collision between an electron and a nucleus, 
assuming that the nucleus remains at rest; that is, we consider radiation from the 
scattering of an electron in the Coulomb field of a fixed centre (A. Sommerfeld, 
1931). 

We begin from formula (45.5) for the probability of dipole radiation: 

dw = (<o 3 / 27 r)|e* • d /f | 2 do k . (92.1) 

In the present case, the initial and final states of the electron belong to the 
continuous spectrum, and the photon frequency 

co = (l/2m)(p 2 — p' 2 ), (92.2) 

where p = m\ and p ' = mV are the initial and final momenta of the electron. If the 
initial and final wave functions of the electron are normalized to “one particle per 
unit volume” (V = 1) the expression (92.1), on multiplication by d 3 p'l(2 tt) 3 and 
division by the incident flux density v/V = v, will give the cross-section da kp > for 
emission of a photon k into the solid angle do k with scattering of the electron into 
the range of states d 3 p f . Replacing the matrix element of the dipole moment d = er 
by that of the momentum: 


, 1 e 

d/i io> m P/i ’ 


we can write the expression for the cross-section in the formt 

_2 


d(T kp ’ = 


(oe 


(2tt) mp 


|e* • p/i| d<>k d p\ 


(92.3) 


where 


P/i = J 'I'fP'I'i d 3 x = - i J i//fVifji d 3 x. 

For if/i and ijj f we must use the exact wave functions in an attractive Coulomb field, 
whose asymptotic form consists of a plane wave and a spherical wave. The 
spherical wave must be ingoing in iand outgoing in to (see QM, §136). These 
functions are 


I h = Ai e ip r F(iv , 1, i(pr-p • r)), 
ft = A/e^Ff-iV, 1, —i(p'r + p' • r)), 


t In this section, p and p' denote |p| and |p'| respectively. 


v = Ze 2 mlp ; 
v' = Ze 2 mlp\ 


(92.4) 
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with the normalization factors 

At = e w/2 T(l - iv), A f = e^Til + iV). (92.5) 

Since 


VF(iV, 1, i(pr - p • r)) = i(pr/r- p)F' 


P 

r 



we can write the gradient Vif/i as 

7* = A, 

On multiplication by if/J and integration, the first term vanishes, because if/i and if/ f 
are orthogonal. The matrix element p/; is therefore 


p/i - iAiAfpdJ/d p, 


(92.6) 


where J denotes the integral 


J = J F(iv 1, i(p'r + p' • r))F(ip, 1, i(pr- p • r)) d 3 x, 

q=p'-p. 

The symbol did p has been taken outside the integral, with the understanding that, in 
the differentiation of J, the quantities v , v\ q are to be regarded as independent 
parameters, v and q being expressed in terms of p only after the differentiation. 

The integral is calculated by replacing the confluent hypergeometric functions 
by their expressions as contour integrals. Here we shall give only the result:t 


J = BF(iv ', iv, 1, z) 

B = 4t r ^"(-q 2 - 2q • p) _lV (q 2 ~ 2q • pT lV (q 2 ) lV+lV '" 1 , 

, _ 2 q2(pp+ p • p> ~ 2 (q • pXq • p') 

(q - 2q • p')(q 2 + 2q • p) 

Here F(iV, iv, 1, z) is the complete hypergeometric function. 

After differentiating in (92.6), we can put q = p' - p; then 

z = ~ 2 P ^ p q 2 = (p-p') 2 (l-z) 


(92.8) 


(92.9) 


tThe calculations are given by A. Nordsieck, Physical Review 93, 785, 1954. 
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-q 2 - 2q • p = q 2 - 2q • p' = p 2 - p' 2 > 0. 
The matrix element is thus finally found to be 

8it i e~ 


P/i = A.-A 


( p+p' \ 
>') \p -p'/ 


—i(v+v') 


Up-p’Kp + p' 

x (1 - zY^- l [hp<iF(z) + (1 - z)F'(z)(p'p - PP')L 


(92.10) 


where we have put for brevity 


F(z) = F(iv ', iv 9 1, z). 


(92.11) 


The cross-section is obtained by substituting (92.10) in (92.3), but the general 
formula is very lengthy and obscure. We shall therefore go on immediately to 
calculate the spectral distribution of the radiation, i.e. to integrate the cross-section 
over the directions of the photon and the final electron. 

The integration over do k and the summation over the polarizations of the photon 
are equivalent to averaging over all directions e and multiplication by 2 x 47 t, i.e. to 
the substitution 


do k —> (87r/3)6ife. 


The cross-section is then 


j 4we 2 | l2 d 3 p' 
dlTt ' = 3pm ^ (2^> 

(oe 2 p’, n J J 

= 6ir s jP P/| l dwd£ V- 


(92.12) 


The value of |p/i| 2 is calculated by using (92.9)—(92.11) and the formula 


|T(1 — iv) \ 2 = Tri'/sinh ttv. 


The result is 


N 


2 _ . 


32 7T(Ze 2 ) 2 m 3 


P(P + PT(P - P') (1 - e~ 2 ”Xe 2 ” ~ 1)' 
x |F| 2 - z|F'| 2 + ±i(v + v’) (FF'» - F*F')J. (92.13) 


To integrate the cross-section (92.12) over do p > = 2ir sin d dd, we change from 
the variable d (the scattering angle) to 


z= ~w^ {l ~ cos ^ 


do _ 


tt(P-p’) 2 

PP’ 


dz. 



392 


Interaction of Electrons with Photons 


§92 


In order to integrate with respect to z, we transform the expression in the braces in 
(92.13) as follows. According to the differential equation of the hypergeometric 
function (see QM, (e.2)), we have 

z(l - z)F" + [1 - (1 + iv + iv')z]F' + vv’F = 0, 
z(l - z)F"* + [1 - (1 - iv ~ iV)z]F'* + vv’F* = 0. 

Multiplying these equations by F* and F respectively and adding, we obtain 
0 - z)[f- z z(F’F* + F'*F) - 2z\Ff + l< ' v l + _ v ^ )Z (F’*F - F'F*) + |F| 2 J = 0. 

Hence the expression in the braces in (92.13) is seen to be 

{• • •} = -~z(F'F* + FF’*), (92.14) 


and the integration is immediate. 

Collecting the above formulae, we find as the final expression for the brems- 
strahlung emission cross-section in the frequency range dcof 

A 647T 2 2 2 ™ 2 c 2 p’ 1 ( d lr?/ ^ i2 \d(o ™ 1C . 

da„ 3 Z “ r ‘(p_p')2 p (l- e - 2m ')(e 2m -l) ( ) (o ’ (92-15 ' ) 

where 

v = Zamclp = Ze 2 lhv , v' = Ze 2 lhv’, p’ = V(p 2 - 2mftco), 

F(0 = F(iV, iV, 1, £), £ = ~ 4pp7(p ~ P') 2 . 

Let us consider the limiting case where both velocities v and v’ are so large that 
v < 1, v’ < 1 (but, of course, still with i; 1, so that Za v < 1; this is possible only 
if Z is small). To calculate the derivative F'(£) in this case, we use the formula 

F( a > = F (a + 1, /3 + 1, y + 1, z), 

which is easily obtained by simple differentiation of the hypergeometric series. 
Then 


F^)*iV-iVF(l,l,2, 0 
= (w’li;) log(l - £); 

the last equation is evident from a direct comparison of the corresponding series. 


t Formulae (92.15)—(92.25) are given in ordinary units. 
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F(£)~F(0,0, !,€)=!. 


Then, from (92.15), 



v + v’ do) 
v — v' 0 ) 


Ze 2 jhv < 1, Ze 2 lhv'<\. J 


(92.16) 


The smallness of v and v f is just the condition for the Born approximation to be 
valid in the case of Coulomb interaction. Formula (92.16) itself can therefore be 
more simply obtained directly by means of perturbation theory (see Problem 1). 

Now let a fast electron (v < 1) lose a considerable fraction of its energy by 
radiation, so that v’ and v' may not be small. Then 


- £ ~ 4p'/p = 4 v\v' < 1, 

F(£)~F(iV, 0,1,£)=1, 

F'(£) ~ ~ vv r F(l + iv\ 1 , 2, 0~-vv\ 

and the cross-section is 




647T 


ZVr? 


(f)’ 


_1_ duo 

l-exp[-27 TZe 2 lhv f ] co ’ 


Ze 2 /hv < 1, Ze 2 lhv f ^ 1. 


When 1, this formula yields the same limiting expression, 


do- w = f Z 2 ar 


2 

e 


c 2 v’ do) 

V 3 (O 9 


(92.17) 


as (92.16) does when v'<v. Hence formulae (92.16) and (92.17) jointly cover the 
whole range of v’ (when v < 1). 

When co-^coo, where fno 0 = 2 mv 2 9 the velocity and v ’In this limiting 

case, (92.17) gives 


, 1287T 2 2 (c\ 3 fld (0 

d„.= — ZW(-) (92.18) 

Thus do-Jdco tends to a finite limit as (o -> co 0 . This can be explained in a general 
manner by arguments similar to those given in QM, §147. The physical reason is 
that the frequency co 0 is the limit only of the continuous bremsstrahlung spectrum. 
The electron can also go to a bound state with emission of a frequency co > co 0 . But 
highly excited bound states in a Coulomb field have properties almost the same as 
those of the free states near their limit. Hence the boundary between the con- 
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tinuous and the discrete spectrum is not essentially a physically distinctive point. 

Let us now consider the case where both parameters v, v’>\. The motion of 
both the initial and the final electrons is then quasi-classical. If the condition 
h(o<p 2 l2m is also satisfied, the matrix element too is quasi-classical. Then the 
formula of quantum mechanics must become the result given by the classical 
theory (see Fields , §70). We shall, however, suppose that p 2 /2m ~ ftco, so that we 
need an asymptotic expression for the function F(£) when v, v'-^co and 1; a 
more exact condition will be stated below, (92.24). 

To derive this expression, we start from the integral representation of the 
hypergeometric function, QM, (e.3), writing it as 

-Trpv' r 

F(ipv r , iV, 1, £) = f t ipv '-\l ~ ty ipv '( 1 - t£r v dt\ (92.19) 

c 

where 

p = v\v\ 0 < p < 1, 

so that 


£ - — 4p/(l - p) 2 . (92.20) 

The contour of integration is taken as shown in Fig. 17, passing along part of the 
real axis and avoiding the points t = 0 and t = l.t 

When v, v’> 1, the value of the integrand is small on the lower part of this 
contour, and may be neglected. On passing downwards round the point t = 0, the 
integrand is multiplied by the small factor exp(-27 rpv’), and on passing upwards 
round t = 1 it is multiplied by expilrrpv'). The integral 

-irpi/ r fP 

F = « l)=ik * <i-,nv-«r <92 ' 2,) 

may be calculated by the saddle-point method. The saddle point to is given by the 
condition /'(to) = 0, whence t 0 = |(1 - p). At this point, however, the derivative /"(to) 
is also zero, so that we must write 

f(t) = /(to) + aiar 3 , t = t - t 0 , 


t-o +--i 


Fig. 17. 

t For the hypergeometric function F(a, (3, y, £), the contour is to be chosen so that the function 

V{t) = e t t a ~ y+ \t- l) 1 ' 0 


returns to its initial value on passing round the contour. When y is integral (here, y = 1), the contour 
chosen satisfies this condition. 
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/(to) = 2 tt P + i(l + p) log a=jJ /"'(to) = 

The coefficient 1/f of the exponential in the integrand may be written 

1 It « 1 11 0 -rltl; 

we cannot here take simply the term l/t 0 , as this would reduce to zero the 
derivative d|F(£)| 2 /d£ in (92.15). Thus we have, after an obvious substitution in the 
integrals, 


F ~ liritoiav’y 1 * CXP{ ~ ^ + V ' ft :to)} X 

oo oo 

x{-J dx + to (J v ,yii f xe^ dx J. (92.22) 

— 00 —oo 


The two integrals here are, respectively, 


2 


2 


/ 


cos \x 3 dx 


2tt 

3273f(|y 


0 

00 

J x sin lx 3 dx = 3 1/6 (s). 

o 


The derivative F'(£) is calculated similarly; according to (92.19), it is given by an 
integral which differs from (92.21) only in that the coefficient 1/it of the exponential 
is replaced by v’i(\ - £t). A simple calculation then leads to the result 



(l-p)V^ 

4V37Tp 


Finally, substitution of this in (92.15) gives, with the necessary accuracy, the 
simple expression 




1677 ryi 2 m 2 c 2 da) 


(92.23) 


The condition for this to be valid, i.e. for the asymptotic formula (92.22) to be valid, 
is that the second term in (92.22) should be much less than the first: (1 - p)v > 1, or, 
expressing the parameters of the hypergeometric function in terms of physical 
quantities, 


ha) > ( hv/Ze 2 ) • \mv 2 . 


( 92 . 24 ) 
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This inequality is compatible with the quasi-classicality condition hco <\mv 2 , i.e. 
1 - p < 1. When the latter condition is satisfied, the result must be the same as the 
corresponding formula in the classical theory, since on multiplication by hco the 
expression (92.23) becomes the classical formula ( Fields , (70.22)) for the “effective 
retardation” in the high-frequency limit.! In order to go to the classical formulae 
throughout the range (1 — p)^ — 1, v>l, we should have to find the asymptotic 
form of the hypergeometric function when the saddle point is close to the 
singularity t = 0; we shall not deal with this here, since the final result is obvious. 

All the formulae given above refer to an attractive Coulomb field. The cross- 
section for emission in a repulsive field is obtained from (92.15) by changing the 
signs of v and v’. Then, in particular, the limiting Born formula (92.16) remains 
unaltered, but in the limit v < 1, we have instead of (92.18) 




128tt 

3 


Z 3 a 



V(2mc 2 )7rZa\ h duo 
V(hco 0 - hco) / mv 2 


(92.25) 


i.e. the differential cross-section tends exponentially to zero as co -»co 0 . This result 
also is reasonable: in a repulsive field, there are no bound states, and the frequency 
coo is the true boundary of the radiation spectrum. 


PROBLEMS 


Problem 1. In the Born approximation, find the bremsstrahlung cross-section for a non-relativistic 
collision of two particles having different values of the ratio elm. 

Solution. The dipole moment of two particles with charges e\, e 2 and masses mi, m 2 , in their 
centre-of-mass system, is 


d = 


\m 1 


-) r > 

m 2 j 


where p, = m[m 2 l(m\ + m 2 ), r = n - r 2 . Hence 


The matrix element is 



- 
\m 1 


e 2 e\e 2 

m 2 ) r 


>(dV 


<o=(p 2 -p ,2 )l2p, 


where p = p\, p' = p\' are the momenta of relative motion, and it is calculated from the plane wavest 

i// p = e ip r , i/y = e lp r 


by means of the formula 



q = p - p 


t The agreement of the formula (92.23) for^w do- w with the classical formula, when the one condition 
(92.24) is satisfied, is to some extent accidental. In the classical formula, the difference between v and v' is 
beyond the accuracy postulated, and there is no reason to identify vo in Fields, (70.22) with v specifically; if 
vo is identified with v', there is no longer agreement with (92.23). 

$ The replacement of two particles by a single particle having the reduced mass is, of course, 
permissible only in the non-relativistic case. 
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The result is 


der kp = ^4^ (— - —) — ^ (e • q)(e* • q) — do p - do k . 
77 \mi mi) u q w 


After summation over polarizations, the angular distribution of the radiation is given by a factor 
sin 2 0, where 0 is the angle between the direction of the photon k and the vector q, which lies in the 
scattering plane (see (45.4a)). 

After integration over the directions of the photon we have 

j _ i6 2 2 / 0 i e 2 \ 2 v'dcj sin 6 dd 

(Two 3eie2 y mi m2 ) v w v 2 + v ,2 — 2vv' cos 0’ 

where 0 is the scattering angle. Finally, integration with respect to 6 gives 


j 15 2 2 ^1 

d(Ta> = 3 e\e2\ - 

\m i 



v + v' da) 
v — v' 0) ’ 


For radiation in the field of a fixed centre of Coulomb force, this formula is equivalent to (92.16). 

Problem 2. In the Born approximation, find the bremsstrahlung cross-section for a non-relativistic 
collision of two electrons.! 

Solution. In this case there is no dipole radiation, and we must therefore consider quadrupole 
radiation. In the classical theory, the spectral distribution of the total intensity of quadrupole radiation is 
given by 

L = sbKDtt^l 2 , 

where D* = 2 e(ixtXk - r 2 S,k) is the quadrupole moment tensor of a system of charges .$ For two 
electrons we have, in their centre-of-mass system, 

D ik = \e(3xiX k - r 2 S ik ), r = n - r 2 . 


In the quantum theory, the Fourier components must be replaced by the matrix elements (cf. the 
discussion of dipole radiation in §45), and, with appropriate normalization of the wave functions (plane 
waves) and division by the photon energy w, we obtain the cross-section for emission of radiation with 
scattering of the electrons into the range of states d 3 p': 


dcr P ' 


1 

90 a 


|(I9ik)p'p| 


u(27t) 3 ’ 


where v = 2p/m is the initial velocity of relative motion; the emitted frequency co = (p 2 -p' 2 )/m. 

The operator Dik is calculated by threefold commutation of the operator Dik with the Hamiltonian 



and is§ 


Dik = 


2e 


H 


Xi - „ Xi\ 

7 ?Pk + Pk-p) 


+ 6 


(Xk * , * Xk\ 

{7 P ‘ + Pi 7l 


(XiXkXi A , A XiXkXi\ 

(-P-P'+P'-?-)- 


Sik 


(XI A , A Xi 

[ppl + pl? 


)]■ 


t The collision velocity v satisfies the conditions a<e 2 fhv< 1. The classical case (e 2 /hv> 1) is 
discussed in Fields , §71, Problem. 

t This formula is obtained from Fields (71.5) in the same way as (67.11) in that book is derived from 
(67.8). 

§ This expression is analogous to the classical form 


Dik = 


4e 3 

m 2 


[<> p Pk + 6 Pi 



r 


P 



which would be obtained on differentiating Dik and using the classical equation of motion: 

1 2/3 

im r = e r/r . 


QE4 - AA 
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Since the two particles (electrons) are identical, the matrix elements are calculated from the wave 
functions 


^ = V2 (e "" r * £ 'l’P' = Th (e "" r±e ~‘ p ' r ) 




where the signs + and - correspond to total spins 0 and 1 of the electrons (interchange of the electrons 
corresponds to changing the sign of r). 

The lengthy calculations lead to the following formula for the spectral distribution of the radiation: 


do-u, = Bar 2 jl7- 


3x 2 , 12(2- x) 4 - 7(2- x) 2 x 2 -3x 4 1 ]V(l-x) , 

(2^7 + - (2-x)V(l-*) — cosh r~ dx ’ 


where x = oj/e and e = p 2 /m is the initial energy of relative motion of the electrons; the cross-section is 
averaged over values of the total spin of the electrons. The cross-section for energy loss by radiation is 


e 



(B. K. Fedyushin, 1952). 

Problem 3. Determine the energy of the radiation resulting from the emission by a nucleus of a 
non-relativistic electron in the s state. 

Solution. The wave function of the emitted electron is an outgoing spherical s wave normalized 
to unit total flux: 


. 1 e ipr 

V(47tu) r ’ 

see QM, (33.14). As the wave function of the final state of the electron (after emission of the photon), 
we choose the plane wave 


* - 


The transition matrix element is 


P fl = (P if)* = 


P f -ip'-r+ipr d X 

V(47tu) J r 



477 p' 
v p'" p 


1 



77 

V ft)’ 


the integral is calculated by means of (57.6a). The radiation energy is given by (45.8) on multiplying by 
d 3 p'l(2 tt) 3 and integrating over the directions of p' (which is equivalent to multiplying by 477 ). The 
spectral distribution of the emitted energy is then 

dEa> = (2e 2 v' 3 l37rv) da>. 

When (o -»0, the final velocity v' of the electron tends to u, and the formula agrees, as it should, with the 
non-relativistic limit of the classical result; see Fields, §69, Problem. The total emitted energy is (in 
ordinary units) 


E = 


4 

I5ir a 



where e = imv 2 is the initial energy of the electron. 
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Problem 4. Determine the energy of the radiation resulting from the reflection of a non-relativistic 
electron from an infinitely high potential barrier. 

Solution. Let the electron be moving perpendicularly to the barrier. Although the photon may be 
emitted in any direction, in the non-relativistic case the photon momentum is small compared with the 
electron momentum, and we may therefore suppose that the reflected electron also is moving per¬ 
pendicularly to the plane of the barrier. Let the barrier be at x = 0, and the electron be moving on the 
side where x > 0. The wave functions of the stationary states of one-dimensional motion, normalized by 
8(pl2ir) (p = p x ), have the form of stationary waves (see QM, §21): 

i//i = 2 sin px, ifjf = 2 sin p'x. 

The matrix element of the operator p = p x is 


Pfi = - 4 i J sin p'x sin px dx 


- Ai PP - 

- ~4l —2 -- 72 , 

p -p 


integrals of this form are to be understood as the limit, as 8 + 0, of the values obtained by including a 

factor e~ Sx in the integrand. 

The energy radiated in a single reflection of the electron is found from (45.8) by multiplying by 
dp’ = dcj/v' and dividing by v/Itt (the flux density of the wave approaching the barrier in the initial 
function if/i): 


dE t 


4(o 2 e 2 
3 m 1 


|P*| 2 


2 77 d(i) 

vv' 


° 2 / J 

= — e vv aw. 
377 


( 1 ) 


At low frequencies (a> < e = 2 mv 2 ) we have v' ~ u, and formula (1) becomes the classical formula ( Fields 
(69.5)), which has to be integrated over angles, using the fact that v = iAu, where Au is the change in 
velocity of the electron on reflection; this is as it should be, since the condition for the collision time to 
be small ( Fields , (69.1)) is always satisfied in reflection from a barrier. The quantum formula (1), 
however, also gives the total emitted energy (in ordinary units): 



o 


16 v 2 

T2- 

977 C 


Problem 5. Determine the bremsstrahlung energy in the scattering of a slow electron by an atom. 

Solution. With the condition pa <1 (where a denotes the atomic dimensions), the scattering by 
the atom is isotropic and does not depend on the electron energy; see QM, §132. The wave functions of 
the initial and final states of the electron may be written 

*ln = e ip ' r + fe ipr /r, = e ip ' r + fe~ ip ' r lr y 

where / is the constant real scattering amplitude. These expressions pertain to the asymptotic range of 
distances r> a, which in the present case is the important range: r ~ 1/p > a. The matrix element 
calculated from these functions is 


P/i = (277//0 ))(v- V'); 

the integrals are calculated as in Problem 3. Substituting this expression in (92.12), we obtain the 
cross-section for radiation with scattering of the electron in the direction p', in ordinary units, 


d(T t 


2 «p ; / 

,p 3irpc 2 V 


V ') 2 d(Tel 


do) 


( 1 ) 


where dcr c \ = / 2 do p - is the differential cross-section for elastic scattering. When ho) < p 2 /2m, we can take 
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p « p', and this formula then becomes, as it should, the non-relativistic expression for the emission of soft 
photons; see §98.t 

Integrating (1) over the directions of p', we obtain 


dcraj = 


2 ap' 
37TC 2 p 


, 2 , ,2\ 

(V + V' )CT el-, 

(O 


( 2 ) 


where cr e i = 4irf 2 is the total elastic scattering cross-section. Lastly, multiplying by hco and integrating with 
respect to a) from 0 to p 2 /2m = e, we obtain the “effective retardation” 


Krad — 


h(o dcr<o = -j?— acrei e(v/c) 2 . 

4j7T 


(3) 


§93. Electron-nucleus bremsstrahlung. The relativistic case 

Let us consider the electron-nucleus bremsstrahlung for the case of relativistic 
electron velocities.t We shall assume that the condition for the Born approximation 
to be valid is satisfied for both the initial (v) and the final (V) velocity of the 
electron: Ze 2 !hv<\, Ze 2 /hv f < 1. The charge on the nucleus must be such that 
Za < 1. 

As in §92, we shall neglect the recoil of the nucleus, so that the latter acts only 
as the source of an external field; the justifiability of this treatment is discussed in 
§97. 

According to (91.4), the cross-section for bremsstrahlung is given in terms of 
the amplitude by 


do- = 7^-75 \Mn | 2 W do k do' dco. (93.1) 

ylTT) |p| 

In the first non-vanishing approximation, the matrix element M fi corresponds to 
two diagrams: 



The free end q corresponds to the external field, so that q = p' - p + k is the 
4-vector of momentum transfer to the nucleus. Since the recoil is neglected, the 
time component q° = 0. 

According to the diagrams (93.2), 

M„ = - e 2 A^(q)V(4ir)e*S'(y T° + 7° ?“)«• (93.3) 

t The fact that “factorization” of the cross-section (the separation of the factor cr e i) occurs here for 
any w is to some extent accidental, arising because the scattering amplitude is independent of the energy. 

t The majority of the results given below were first derived by H. A. Bethe and W. Heitler (1934) 
and independently by F. Sauter (1934). 
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The intermediate 4-momenta are f = p - k, f f = p' + k. We shall use the notation 

f 2 -m 2 = - 2kp = - 2kg), f 2 - m 2 = 2kp' = 2k' co. (93.4) 

is the scalar potential of the external field; for a purely Coulomb field, 

Ar(q) = 4rrZelq 2 . (93.5) 

Substitution in (93.1) gives for the cross-section 

da = j^^^e*e v (u'Q ll u)(uQ' , u') do k do' do), (93.6) 


where 


Q, 

Q v 


Disregarding polarization effects, we average the cross-section over the directions 
of spin of the initial electron and sum over the polarizations of the final electron 
and photon. This is equivalent to the substitution 

e*e v (u f Q* l u)(uQ v u f ) — 2 tr Q^yp + m)Q /A (yp'+ m). 

The trace is calculated by means of the standard formulae (§22). The calculations 
are somewhat simplified by using the equation 

y°(yp)y° = yp, 

where p = (e, -p) if p = (e, p). Moreover, the number of terms to be calculated can 
be reduced by using the symmetry with respect to the change p <-»p', k->-k, 
q^>- q; this simply interchanges cyclically the factors in the product of matrices, 
leaving the trace unaltered. 

The result is the following expression for the differential cross-section for 
bremsstrahlung in which a photon of a given frequency is emitted in a given 
direction and the secondary electron travels in a given direction:t 

t Here and in the rest of §93, p, p' and q denote the magnitudes of the three-dimensional vectors: 
P = IpI> P' = \ P'1, Q = |q|- 


„yf+2ZL 7 o_ oyf + m , 

7 2 0>k' 7 7 2g>k 7 ’ 


= y°Q 


^ + 7 0 


^ojf + rn 


= y 


2 ojk' 


y jf + m 
2 (OK 
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_ Z 2 ar 2 e p'm 4 dco 
4 tt 2 pq 4 o) 


do k do' x 



(93.7) 


where k = e — n • p, k' = s' - n • p\ n = k/co, q = p' + k - p. 

By means of simple transformations, this expression can be put in a form 
somewhat more convenient for analysis: 


j Z 2 ar 2 e dco p'm 2 . n . n , J/w JA w 

da = —--— 4 ~ sin 0 dd sin 0 a0 deb x 

27r co pq 

x (4e 2 — q 2 ) sin 2 0' + p(4e' 2 - q 2 ) sin 2 0 + 

+ ^y(p 2 sin 2 0 + p' 2 sin 2 0')-^r(2e 2 + 2e' 2 - q 2 ) sin 0 sin 0'cos 0 j, 

KK KK J 


(93.8) 


where 


k = e -p cos 0, k' = e' — p'c os 0', 

q 2 = p 2 + p' 2 + (o 2 -2p<o cos 0 + 2p'<o cos 0'- 2pp'(cos 0 cos 0'+ sin 0 sin 0' cos $); 


0, 0' are the angles between k and p, p' respectively; ep is the angle between the 
plane of k and p and that of k and p'. 

The integration of (93.8) over the directions of the photon and the secondary 
electron is fairly lengthy. It leads to the following formula for the spectral 
distribution of the radiation:t 


da w = Zar 


2 2 dco p I" 4 


p f4 „ ,P +p 2 , 2 fi e , „ e li \ , 

— li _ 2ee —j—3——j+J—3- ; I + 

P 13 p 2 p' 2 l p 3 p' 3 pp'/ 


, T f8ee' , &) 2 , 2 ,2 , 2 ,2 , 2 r. , m 2 <o /.ee' + p 2 ,,ee' + p' 2 \11 

+ Hw VP <e 8 +p p 1+ ™ : 


(93.9) 


where 


L = log 


88^4~pp'~ m 2 
ee'-pp' - m 2 ’ 


l = log 


8 +p 
8 -p’ 


r = io g 


e' + p' 
e'-P" 


t The integration over the directions of the secondary electron only can also be completed in an 
analytical form; see R. L. Gluckstern and M. H. Hull, Jr., Physical Review 90, 1030, 1953. 

Reference may also be made to the review paper by H. W. Koch and J. W. Motz, Reviews of Modem 
Physics 31, 920, 1959, in which the bremsstrahlung formulae are represented graphically. 
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The permissible values of the frequency in these formulae are limited only by the 
condition imposed on the final velocity of the electron (Ze 2 /v'< 1): the electron 
must not lose almost all its energy. As oj -»0, the emission cross-section diverges as 
cioj/o) ; this illustrates a general rule which will be discussed in §98. 

In the non-relativistic limit (p <€m), the photon momentum is small compared 
with the electron momentum, since 


<p. 


2m 


Hence q 2 ~(p'-p) 2 . Putting in (93.8) e = e' = m and neglecting p, p' and oj in 
comparison with m, we find 

da = — Z 2 ar 2 e — ^ m 4 sin 0 dd sin 0' dd f dcjj x 
t r oj pq 

x (p 2 sin 2 0 + p' 2 sin 2 0' - 2pp' sin 0 sin 0' cos (/>), 


or 


do- = 


7 r p H q 0) 


(93.10) 


in accordance with the Born-approximation formula derived in §92, Problem 1. 
Correspondingly, the spectral distribution of the radiation is given by the formula 
(92.16) already derived.t 

In the ultra-relativistic case, when both the initial and the final energies of the 
electron are large (e, s'>m), the angular distribution of photons and secondary 
electrons is very unusual. For small angles 0, 0', the quantities k, k' which appear 
in the denominators of formula (93.8) are 

K ^ 28 Ce 2 + 0 2 )’ K '~ 2£ '(jp 2 + 0' 2 )’ (93.11) 


and become very small in the range 0 ^ m/e. In this range the magnitude of the 
vector q is also small (q ~ m). Thus, in the ultra-relativistic case, the photon and 
the secondary electron move forwards in a narrow cone with aperture angle ~m/e. 

A quantitative formula for the angular distribution in the ultra-relativistic case is 
easily obtained from (93.8) by substituting for k, k' from (93.11), replacing p, p' in 
all other places by e, s', and neglecting q 2 in comparison with e 2 . With the 
convenient notation 


8 = 80/m, 8' = e'07m, 


(93.12) 


t The derivation of this formula by taking the limit in (93.9) is somewhat laborious, however, 
because of the cancellation of various terms. 
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we can put (93.8) in the form 

d(T = -Z 2 ar 2 e ^r — 8d8-8'd8'd<f>x 
7T sq (O 

y ( s 2 8' 2 a> 2 8 2 + 8' 2 

1(1 + 8 2 ) 2 (1 + 8' 2 ) 2 2ee' (1 + S 2 )(l + S' 2 ) 

- (— -u 8S'cos 4> } 

\e s') (1 + S 2 )(l + S' 2 )J‘ 


(93.13) 


Putting q 2 = (n x q) 2 + (n • q) 2 (n = k/co), we can easily find that for small angles 

^ = (S 2 + S' 2 - 2 88' cos </>) + - ^^) ■ (93.14) 


When S — S' — 1, the second term in (93.14) is small compared with the first. The 
two terms become comparable at even smaller angles, where 8 ~ m/e. Although q 
here becomes particularly small (q ~ m 2 /e m), the integrated contribution from 
this region to the cross-section is still small compared with that from the whole 
region 8^1 (the ratio of the contributions is easily seen to be m 2 /e 2 ). But q can 
also reach values q ~ m 2 /e when 8 ~ 8' ~ 1 if 

\8 - 8’\ ^ m/e, cf) ^ m/e. (93.15) 

The contribution from this region is of the same order as the whole integral 
cross-section, or may even be the principal term in it (see below). 

The integration of (93.13) with respect to </> and 8' gives the angular distribution 
of photons (with given frequency), regardless of the direction of the secondary 
electronit 


da = 8 Z 2 ar 


2 d(i) £^_ 


8d8 


2^' 


X 


{[? 


+ 


<0 e (1 + 8 ) 
48 2 


(1 + S 


I. 2ee’ If 

108 7^7 “2b 


+ —+ 2 - 
E 


168 2 

(1 + 8V 


]}• 


(93.16) 


Integrating with respect to 8 , we find the spectral distribution of the radiation in 
the ultra-relativistic case: 


da a = 4 Z 2 ar 2 e 


dco b 
oj e 





(93.17) 


this formula can also, of course, be obtained directly from (93.9). 

The presence of the logarithm of a large quantity (the ratio ee'lmco ~ e'/m > 1 

t The integration over <p from 0 to 2ir is taken first. That over S' is conveniently replaced by integration 
over the difference |A| = |8' - 8|, dividing the range into parts, from 0 to some A 0 and from Ao to where A 0 
satisfies the inequalities m/e In each region, appropriate approximations are possible in the 

integrand. 
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even if co ~ e) should be noted. If this quantity is so large that its logarithm is also 
large, the logarithmic terms become the principal ones in these formulae. The 
logarithm arises from integration in the range (93.15).t Thus, in the logarithmic 
approximation, i.e. when the terms not containing a large logarithm are neglected, 
the secondary electron moves at an angle ~(m/e) 2 to the direction of incidence. 

Finally, we shall give the limiting formula for the region near the hard end of 
the spectrum, when the ultra-relativistic electron radiates almost all its energy: 
co ~ e > e'. From (93.9) we easily find 


, ^2 id(o fe i e' + p' m e \ ? e' + p' e'l /A , 

d ^ = 2Z «r e — {plog log < 9318 ) 


Formulae (93.17) and (93.18) together cover the whole range of values of w for an 
ultra-relativistic initial electron, and agree for co ~ e > e' > m. If the secondary 
electron is non-relativistic (p' m), then 

^■ = 2Z i ar; Vl2 " l(, - ~“> 1 —. (93.19) 

m e 


Polarization effects 

Polarization effects in bremsstrahlung can be studied by the general method 
described in §65. The choice of the 4-vectors e (l \ e (2) is here particularly simple. 
Since there is only one frame of reference (the rest frame of the nucleus) which is 
of practical importance, it is sufficient to put e (1) = (0, e (1) ), e (2) = (0, e (2) ), where e (1) , 
e (2) are unit vectors perpendicular to k, one lying in the plane of k and p and the 
other perpendicular to that plane. 

We shall not give here either the fairly lengthy calculations or their quantitative 
results, but merely note some qualitative properties of the polarization effects.$ 
These properties can be derived by means of various symmetry relations, as was 
done for the Compton effect in §87. 

The theory under consideration corresponds to the first non-vanishing ap¬ 
proximation of perturbation theory. In this approximation the cross-section cannot 
contain a term proportional only to the polarization vector £ of the initial electron 
or £' of the final electron. The absence of a term <*£ means that the total emission 
cross-section (summed over the polarizations of the photon and the secondary 
electron) is independent of the polarization of the incident electron. 

Of the terms proportional to only the photon polarization parameters £i, £ 3 , 

t This is easily seen by considering the range of integration in which <p and A = 8'— 8 satisfy the 
conditions m/e <^A, <f> <\. In this range, q 2 /m 2 « A 2 + <j> 2 8 2 , and the terms in the braces in (93.13) are 
proportional to </> 2 or A 2 (becoming zero when </> = 0 and A = 0). Integrals of the form 

f (f) 2 d(j> dA f A 2 d(j> dA 

J(A t TsW or J + 

diverge logarithmically; they are “cut off’.’ at the limits of the above-mentioned range of the variables. 

t For a fuller discussion of these effects, see W. H. McMaster, Reviews of Modem Physics 33, 8, 
1961, and V. N. Baier, V. M. Katkov, and V. S. Fadin, Radiation from Relativistic Electrons ( Izluchenie 
relyativistskikh elektronov ), Atomizdat, Moscow, 1973. 
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the term * s absent. Thus a photon radiated by an unpolarized electron is not 
circularly polarized. Here, however, there is a difference from the corresponding 
result for the Compton effect: in the latter case such terms were forbidden by 
spatial parity because of the impossibility of constructing a pseudoscalar from the 
only two available independent vectors, k and k'. For bremsstrahlung, there are 
three independent momenta p, p' and k, and these suffice to construct the pseudo¬ 
scalar k • p x p'. A term of the form ^k • p x p' does not violate spatial parity, and 
therefore, strictly speaking, need not be zero; but it is not invariant under a change 
of sign of all the momenta (cf. (87.26)), and is consequently absent in the first Born 
approximation. 

The existence of the pseudoscalar k • p x p' also has the result that, as well as 
the term proportional to £ 3 , a term proportional to £1 is also allowed in the 
cross-section, unlike the case of the Compton effect. This term arises as a product 
of the form 


V«(k x 4k*pXp' 

(where v = kxp), which is invariant both under spatial inversion and under a 
change of sign of all the momenta. Thus the emitted photon has linear polariza¬ 
tion of both kinds (both along the axes e (1) and e (2) , and in the “diagonal” directions 
at 45° to these axes). This refers, however, only to conditions where the direction 
of motion of the secondary electron is also recorded. On integration over all 
directions of p', the term j n the cross-section vanishes. This is evident from 
symmetry, since after the integration the two non-coincident “diagonal” directions 
become equivalent, and there can therefore be no preferential polarization along 
one of them, such as occurs when g[ ^ 0. 

The degree of linear polarization is independent of the state of polarization of 
the incident electron: the correlation terms of the form and in the 
cross-section are forbidden in the first Born approximation. The term £££, however, 
is allowed, so that the photon radiated by a polarized electron is circularly 
polarized (Ya. B. Zel’dovich, 1952). 


Screening 

The formulae derived above are for a purely Coulomb field. If radiation in a 
collision not with a “bare” nucleus but with an atom is considered, allowance must 
be made for the screening of the nuclear field by the electrons, which reduces the 
cross-section. For this purpose we must include the atomic form factor F(q) in the 
potential A (e \q) of the external field; see QM, §139. According to QM (139.2), this 
is done by writing Z-F(q) instead of Z. We shall show under what conditions 
screening is important. 

A given value of q in the form factor corresponds to distances r ~ 1/q in the 
spatial distribution of the electron charges in the atom. The form factor becomes 
almost equal to Z (total screening) when q ^ 1/a, where a is the dimension of the 
atom. 

In the ultra-relativistic case, as we have seen, an important contribution to the 
emission cross-section comes from the range of values of q near its minimum 
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possible value for given initial and final energies of the electron. In the ultra- 
relativistic case, 


{Jmin p p (O 

= V(e 2 - m 2 ) - V(e ' 2 - m 2 ) - (e - e') 

« m 2 o)/2ee f . (93.20) 

Screening is important if q min ^ 1/a, or 

ee'lmoj ^ am. (93.21) 

This condition is always satisfied for sufficiently large energies of the incident 
electron. 

If ^min^ 1/a (“total screening”) we can immediately write down, with logarith¬ 
mic accuracy, the spectral distribution of the radiation. The argument of the 
logarithm in (93.17) is just the left-hand side of the inequality ee'lmco > am. When 
the inequality is satisfied, the integral over q which leads to this logarithm is cut off 
at a quantity of the order of the right-hand side of the inequality. According to the 
Thomas-Fermi model a ~ a 0 Z~ 1/3 , where a 0 ~l/me 2 is the Bohr radius (see QM, 
§70); then am ~ l/aZ 1/3 . Thus, when there is total screening, the logarithm in (93.17) 
should be replaced by log(l/aZ 1/3 ). 


Energy loss 

The energy lost as radiation by the electron is expressed by the “effective 
retardation” 


Krad = J 60 d<Tco- 


(93.22) 


The calculation of the integral, with da^ from (93.17), givest 


Krad Z OLX e E 


[T2e 2 + 4m 2 1 e + p 


3 ep 


log- 


m 


(8e+6p)m 2 2 e+p 4 | 2m 2 p / 2p(e + p) \ j 
g m 3 ep \ m 2 )y 


3 ep 2 


(93.23) 


where the function F(£) is Spence’s function (131.19). 
In the non-relativistic case, (93.23) becomes 


Krad = 16Z 2 ar 2 m/3, 


(93.24) 


t Although formula (93.17) is inapplicable near the upper limit, this fact is unimportant, since the 
integral converges. 
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since F(£)~ £ when £<^1; see (131.23). This formula can, of course, be obtained 
by direct integration of the non-relativistic Born formula (92.16). 

In the ultra-relativistic case, 


K rad = 4Z 2 ar 2 e e(log^-|); (93.25) 

when £ > 1, F(£)~Hog 2 £; see (131.20). The two log 2 terms in (93.23) can then be 
omitted. 

The ratio K ra Je is also called the cross-section for energy loss by radiation. It 
increases logarithmically when e is large. This increase no longer occurs, however, 
when screening is taken into account. For total screening, K rad /e tends to a constant 
limit ~ 4Z 2 ar 2 log(l/aZ 1/3 ). 

For a collision with an atom, it must also be remembered that some radiation 
originates from the electrons, as well as that from the nucleus. We shall see later 
(§97) that, in the ultra-relativistic case, the electron-electron emission cross-section 
differs from the electron-nucleus cross-section only in that the factor Z 2 is absent. 
Hence the presence of Z atomic electrons can be approximately allowed for by 
replacing Z 2 by Z(Z + 1). 

On passing through a medium containing N atoms per unit volume, a fast 
electron loses its energy, on average, over a distance 

U ~ e/NK rad ~ [Z 2 aNr 2 e log(l/aZ 1 ' 3 )]" 1 , (93.26) 

called the radiation length. 


Coherence length 

Formula (93.20) may be given a different and more general interpretation. For 
the expressions derived above to be valid, it is necessary that the external field in 
which the electron moves should vary only slightly (in the direction of motion) over 
distances 

Ieoh ~ l/<Jmin ~ ee'lm 2 (o (= ee'lc 3 m 2 (o ); (93.27) 

this is called the coherence length. t The value (93.27) obtained in the Born 
approximation is actually quite generally valid for ultra-relativistic particles: it is 
easily derived in the opposite case of quasi-classical motion also, since from 
(90.22)$ we see at once that the important times for radiation at small angles to the 
direction of motion are 


t ~ e f I£(o(l — i?) ~ e'e/ra 2 co, 

corresponding to a section of the trajectory with length ct ~ J CO h. 
t The discussion here is due to M. L. Ter-Mikaelyan (1953). 

$ The derivation of (90.22) was based only on the smallness of the curvature of the trajectory, and in 
that sense does not depend on the fact that a magnetic field was specifically under consideration in §90. 
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For a given frequency co, the coherence length increases with the electron 
energy. However, the formulae obtained for bremsstrahlung at an isolated atom 
can be valid also for passage through a medium only if there is no secondary 
photon emission or electron scattering over a distance equal to the coherence 
length. The condition for no secondary photon emission is l coh^lrad, but the 
condition for no electron scattering is violated much sooner: there is repeated 
scattering of the electron by the atomic nuclei in the medium over a distance ~! rad . 

To arrive at a quantitative condition, we return to formula (90.22) before the 
integration with respect to time in the exponent and write this as 

t t + T ti + T 

-i^r J (l-n-v)dt*—^J( 1 -»)t + | f 0 2 dt}, ( 93 . 28 ) 

h h 

where 6 is the small angle between v and n which results from scattering by nuclei. 
For Coulomb scattering, 6 changes by small jumps, and its time variation is 
therefore a slow “diffusion in angle”. The mean square deflection of the electron 
over t - t\ is, in order of magnitude, 


6 2 ~ (t — 11 )//coul> 


where l Co ui is the mean free path for Coulomb collisions, given by 

1/lcoui ~(NZ V/e)log(^ max/ ^min)? 


where * max and * min are the maximum and minimum angles of scattering in one 
collision for which the process may still be regarded as Rutherford scattering (cf. 
PK , §41).t The value of * m i n is determined by the atomic dimensions a, over which 
the field of the nucleus is screened: ^ min ~ 1/pa. Large scattering angles are limited 
(for an ultra-relativistic electron) by distances of the order of the nuclear radius R: 
A'max ~ 1 IpR. If we put R — 1.5 x i(r l3 Z 1/3 cm ~ r e Z m , we find 


£ Ci£ 

lcout ~ NZVlogU/aZ 1 ' 3 ) ~ m 1 irad ‘ 

The second term in (93.28), which covers a time t ~ l CO h, is now estimated as 

6 T (coe/e )Loh/Icoul ~ Icoh/aLad* 


(93.29) 


For the bremsstrahlung formulae to be valid that were derived without allowance 
for multiple scattering, this term must be much less than unity. Hence we find the 
condition 


Ieoh < airad, (93.30) 

which is stronger than l CO h< / ra d (L. D. Landau and I. Ya. Pomeranchuk, 1953). 

t The mean free path is determined by the transport cross-section cr t = J (1 - cos x) do-(x)- F° r the 
scattering of ultra-relativistic electrons by a Coulomb centre, the cross-section da{x) is given by (80.10). 
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§94. Pair production by a photon in the field of a nucleus 

The formation of an electron-positron pair in a collision between a photon and 
a nucleus (Z + y -> Z + e + e + ) and electron-nucleus bremsstrahlung (Z + e - Z + 
e - + y) are two cross-channels of the same reaction. Rules have already been 
formulated in §91 for the transformation of formulae from the latter case to the 
former. Applying these rules to (93.8), we find the following expression for the 
differential cross-section for pair production by an unpolarized photon, averaged 
over the polarizations of the components of the pair:t 

, Z 2 ar 2 e m 2 p+p-de+ . „ 

da = -~- 3 4 -sin 6+ dd+ • sin 6- dd- dcf) x 

Ltt co q 

x t (4e- - q 2 ) sin 2 0+ + ^r(4e 2 - q 2 ) sin 2 0 - 

IK+ K- 

--^-(p+ sin 2 0+ + p 2 sin 2 0 )- ^ P- (2ei + 2e 2 - q 2 ) sin 6+ sin 0_cos $}, 

K+K— K+K— J 

(94.1) 


k± = e±- p± cos 0±, q 2 = (p+ + p- - k) 2 , e+ + e_ = co 
(H. A. Bethe and W. Heitler, 1934). 

A similar transformation derives from (93.9) the energy distribution of the 
components of the pair: 


da E + = Z 2 ar 2 e de 
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2p + p_ 


£ + £_-p 4 
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T , £ + £_ + p + p_ + m 2 

— log-;- 5 , 

£ + £_-p + p_ + m 


l± = log 


£± + P± 

£ ± P ± * 


(94.2) 


Since the above formulae are based on the Born approximation, they are valid 
under the conditions Ze 2 \v±< 1. The symmetry of (94.1) and (94.2) with respect to 
the electron and the positron is itself a consequence of the Born approximation, 
and would not occur in higher approximations. 

In the ultra-relativistic case (e± > m), the electron and the positron are emitted at 
angles 0± ~ m/£± relative to the direction of the incident photon. The angular 

t Polarization effects in pair production by a photon are discussed in the papers already quoted in 
§93 in connection with bremsstrahlung. 
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distribution is given by a formula similar to (93.13): 


A 8 rj'l 2 + 1 

aar = — Z ar e -rr~ de 

IT 


> + ■ 


CO 


8l + 8 2 


+ 




coq ’ L (1 + 8l) 2 (l + S 2 ) 2 ^2e + e_(l + Si)(l + S 2 ) 

8+8- cos (/> 


+ 


0 + s 2 + )(i + s 2 ; 


6 +S_ • dS+ d8- d(j). 


(94.3) 


with 

^ = 8; + «; + 28. 8_ cos * + i^) ! . (94.4) 

The energy distribution in this case is 

dor = 4 Z 2 ar 2 ^x (£ 2 + e 2 +§e + e_)(log^^-^Vultra-relativistic case). 
co V niw L) 

(94.5) 

Integration of (94.5) over e+ from m to w gives the total cross-section for pair 
production by a photon having a given energy:t 

<r =fZ 2 ar 2 e (log^--^), ( 0 >m. (94.6) 

As with bremsstrahlung, the logarithmic term in the ultra-relativistic cross- 
section arises from the range of values m 2 /e. This now corresponds to angles 

for which 


\8+ — 6-| ^ m/e, \tt - <f>\ ^ m/e, 

instead of </> m/e as in (93.15). Thus, in the logarithmic approximation, the 
directions of the electron and the positron are at small angles to the direction of the 
photon and are almost coplanar with the direction of the photon but on opposite 
sides of it. 

Near the reaction threshold (co->2m), the Born approximation is invalid. The 
derivation of a quantitative formula in this case would require an exact calculation 
of the Coulomb interaction of the three charged particles (the nucleus and the pair) 
in the final state. The symmetry with respect to the electron (which is attracted to 
the nucleus) and the positron (which is repelled from the nucleus) is then, of 
course, lost. 

If 


y co 


(94.7) 


f Since the integral converges at both limits, the inapplicability of formula (94.5) for small values of 
e± — m is not important. 
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the Born approximation is still valid. At non-relativistic energies of the pair, 
(o~2m> p±, and therefore q — co. In (94.1) we can everywhere put e±= k±= m, 
a) = 2m, and this formula then reduces to 


da = 


Z 2 ar 2 e p+p 


647 t 2 m 

After integration over angles, 

da = \Z 2 ar 

_ 2Z 2 ar 2 e 
3 m 3 


— (p i sin 6+ + p - sin 0_) do+ do- de+. 


(94.8) 


_ W2 „2 P+P-(P+ + P-) 


m 


3 de+ 


(co - 2ra)V[(e+ - m)(e_ - m)] de+. 


(94.9) 


Finally, integration over e+ from m to co - m gives the total cross-section 

c,= "i2 Z “ r H m / ' < 94l0 > 


If the relative velocity (t> 0 ) of the components of the pair formed is small, their 
Coulomb interaction must be taken into account (A. D. Sakharov, 1948). This 
interaction becomes important when vo is of the order of (or less than) the 
velocities of the particles in the bound state of the electron and positron (positronium): 

v { ) ^ a. (94.11) 

Let us consider the process in the centre-of-mass system of the pair. Virtual 
momenta ~ra are important in the diagrams which represent the process in this 
system; that is, distances ~l/m between the electron and the positron are im¬ 
portant. The wave function i//(r) of their relative motion changes appreciably only over 
distances r ~ l/rat> 0 ~ IImet, which are large compared with 1/m. The allowance for 
the interaction of the particles therefore amounts to the inclusion of a factor i/f*(0) 
in the transition matrix element. The differential cross-section is accordingly 
multiplied by |i/>(0)| 2 , i.e. by 


27ra/uo 
l _ £-2'n-a/uo’ 


(94.12) 


see QM, (136.11). The relative velocity of the two particles is the velocity of one 
particle in the rest frame of the other. Comparing the values of the invariant p+^p- 
here and in the laboratory system (the rest frame of the nucleus), we find 


m 

V(1 - »o) 


£ + £- p+ * P-, 


whence v 0 may be found. If p+ and p_ are similar in magnitude and direction, t> 0 is 
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Vo = p 2 $ 2 + (p+ — p_) 2 /e 2 (94.13) 

valid for vo< 1; here p = 2 (p+ + P-), e = 2 ( 2 + + £-), and d is the angle between 
and p_. 

The correction to the cross-section according to (94.12) and (94.13) causes an 
anomaly in the correlation between the momenta of the electron and positron 
formed: it has a narrow maximum at p+ ~ p . 


§95. Exact theory of pair production in the ultra-relativistic 
case 

In §§93 and 94 we have discussed bremsstrahlung and pair production by a 
photon in the relativistic case, using the Born approximation, for which the 
condition Za < 1 must always be satisfied. In §§95 and 96 we shall describe a theory 
of these processes which is not subject to the limitation just mentioned, i.e. is valid 
even if Za ~ 1 (H. A. Bethe and L. C. Maximon, 1954). We shall assume that both 
the particles (the initial and final electrons, or the constituents of the pair) are 
ultra-relativistic, with energy e > m. 

We have seen that in the ultra-relativistic case both particles move at small 
angles (0, 6 ' or 6 +, 0_) to the direction of the photon: 6 ^ m/e. This property is 
preserved in the exact (with respect to Za) theory, and we shall therefore consider 
just this range of angles. 

The momentum transfer to the nucleus in this range is q ~ m. This means that in 
the wave functions the important values of the impact parameter are p ~ IIq ~ 1/m, 
i.e. “large” distances. At such distances the wave function derived in §39 can be used. 
The calculations for pair production are as follows. 

The pair production cross-section is similar in form to the photoelectric effect 
cross-section (cf. (56.1), (56.2)): 


da = 2 tt 


eV(47r) vh) Mn 


8( (O — £+ — 


£-) 


d 3 p+ d 3 p- 
(2tt) 6 ’ 


(95.1) 


where 


M fl = f *<:>*_(« • e) e ik > (+ e ) + ,-P + d 3 x. (95.2) 

Here il/ ( eZ]p_ is the wave function of the electron, and iA ( - e ) + ,- P+ the wave function 
with negative energy -e+ and momentum -p+. 

The function which pertains to a particle in the final state, must have an 

asymptotic form which includes (besides the plane wave) an ingoing spherical 
wave; this is indicated by the superscript (-). According to (39.10), this wave 


QE4 - BB 
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function ist 


= wh 1 ~ i(p - r+ p - • 

= e ml2 T(l +iv), v = Za.. 

The function i//^ ^ must have an asymptotic form which includes an outgoing 
spherical wave (indicated by the superscript (+)), since it denotes the wave 
function of an “initial state with negative energy”. The asymptotic form of the 
wave function of the positron, obtained from i/f ( _ + e } *_ p+ , then has an ingoing wave, as 
is correct for a final particle. According to (39.11), this function is 

+ 1, i(p + r + p + • r))«(-p + ), 

C (+) = e~ W2 r(l + ip). 

The terms ~l/e in (95.3) and (95.4) have to be included because of the matrix 
structure of M fi (95.2). The matrix element (ct) fi is a vector whose direction is close 
to that of k. The leading term in (a • e) fi is therefore small, and the correction terms 
are of the same order of magnitude as that term. 

Substituting (95.3) and (95.4) in (95.2) and neglecting terms — l/e+e-, we find 

Mfi = 2V(l + e ) • a)I + (e • a)(a • I+) + (a • ! - )(e • ( 95 5 > 




where 


N = C (+) C ( } = TTv/sinh ttv. 


(95.6) 


I = J e~ i ’ , r F*F+ d 3 x, 

1+ = 2 ^~J e- iq r F*VF + d 3 x, 

I= 2 tf e” iq ' r (VF_)*F + d 3 x, 
q = p + + p_-k; 


(95.7) 


F_ and F+ are used for brevity to denote the hypergeometric functions which 
appear in (95.3) and (95.4). The integrals I, I+, I- satisfy one identical relation: from 


/ 


V(e~ iq T F*F+) d 3 x = 0, 


t In this section, p± = |p±|, q = |q|. 



§95 

we have 


Exact Theory of Pair Production 


415 


qI + 2e + I + + 2e_I_ = 0. (95.8) 

We average \M fi \ 2 over polarizations of the incident photon, and sum over direc¬ 
tions of the electron and positron spins.t This is done by the tensor substitution 

e { e% i(Sik - n t n k ), n = k/co, 

and changing the bispinor products according to 

u±u±—> 2p± = (e±y° - p ± • y + m). 


Putting also a = y u y, we find 

\Mfi\ 2 ->(N 2 l2e+£-){tr p_Q • p+Q-tr p_(n • Q)p+(n • Q)}, 

Q = yl- y°y(y • 1+) - y°(y • I-)y, 

Q = yl * - y°(y • I?)y - y°y(y • I*). 

The final result, obtained after making the appropriate approximations, for the 
ultra-relativistic case at small angles 


0 ± ~ m/e 1, 

will be given here. We define the auxiliary vectors 


(95.9) 


1 


8 ± = -(P ± )„ 


S + = — 6 . 

m 


(95.10) 

where the suffix 1 denotes the component perpendicular to the direction of k. Then 




m 2 (o 2 |T ,2 


2 siei 


+ 2 



2 

+ 2 

2e+ 



'it-'" 


(95.11) 


where we have used the fact that I ~ el±lq ~ el±/m (as is seen from (95.8)), and 
terms of higher order in m/e are omitted. 

The integrals I ± may be expressed as 


2e± 3p ± ’ 

J = J ~— F(-iv, 1, i(p+r + p+ • r))F(iv, 1, i(p_r + p_ • r)) d y x. 


(95.12) 


t Calculations with allowance for the polarizations of all the particles are given by H. Olsen and L. 
C. Maximon, Physical Review 114 , 887, 1959, and in the book by Baier et al. cited in §93. 
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The integral J can be written in terms of the complete hypergeometric function:t 


J =7 

_ = ? q 2 (P+P- ~ P+ • P-) + 2(p + • q)(p- • q) 
(<1 2 ~ 2p+ • q)(q 2 — 2p_ • q) ' 


(95.13) 


The differentiation with respect to p± must be carried out with q fixed, only 
thereafter putting q = p+ + P- - k. The result, after making the approximations 
corresponding to the ultra-relativistic case and the conditions (95.9), is 


I ± 


477 £ + 

q 2 m 2 co 


v< *^ F(z) + ' £ F '(z)(q£* -mS ± )}, (95.14) 


with, for brevity, the notation 

i± = 


l 




l + SV 

F(z) = F(-iv,iv, 1 ,z), 


(95.15) 


F(z) being a real function. The integral I is then found immediately from (95.8). 

Substituting the values of the integrals in (95.11) and thence in (95.1), we find 
the required cross-section: 


, 4 / uv 

da = —‘ 


—( ■ Z 1 ' ) Z 2 <*r 2 e s + d8+ • 8- d8- ■ d(f> de + x 

77\sinh7n// q a) 

X |f 2 (z)[— 2e+e-(Si£i + S 2 4-) + *> 2 (8 2 + + 8 2 )£ + £- + 

+ 2(e+ + e?.)S+S_£+£_ cos c p] + 

+ £ F /2 (z)[-2s + e-(SUl + 8-C-) + o> 2 (l + S 2 + 8 2 )£ + £- 

- 2(ei + e 2 )S + 8-£+£_ cos </>]!. 


(95.16) 


When ^->0, 


uv 

sinh uv 


* 1> 


F(z)^ 1 , 


F'(z) ~ v 2 ^>0. 


The expression (95.16) then reduces, as it should, to Bethe and Heitler’s formula 
(94.3), which corresponds to the Born approximation. It also reduces to this 
formula for any v if the angles of emission of the pair satisfy the conditions 


|8+-8_|<1, |t7-</>H1. 


t The calculations are given in Nordsieck’s paper quoted in §92. 
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For then q<m , so that the second term in the braces in (95.16) can be omitted 
because of the extra factor (q/m) 4 as*compared with the first term, and in the first 
term we have (since 1 - z ~ q 2 !m 2 < l)t 


F(z)->F(1)^F(-iV,iV,1,1) 

1 

T(1 - iv)T(l + iv ) 

— SMih ' 7TV 

7 TV 


(95.17) 


so that the similar factor in front of the braces is cancelled. 

Let us now consider the integration of the cross-section over the directions of 
emission of the pair. The integration over angles is divided into two regions I and 
II, in which we have respectively 

(I) l-z>l~z 1 , (II) 1 z < 1 Zi, 

where z x is a certain value such that 1 > 1 - z x > (m/e) 2 . Since in region II 1 — z 1, 
q 2 <m 2 , it follows from the above discussion that in this region dcr ~ dcr B = da v =o, 
where da B is the cross-section in the Born approximation. The integral over angles 
is therefore 


da e + = j dcr = j dor + J da v ->o 

i ii 

= ( dcr e+ ) B + j (da - da v -+ 0 ), 


(95.18) 


where (da e +) B is the Born cross-section (94.5) integrated over angles. 
In region I we have 


q 2 lm 2 «=* 6+ + + 28+8- cos </>. 

We shall change from the variables 8+, 5_, </> to £+, £-, z. A direct calculation of the 
Jacobian for this transformation gives 


5+ d8+ • 8~ d8~ • d<p 


e+£- d%+ d£- d(j> 
8m 2 (£+£-) 3 sin 4>’ 


where 


1 - z = (q 2 /m 2 )^+^_ 

= «+ + «-- + 2V[^4-d - £ + Xl - £-)] cos 4>- 

t This value of the function can be obtained from QM, (e.7), which relates hypergeometric functions 
with arguments z and 1 - z. 
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Expressing sin <f> and cos 4> in terms of the other quantities by means of this 
equation and substituting in (95.16), we obtain after some simple algebra 


, _ . , _ 2 dg+ d£- dz _ 

d<T A ds+ [z( 1 - z) - (1 - z)(£ + + £_ - l) 2 - z(£+ - ?-)T 2 ' 

X {(fS) 5 [(e + + ei)(1 ~ Z) + 2e+e - ( £ + " ^ 2] + 

+ [(el + e 2 -)z + 2e + 8_(£ + + £_ - l) 2 ]}, 

A _ / 7 TV \ 2 Z 2 ar 2 

\sinh7r^/ lire* 3 ' 


Finally, we replace £+ and in terms of new “spherical” variables x an d { l f: 

tj+ + - 1 = Vz sin x cos i//, 

£+-£- = V(1 - z) sin x sin i //, 

0 ^ X ^ 271% 0 ^ l// ^ 27T, 

2 d£+ V[z(l - z)] sin x cos x dx dty. 


These ranges of variation of x and ^ correspond to the range 0 to 1 for £+ and 
i.e. to the range 0 to ^ for 5+ and <5- (or, equivalently, 6+ and 0-); the rapid 
convergence of the integral allows the range of variation of the angles to be 
extended in this way. After the transformation, the root in the denominator 
becomes V[z(l - z)] cos x\ the integration over x and is elementary, and the 
result is 


dcr = 2 A • 2tt dz(el+ s 2 - + \s+s 


J F 2 (z) 

j Ll-z 



ds+. 



Fig. 18. 
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An extra factor 2 has been included because the integration over z is to be taken 
from 0 to Zi, whereas, when the azimuth 4> varies from 0 to tt and from i t to 2i r, 
each value of z occurs twice. 

The integration over z is effected by means of formula (92.14), which, for 
v’ = - v (and F(z) accordingly real), becomes 


F 2 


+ 




F' 2 = 


JL A 

v 2 dz 


( zFF '). 


The integral of this expression is ZiF(z\)F'(z\)lv 2 . The value of ZiF(zO = F(l) is 
taken from (95.17), and the limit of F'(zi -> 1) is given byt 


F'(z) = F(1 — iv, 1 + iv, 2, z) 

--[logd-zl + l/Cv)]^ 1 ^ 

7 TV 

where 


/(v) = iwi + iv) + ^(1 - iv) - 2^(1)] 




i 


^n(n 2 +v 2 )’ 

nz) = nz)IT(z). 


(95.19) 


Substituting the above expressions in (95.18), we obtain as the final formula 

dd E+ = 4 Z 2 ar 2 e (el + e 2 - + 5 e + e-)[log \ - f(aZ) ]%. (95.20) 

L mco 2 J (v 

The total cross-section for pair production by a photon with energy o) is 


a = fZ 2 ar 2 [log^-^-/(«Z)]. (95.21) 

We see that the only change in these formulae is that a universal function f(aZ ) of 
the atomic number is subtracted from the logarithm. Figure 18 shows a graph of 
this function. For v < 1, f(v) ~ 1.2jA 


§96. Exact theory of bremsstrahlung in the ultra-relativistic 
case 

The matrix element for the bremsstrahlung process is 

Mfi = f (//i~p'*(a ■ e*) <T ik ' d 3 x ; (96.1) 

t The derivation of this formula is in the Appendix to the paper by H. Davies, H. A. Bethe and L. C. 
Maximon, Physical Review 93, 788, 1954. 
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the wave functions of the initial electron ( e , p) and the final electron (e', p') include 
respectively outgoing and ingoing spherical waves in their asymptotic forms. The 
calculation of this integral is similar to that of the matrix element (95.2), but will not 
be given here. Instead, we shall describe another way of calculating the brems- 
strahlung cross-section, based on the fact that the process is quasi-classical, and 
not using the explicit form of the wave functions of the electron in the field of the 
nucleus (and in this sense independent of the precise form of the field potential)(V. 
N. Baler and V. M. Katkov, 1968). 

In the bremsstrahlung process, the nucleus transfers to the electron and the 
photon a momentum q = p' + k-p. As in the pair production problem, we must 
distinguish two ranges of values of the transfer q ± which is transverse relative to p: 

(I) m ^ q L > com 2 Is 2 , (II) q ± ~ (om 2 /e 2 <m. (96.2) 

It is evident that ill region I the emission cross-section is equal to the Born value: 
for these values of q ± , the recoil momentum of the nucleus is unimportant, as will 
be shown in §98 (see the derivation of the condition (98.10)). In region I, the 
cross-section for the process is therefore the product of the exact cross-section for 
electron scattering in the field of the nucleus at rest and an emission probability 
which is independent of the form of the field. But since, according to (80.10), the 
exact cross-section for scattering at small angles in a Coulomb field is equal to the 
Born value, so is the cross-section for the whole process in region I. 

Thus only region II need be considered. Small momentum transfers correspond 
to the passage of the electron at large distances from the nucleus: p ~ llq ± ~ elm 2 . 
But, at these distances, the motion of the electron is certainly quasi-classical, as is 
easily seen by direct application of the usual quasi-classical condition, QM (46.7), to 
the ultra-relativistic equation (39.5). 

Since the motion is quasi-classical, we can use the method already applied in 
§90 for synchrotron radiation. The expression (90.7) is in this case the probability of 
emission when the electron passes the nucleus once. 

Formula (90.18) remains valid for the function L used in §90; the only 
difference is in the form of the quasi-classical electron path r = r(t), which is used 
to calculate the difference r 2 -r!. 

At large impact parameters, the field of the nucleus may be regarded as weak. 
In the zero-order approximation, the path is a straight line passing at a distance p 
from the centre. In the next approximation, we have as the equation of motion (cf. 
Mechanics , §20) 


dp _ p dU 
dt r dr ’ 

where p is a vector lying in the xy -plane and perpendicular to the initial momentum 
of the electron, and r on the right-hand side is to be taken as the zero-order 
function: 


r = V(p 2 + v 2 t 2 ) = V(p 2 + t 2 ). 
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Hence 


p(t)-pi = -p/^f. (96.3) 

*1 

The velocity v(t) = p(t)/s, where the energy e depends on the magnitude but not 
the direction of p, may be regarded as constant with sufficient accuracy. A further 
integration then gives 


r (() - r, = v,(t tp(t') - Pi] dt (96.4) 

*1 

We shall take ti = - °°, so that the quantities pi = p(-°°) = p and v = p/s are the 
initial momentum and velocity of the electron. 

We can put the probability (90.7) in the form 

dw = |a(p)| 2 d 3 kl(2 tt)\ (96.5) 


where 


oo 

a(p) = e V^f J ^(Oexpji (wt -k • r(0)j dt. 


R(t) = 




Vt2U) a ' 


Men 

V(2 7y 


(96.6) 


and e'= e — (o, p'(t) = p(t) - k. The classical function p(t) is given by (96.3). If p 
denotes the initial momentum of the particle, we have for a Coulomb field (U = - v\ r, 
v = Za) 

p(t) = p_ ^[v(7+?) +1 ]’ 

and 

r(t) = P-t-^^[\ / (p 2 + t 2 ) + tl 

In terms of the change of momentum in classical scattering, 

A = p(oo) - p(- oo) = - 2pvlp 2 , (96.7) 


we can rewrite these formulae as 


P (o=p+^[ V(t / +p5) +i], 
r(() = (p + |A)^+^V(( 2 + p 2 ). 


(96.8) 
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Now using formula (90.20) for R(t ) and the expressions (96.8) for p (t) and r(f), 
we can calculate the integral with respect to time in (96.6). The integration is carried 
out by replacing the variable t by 

£ = -^7(&>t-k-r(t)) 


and using the formula 


— 00 

where K x is the Macdonald function. There is, however, no need to complete these 
calculations, since we want the expression a(p) only for small values of A (A m), 
an independent parameter. Then we obtain 

a(p) = wJDwi • A*Ki(x), (96.9) 


where 


X = p^(l-n-v), 

n = k/(o, and D is some function of p, e and k (but not of p), whose precise form is 
unimportant.! Since, in the ultra-relativistic case, the photon is emitted at a small 
angle 0 to the direction of the electron velocity, we have 

X “ P «(1 - V + 20 2 ) 


or 


* = P (1 + 82) ’ 8 = 6elm ■ (96.10) 

It has already been mentioned that (96.5) is the probability of photon emission 
in a single passage of an electron past a nucleus at impact parameter p. The 
cross-section for the emission of a photon with given frequency and direction is 
obtained by multiplying by iT 1 dp x dp y ~ dp x dp y = d 2 p and integrating with respect 
to the impact parameter: 


da = -0^j\a(p)\ 2 d 2 p. (96.11) 

t The spinors w, and w/ may be taken as constant in the integration, i.e. the change in the electron’s 
polarization in its classical ultra-relativistic motion may be neglected. This can be seen from the 
equations derived in §41. 
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However, it should not be thought that this formula without the integration over 
d 2 p would also give the directional distribution of the final electrons. The deviation 
of the electron in motion in a classical path, which is uniquely determined by the 
external field, is certainly not the same as the indeterminate quantum-mechanical 
deviation (and the limit p'(°°) of the classical function p \t) is therefore also 
different from the actual final momentum of the electron). Consequently, in order 
to obtain the angular distribution of the electrons, we must re-expand their wave 
function in plane waves. 

It is seen from (96.11) that a(p) is the amplitude of photon emission in a passage 
at impact parameter p. The expressions (96.5) and (96.6), however, define this 
amplitude only to within a phase factor, which is easily seen to be e lk p : on 
account of the time-independent term r ± (oo) = p in r(t), this constant factor must 
be present in V/,(t), and may be taken outside the time integral. Since it is not an 
operator, it is not affected by the process of commutation, and the amplitude for 
the emission process is thus 

« _ik ’ p a(p), (96.12) 


where a(p) is given by (96.9). 

Now let the electron be described, as z -> - o°, by a plane wave with momentum 
p along the z-axis. This means that the wave function of the electron as z -* - o°, as 
a function of x and y, reduces to a constant, which can be taken as unity. Then the 
wave function of the electron which has passed through the field is, for z-> oo,| 

oo 

■Moo) = S(p) = exp{- i J U(x, y, z) dzj. (96.13) 


According to the significance of the transition amplitude (96.12), the wave function 
of an electron which has passed through the field and emitted a photon is 

*T ikp a(p)S(p). (96.14) 

The amplitude for emission in which the electron goes to a state with definite 
momentum p' is given by the corresponding Fourier component of (96.14), i.e. by 

a(qj = J « _ip p « _ik p a(p)S(p) d 2 p 

= J e-^ 'aipWp) d 2 p, (96.15) 

where q ± is the transverse component of the momentum transfer to the nucleus; cf. 

t See QM (131.4); we have in mind the analogy between equation (39.5) (in which we put p 2 « e 2 ) 
and the non-relativistic Schrodinger’s equation (39.5a). Bearing in mind the difference in the significance 
of the coefficients in these equations, it is easily seen that in our case the conditions QM (131.1) for the 

formula QM (131.4) to be valid are in fact satisfied. The fact that this formula is not valid for arbitrarily 

large z is unimportant, for the same reasons as in QM §131. 
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QM (131.7). The cross-section for scattering with a given transfer q x is 


dor = |a(qi)| 2 


d 3 k d 2 q± 
(27t) 3 (27t) 2 - 


(96.16) 


Let us now calculate S(p). In the case of a Coulomb field considered here, the 
integral in the exponent diverges, in accordance with the phase divergence in 
Coulomb scattering. The integral must therefore be first calculated between finite 
limits: 


R R 

f ud2 ‘~ 2 ''lv(7T7j 

-R 0 

= - 2v[log(J? + V(R 2 + p 2 )) - log p] 

~ — 2v log 2 R + 2v log p 

(R > p). The first term, which is a constant, is unimportant, and therefore 

S(p) = e- 2ivlogp = p- 2iv . (96.17) 

Substituting (96.9) and (96.17) in (96.15) and integrating over the directions of 
the vector p in the xy-plane, we find 


a(qi) * v J p~ 2h K\(x)Ji(<ixp)p dp , (96.18) 

0 

where J\ is the Bessel function. The factors not involving v = Za have not been 
written here. 

We see that the dependence of the amplitude a(q ± ) (and therefore of the 
cross-section (96.16)) on v is contained in a separate factor. On the other hand, 
when v ->0, the cross-section must tend to its value in the Born approximation. It is 
therefore immediately clear that the cross-section will differ from the Born value 
only by a factor which is independent of the electron polarization and hence does 
not influence the polarization effects. 

The integral (96.18) can be expressed in terms of the hypergeometric function 
by means of the formula 


i 


x >i K,(ax)J,(bx)xdx 


b r(2-lA)r(l-jA) 

2V“ X 



1-k 2, 


b 2 \ 

a 2 + b 2 r 


This gives 


a(q x ) * v(l - iv)(^) 2i T 2 (l - iv)F(iv, 1 - iv, 2, z), 


(96.19) 
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Z = 1 - 4^72 (1 + s 2 ) 2 , 8 = e elm ; (96.20) 

here we have used the fact that, in region II (see (96.2)), the component of the 
vector q parallel to p is 

qi=q 2 -ql~^ 2 (l + 8 2 ) 2 . (96.21) 

This is easily proved, since in that region the angles between the momenta p, p' and 
k satisfy the conditions (93.15). 

The hypergeometric function in (96.19) can be reduced to the function F(z) in 
(95.15) by means of the formula 


F(a , b + 1, c + 1, z) = - 


F(a, b , c, z) + 


c(l-z) 

b(a - c ) 


F'(a, b , c, z). 


The final result is then 


da = da B ^[f 2 (z) + F' 2 (z)] ( (96.22) 

where dv B is the Born cross-section (93.13) (H. A. Bethe and L. C. Maximon, 
1954). When q >m 2 le , we have z~ 1, and the whole coefficient of dor B tends to 
unity; in this sense formula (96.22), which has been derived for region II, is 
automatically satisfied for all q^m. When q^m 2 ls and the correction factor in 

(96.22) is different from unity, the vectors p, p' and k are almost coplanar, and the 
quantities 8 and 8' are almost equal; this has already been taken into account in 

(96.22) . Thus q 2 in the expression (96.20) for z can be written as 

2 2 2 

~~^~ 2 = 8 2 + 8' 2 — 288' cos 4> + — 2 — 7 i (1 F S 2 ) 2 , (96.23) 

ffl 4 £ £ 

i.e. we can put 8 = 8' in the second term in (93.14), but not in the first term, which 
does not contain a small coefficient (~m 2 /e 2 ). 

To find the cross-section integrated over angles, there is no need to repeat the 
integration: we can proceed as follows (H. Olsen, 1955). Various directions of p' 
(for a given energy e') correspond to degeneracy of the final state of the electron. It 
is evident that the result of summing over states which belong to one degenerate 
level is independent of how the complete set of these states is chosen. We can 
therefore use, in summing over directions of p', the set of functions instead of 
the which are needed in calculating the differential cross-section, i.e. we can 
define the bremsstrahlung matrix element as 

M)l = | i// e y*(a • e*)e~ ik r ^ d 3 x. 
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This integral is easily seen to be the same as (Mff)* if the parameters of the wave 
functions in the latter are changed as follows: 

p+,p+, e+->-p, -p, - e; p ,p , 6--*p',p', s'; k->-k 

and the sign of the integration variables is reversed: r->-r. 

Hence it is clear that the bremsstrahlung cross-section integrated over angles 
can be obtained from the integral pair production cross-section (95.20), on multi¬ 
plication by 

co 2 dco co 2 dco 
plde+ el de+ 

(cf. (91.6)) and replacement of e+ by -e, s- by s'. Thus we have 

- 4Z! -’ 7 (l + H)b t£t - 5 - «« z »] 77 (% - 24 > 

We see that the corrections to the Born formulae for the integral bremsstrahlung 
and pair production cross-sections are given by the same function f(aZ). 

Formula (96.24), which does not depend on any limitations on the value of Za, 
allows a passage to the classical limit (ft ->0, Za -»<»). In this limit, we must also put 
e ~ 8 f . Bearing in mind the asymptotic expression T(z) ~ log z as |z|-»°o and the 
value T'(l) = - C (where C is Euler’s constant), we find the effective retardation 

b—ip-HK (% - 25) 

This expression, which does not contain ft, is the classical frequency distribution of 
the bremsstrahlung intensity. 


§97. Electron-electron bremsstrahlung in the 
ultra-relativistic case 

Electron-electron bremsstrahlung is represented by eight Feynman diagrams: 
four diagrams 


l k 


p; 


(97.1a) 


(97.1b) 


k 
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and four “exchange” diagrams obtained from those shown by interchanging p \ and 
p 2 . Here we shall give the results of the calculations for the ultra-relativistic case 
(G. Altarelli and F. Buccella, 1964; V. N. Baler, V. S. Fadin and V. A. Khoze, 
1966).t 

In the laboratory system (the rest frame of one of the initial electrons, say the 
second), the emission cross-section integrated over the directions of the photon can 
be written as a sum da = da (l) + da (2 \ where 


da (l) = Aar 


2 da) e — a) 


/_ s _ + ^ zi »_2U 2 £l£I ^ L )_l\ 

\e — (o e 3/\ ma> 2/ 

j a) 2 2 md(o (( A m . m 2 \. 2e 2 m 5m 2 l - i 

da {Z) = - 3 ari - r i (4- Fj-j ) log —- 2 +-for (o^ 2 m, 

o) LV o) 4(o J m a) oo) J 


e_ 

(X) 


do* = lari ^ + 

a) t \ m m / i 

-(i-?a)iog(i-^)[f4-|4 + —-2+-1 

V m) \ m/L4o) 2(o co m J 

m 2 3m , , 2w 4a) 2 l , i 

- ^—2 + ^ 2 H- t 1 for a) ^ 2 m 

2(o 2(o mm J 


(97.2) 

(97.3) 


(97.4) 


(e being the initial energy of the first electron). 

These formulae are accurate as far as terms of relative order m/e. To this 
accuracy, it is found that the contributions to the cross-section from different 
diagrams do not interfere, and in this sense da (1) and da (2) correspond to emission 
by each of the two electrons: the fast electron and the recoil electron respectively, 
diagrams (97.1a) and (97.1b). 

The “exchange” diagrams give the same contribution to the cross-section as do 
the “direct” diagrams. Since the electrons are identical, the total contribution from 
the direct and exchange diagrams has to be halved, and we may therefore consider 
only the contribution of the direct diagrams and ignore the identity of the particles. 
For electron-positron collisions the exchange diagrams are replaced by annihilation 
diagrams, but their relative contribution is of order m/e and therefore negligible. 
Hence the bremsstrahlung cross-sections are the same, to the accuracy indicated, 
in electron-electron and electron-positron collisions. 

For o) > m, the ratio 


da (2) m . 
dcr (1) (o 


1, 


i.e. the emission from the recoil electron is small compared with that from the fast 
electron; when this ratio becomes of the order of m/e, formula (97.3) is of course 
no longer meaningful. When (o <m, on the other hand, the two parts of the 


t The calculations are given in the book by Baier et al. cited in §93. 
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cross-section are almost comparable: 

da (1) = %r 2 e ^ log 


0) 


2 

mco' 


da (2) = far 


2 d(x) . £ 

3 ar e -log —, 

C0 CO 


a) <m. 


(97.5) 


For formulae (97.2)-(97.5) to be valid, it is necessary that at least one of the 
electrons should remain ultra-relativistic after emission of radiation, i.e. the photon 
frequency must be sufficiently far from the hard boundary of the spectrum (the 
maximum frequency a) max that can be emitted). The final energy of the electrons is 
least, and the photon energy greatest, when both electrons move, after emission, in 
the direction of the photon at equal speeds. The conservation laws then give 

e + m = a) max + 2e ', |p| = co max + 2|p'|. 

Hence, eliminating e' and p', we have 


(e + m - a > max ) 2 - (|p| - a) max ) 2 = 4m 2 


and 


_ m(e - m) 

&>max ~ m + s — |p|‘ 

When e>m, a) max ~ e. Thus formulae (97.2)-(97.4) are valid if 


(97.6) 


o) m ax —co~e~o ) > m. (97.1) 

The cross-section (97.2) for emission by the fast electron is exactly equal to that 
for electron-nucleus bremsstrahlung when the nucleus has Z = 1 (formula (93.17)). 
This agreement is not fortuitous, and can be explained by considering the 
significance of recoil in the emission process. 

In deriving (93.17) we neglected the recoil of the fixed particle (the nucleus), 
replacing it by a constant external field. This was equivalent to neglecting the time 
component of the momentum transfer 4-vector q = p' - p + k (the recoil energy). 
We shall show that, in the ultra-relativistic case, this treatment is permissible for 
electron-electron as well as electron-nucleus bremsstrahlung. 

We write 


- q 2 = - (e' + (o - e) 2 + (pj + o> - pj) 2 + (pi - p x ) 2 , (97.8) 

where the subscripts indicate the components of the vectors p' and p (the initial and 
final electron momenta) parallel and perpendicular to the direction of the photon k. 
In the ultra-relativistic case the angles 6, O' between k and p, p' respectively are 
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|px|~|p|e ~m, 

2 2 2 

i i pi m z pi 


(97.9) 


and similarly for pi and p j. 

Neglecting recoil, we have e' 4- co - e =0; the term pj + co - p\\ ~ m 2 /e, and so 


-q 2 = (pi-p±) 2 ~m 2 . 


(97.10) 


The energy of (electron-electron) recoil is 

qo= e’ + a) - e ~ q 2 /2m ~ m. (97.11) 

The change in pi due to the change in e' is negligible. The change in q 2 with 
allowance for recoil, which we donote by Aq 2 , is therefore given by the first two 
terms in (97.8). Using (97.9), we have 


*2 / t i \{ m P± . m . pi\ 

~ m 2 • m/e. 


Comparison with (97.10) shows that Aq 2 <\q 2 \, and the neglect of the recoil is 
therefore justified.t 

The fact that the fast particle emits into a narrow cone (with aperture angle 
~m/e) in the direction of its motion enables us to deduce the cross-section in the 
centre-of-mass system by a simple conversion of the cross-section (97.2) from the 
laboratory system .t 

In the centre-of-mass system the two electrons emit in the same manner, each 
in the direction of its motion. (It may be noted that this gives an intuitive 
explanation of the absence of interference between the radiation from the two 
particles.) The energy E of the ultra-relativistic electron in this system is related to 
its energy e in the laboratory system by 2E 1 = me; the respective photon frequen¬ 
cies H and co are related by co/e =H/E. These equations are easily obtained by 
comparing the values of the invariants (pip 2 ) and (pik) in the two systems. The 
cross-section for emission by each electron in the centre-of-mass system is there¬ 
fore 


da (l) = da (2) 

2 dilE-il 


A 2 dnE-n( E ,E-fl 2\(, 

= 4ar ’ ~a — + —- 5)( l08 


4E%E-Ct) 

m^fl 


■a- 


(97.12) 


t This conclusion is, of course, valid a fortiori in the case of electron-nucleus bremsstrahlung, for 
which the recoil energy qo~ q 2 /2M ~ m 2 /Af, where M is the mass of the nucleus. 

$ In general such a conversion is not possible, because the contribution to the spectrum in a given 
frequency range dco comes from photons emitted in quite different directions. 


QE4 - CC 
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For (97.12) to be valid it is also necessary that the photon frequency should not 
be close to the boundary of the spectrum. For an ultra-relativistic particle, the 
above-mentioned transformation gives immediately, when co max ~ e, 

n max ~ 0) max E/ £ ~ E. (97.13) 

Thus, in the centre-of-mass system, the electrons can emit only half of their total 
energy 2 E. A direct calculation of fl max is easily performed by noting that, after the 
emission of such a photon, the electrons will move (in that system) at equal speeds 
in the direction opposite to that of the photon. We have 

2 E = 2 E' + fl max , 2|p'| = P max , 


whence 


n max = p 2 IE = E-m 2 IE, (97.14) 

and in the ultra-relativistic case again (97.13). Thus formula (97.12) is applicable 
under the condition 


fi ma x -n~E-n>m. (97.15) 

We shall now give some formulae for emission in the centre-of-mass system in 
the opposite limiting case, near the boundary of the spectrum, whent 

H ma X -H<m. (97.16) 

Since in this case the recoil is very important, the results differ from those for 
scattering by a fixed centre and are also different for electron-electron and 
electron-positron scattering (V. N. Baler, V. S. Fadin and V. A. Khoze, 1967). 

In electron-electron scattering, besides the squares of the diagrams (97.1), there 
is also a contribution to the emission cross-section near the boundary of the 
spectrum from products (interference terms) of the direct and exchange diagrams, 
in which a given initial particle emits, for example, the product of the second 
diagram (97.1a) and the diagram 


k 


p' —^—i- - — p 

K 1 F 2 

This is because, near the boundary, the final particles have similar momenta and 
there is no reason for the exchange terms to be small. The final result for the 

t The result obtained in the Born approximation is, of course, as usual valid only if the relative 
velocity of the final electrons is large in comparison with a. If not, the interaction of the particles in the 
final state has to be taken into account. 
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da = 2 ar ^~ ( ft max (97.17) 

m ax 

In electron-positron scattering, a logarithmically large contribution to the emis¬ 
sion cross-section comes from the squares of annihilation diagrams, in which there 
is emission by the initial particles: 


i 

-p —*-L 

-p; —■ 


p. 

p: 


- p 


i 


- p ' + —-— 1 —-—— p! 


(97.18) 


The squares of other diagrams are significant when the accuracy is not logarithmic, 
but the interference terms are small. The final result is 


da = 2 ar 2 e 


[£((l max -(l)p 

m 



(97.19) 


Thus the emission in electron-positron scattering is logarithmically large in com¬ 
parison with that in electron-electron scattering. 


§98. Emission of soft photons in collisions 

Let dao be the cross-section for a given process of scattering of charged 
particles, which may be accompanied by the emission of a certain number of 
photons. Together with this process, we shall consider another which differs from it 
only in that one extra photon is emitted. If the frequency co of this photon is 
sufficiently small (the necessary conditions will be formulated below), the cross- 
section da for the second process is related in a simple manner to dao. 

When o) is small, we can neglect the influence of the emission of this quantum 
on the scattering process. The cross-section da can therefore be represented as a 
product of two independent factors, the cross-section da 0 and the probability dw of 
emission of a single photon in the collision. The emission of a soft photon is a 
quasi-classical process; the probability is therefore the same as the classically 
calculated number of quanta emitted in the collision, i.e. the same as the classical 
intensity (total energy) of emission dl, divided by o) (= hco). Thus 

da = dao dll a). (98.1) 

We shall show how this formula can be derived from the general rules of the 
diagram technique (J. M. Jauch and F. Rohrlich, 1954). 

The diagrams for the process involving an additional photon are obtained from 
those for the original process by adding an external photon line which “branches 
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off” from some (external or internal) electron line, i.e. by replacing 


p 


by 


k \ 

\ 


p-k p 


(98.2) 


It is easily seen that the most important diagrams will be those in which this change 
is made in external electron lines. For, if p is the momentum of the external line 
(p 2 = m 2 ), then for small k we have also (p-k) 2 ~m 2 , i.e. the factor G(p - k) 
added to the diagram is near its pole. 

For an initial electron line p the change (98.2) amounts to the following change 
in the reaction amplitude: 

M(p)->cV(47r)G(p - k)(ye*)u(p) 

= eV(4n) (ye*)u(p) 

= - eV(4ir) yP 2 p k m (ye*)u(p). 

Since (yp)(ye*) = 2pe* - (ye*)(yp) and ypu(p) = mu(p), we obtain the following 
rule: 

u(p)-*-eV(4ir)^ k y u(p). (98.3) 

Similarly, for a final electron line p', the replacement of 

k \ 

\ 

- — by -—^--- 

P’ P' P'+k 

in the diagram implies the change 


u (p ') eV(4ir)u (p ') 


(98.4) 


in the amplitude. 

In the rest of the diagram we can everywhere neglect the changes in the 
momenta of the lines as a result of the emission of the photon k. Here it is assumed 
that the photon energy (o is always small in comparison with the energies of all the 
particles participating in the reaction (and in comparison with those of the hard 
photons, if any, that are emitted). 

Let the cross-section da 0 refer, say, to the scattering of an electron by a fixed 
nucleus (with possible emission of hard photons). The amplitude of this process, 
which will be conventionally called “elastic”, is 


M }f> = Q(p ')Mu (p ). 
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Making the successive substitutions (98.3) and (98.4) and adding the results, we 
obtain the bremsstrahlung amplitude for emission of the same hard photons 
together with a soft photon k:t 




(pe*) \ 

(pfc) / 


Accordingly, the cross-section is 


da = da e \ • Aire 1 


(p'e) (pe) 


(P'k) (pk ) 


d 3 k 


(27t) 3 2o)* 


Summation over polarizations of the photon k gives 


da = 


2r_pi___p_r d 3 k 

L(p'fc) (pfc)J 4^> e1 ' 


(98.5) 


(98.6) 


(98.7) 


In terms of three-dimensional quantities, this formula becomes^ 


da = a 


v'Xn 

l-v'-n 


v x n \ 2 da) do k , 

i- ~a —3— da el, 

1 — v • n) 477 (o 


(98.8) 


where n = k/co, and v and v' are the initial and final velocities of the electron. We 
see that the coefficient of da c \ is in fact the same as the classical intensity of 
emission (cf. Fields (69.4)), divided by a>, as already asserted in formula (98.1). 

The condition for the above formulae to be applicable is that not only is co small 
compared with e but also the momentum transfer q to the nucleus is large 
compared with the change 5q in this quantity due to the emission of the soft 
photon. We have 


Sq = (p' - p - k) - (p' - p)„=o 
= 8p'“k, 


where |8p'| ~ o)d|p'|/de ~ cj/v and |k| = o>. In the non-relativistic case (v < 1), we 
therefore obtain the condition 


(ol\q\v 1. (98.9) 

For scattering by a Coulomb potential (or by any potential that decreases slowly 
with increasing distance) |q| ~ 1/p (where p is the impact parameter), and so this 
condition can also be written as cor 1, where r ~ plv is the characteristic time of 
the collision. 

t It should be noted that the difference term in this formula arises naturally from gauge invariance: 
the reaction amplitude must be unchanged when the polarization 4-vector e is replaced by e + constant x 
k. 

t To derive (98.8) it is convenient to return to (98.6), putting p = (e, ev), pk = eo>(l - v • n),... , e = 
(0, e), and then summing over polarizations by means of (45.4a). 
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In the ultra-relativistic case, the photons are emitted chiefly in directions near v 
and v', as is seen from the denominators in (98.8). If the electron scattering angle 6 
is small, the directions of all three vectors p, p', n are close together. Then 

|5q| = |Sp'|-|k| 

-(H 

~ com 2 le 2 , 

and, since |q| — ed, we obtain the condition 

6>-K- (98.10) 

e e 

Because the formulae (98.5)-(98.8) are quasi-classical, they are valid for emis¬ 
sion by any charged particles, not necessarily electrons as assumed in the deriva¬ 
tion. In general, when several such particles take part in the reaction, formula (98.5) 
must be put in the form 

M n = Mf W(4tt) 2 (98.11) 


where the summation is over all the particles (with charges Ze)\ formulae (98.6)- 
(98.8) are changed similarly. 

In particular, in the non-relativistic case 

Mn = Mf y Z(v' - v) • e*. (98.12) 

CO 

For two particles, this formula becomes 


M fi = M}? 


> 1 ) 


V(47t) 


iZ 1 e_Z 2 g\ 

\m i m 2 / 


q = m(y' - v), m = mim 2 /(m 1 + m 2 ), 


(98.13) 


where v and v' are the relative velocities of the particles before and after the 
collision. From this, on integrating \M fi \ 2 over the directions of emission of the photon 
and summing over the directions of polarization of the photon, we find the 
nonrelativistic frequency distribution of the radiation: 


dcr w = do" ei 


2^ 

377 



Zl ) 2 q 2 d< ° 
m 2 ) ^ co ’ 


The above results can be generalized to the case of simultaneous emission of 
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several soft photons. For each photon there is an additional factor in M fi , similar to 
the coefficient of (98.5). This is easily seen directly for the example of two 
photons, say. The lines of the two emitted photons have to be added on external 
electron lines, and in two different orders, so that a diagram with external line p is 
replaced by two diagrams with the lines 

k 2 \ ki \ 

\ \ 

p-k 1 -k 2 p-k 1 p 

respectively. They contain the factors 

1 1 1 1 
2(pk i + pk 2 ) 2pki an 2(pki + pk 2 ) 2 pk 2 

(the denominators of the electron propagators) respectively, and their sum is 

_1_1_ 

2pki 2 pk 2 

i.e. it is the product of two independent factors relating to the first and the second 
photon. Then, in the sum of all the diagrams, the terms combine (because of gauge 
invariance) to give the product of differences 

( P'e f _pcf\ l p'e% _ pe f \ 

\p% pki/\p'k2 pk2/’ 

The cross-section for the process separates into factors in accordance with the 
factorization of the amplitude. The soft photons are therefore emitted in¬ 
dependently. The cross-section for emission of n soft photons can be written 

da = da ei dw \... dw„, (98.14) 

where dw u dw 2 ,... are the probabilities of individual emission of the photons k u 
k 2 ,.... When this formula is integrated over a finite range of values of the variables 
(frequencies and directions), the same for all quanta, a factor 1 In ! must be included 
in order to take account of the identity of the photons. 

If the emission cross-section (98.1) is integrated over frequencies in some finite 
range from coi to co 2 , the resulting expression is 

da ~ a log(a> 2 /(Oi) da e i; (98.15) 

cf. (98.8). Here it is assumed that both frequencies are soft, and the possible values 
of co 2 are therefore limited by the condition for the method to be applicable. With 
logarithmic accuracy, however, we can put co 2 ~ e , where e is the initial energy of 
the emitting particle. The values of (o\ have no lower limit, but on letting oj^Owe 


k 1 \ k 2 \ 

\ \ 
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see that the cross-section for emission of all possible soft quanta is infinite. Let us 
investigate the significance of this “ infra-red catastrophe ” (F. Bloch and A. 
Nordsieck, 1937). 

When 


alogieM&l, (98.16) 

we have da ^ dcr e i. This, however, means that perturbation theory is inapplicable, 
and da cannot be calculated as a quantity of a higher order of smallness than da e i. 
Thus in this case the small parameter must be taken as a log(e/coi), not a. 

The derivation of formulae (98.5) and (98.6) from perturbation theory is there¬ 
fore invalid at sufficiently low frequencies. The classical formula for the intensity 
dl (Fields (69.4)), on the other hand, becomes more nearly correct as o) decreases. 
Hence formula (98.1) remains valid if its meaning is made somewhat more classical. 
In this formula it has been assumed that one photon is emitted. Then the energy 
lost by the particle as radiation is equal to co and the “relative energy loss 
cross-section” is coder/e or 


da el dlle. (98.17) 

In reality, for sufficiently small co, the emission probability is not small, and the 
probability of emission of two or more photons is greater, not less, than the 
probability for one photon. Under these conditions, the expression (98.17) remains 
valid but the classical intensity dl determines, instead of the probability of 
emission of one photon, the mean number of emitted photons 

dn = dIlco , (98.18) 


or, in a finite range of frequencies, 


w 2 

n = j dl/co. (98.19) 

0) = 0)| 

Since the soft photons are emitted in a statistically independent manner (this 
being true in every approximation of perturbation theory), Poisson’s formula can 
be applied to the process of multiple emission: the probability w(n) that n photons 
are emitted is given in terms of the mean number h by 


w(n) = n n e- n lnl (98.20) 

The cross-section for a process of scattering with emission of photons may be 
written 


da = da e i • w(n). 


(98.21) 


Since 2 w(n) = 1, dcr e i is the total cross-section for scattering accompanied by the 
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emission of any soft radiation. This is evident from a classical treatment; according 
to perturbation theory, however, do- e i is the purely elastic scattering cross-section. 
But perturbation theory is inapplicable here. Thus we find that do- e i calculated by 
perturbation theory as the elastic scattering cross-section actually includes the 
emission of any soft photons. The true value of the purely elastic scattering 
cross-section is zero: as <oi-»0, the mean number h -+°°, and according to (98.20) 
the probability of emission of any finite number of photons vanishes.t 


PROBLEMS* 

Problem 1. Find the spectral distribution of soft quanta emitted in ultra-relativistic electron- 
nucleus bremsstrahlung. 

Solution. Integration of (98.8) over dot gives 

da = aF(g)(da)/a)) da c i, (1) 


where 


< 2 ) 

£ = 1^1 sin 20 , 
m 

p being the electron momentum and 0 the scattering angle. In the ultra-relativistic case, the most 
important range of angles is 


m 2 (ole 3 < d <mle\ (3) 

the lower limit is given by the condition (98.10), and the upper limit is discussed below. Here 
£ ~ e0/2m 1, so that 


F(S) ~ (8/37t)£ 2 , 


and the electron-nucleus elastic scattering cross-section is (see (80.10)) 


dcrei ~ 4 Z r\ 


22 m 


do 

¥■ 


(4) 


The integral 


, i6 rji 2 do ) f dd 

daco = j Z ar e — \ 

O) J 0 

diverges logarithmically; it is cut off below at angles 6 ~ m 2 o)/e 3 and above at £~1, i.e. at angles 
d ~ m/e. When F~(4/7r)log£ and the integral converges. Thus we have, with logarithmic 

accuracy, 


da a, 


i 6 rj 2 2 da) . e 
T Z ar e — log-, 


(5) 


which agrees with the logarithmic part of formula (93.17) (where we must put e * e')- Non-logarithmic 
accuracy can be achieved only by going beyond the quasi-classical range. 


t We shall return to a more detailed discussion of this in §130, in connection with radiative 
corrections. 

$ The following applications of formula (98.7) are due to V. N. Baler and V. M. Galitskii (1964). 
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Problem 2. For a collision between two ultra-relativistic electrons, determine (in the centre-of- 
mass system) the cross-section for simultaneous emission of two soft photons in opposite directions at 
small angles to the electron momenta. 

Solution. Photons moving in opposite directions are emitted by different electrons, each in the 
direction of its motion. The cross-section for simultaneous emission is 


do- = dcre, • aF({) 4* ■ aF(t) —, } 

0)1 0)2 l ( 6 ) 

£ = (e/m) sin 20, J 

where e is the energy of each electron, 0 the scattering angle in the centre-of-mass system; 0 is the 
same for each electron. No factor \ is needed in the cross-section, since the photons are certainly 
emitted in different directions. The cross-section for elastic scattering of the electrons through small 
angles in the centre-of-mass system, in the ultra-relativistic case, is the same as (4); cf. (81.11). Unlike 
(1), the cross-section (6) behaves as 6 d6 when 0~>0, and the integral therefore converges. On the one 
hand, this enables us to extend the integration to 0=0, without any difficulty that the method might 
cease to be applicable. On the other hand, the main contribution to the integrated cross-section now 
comes from the region 0 ~ m/e, not 0 < mfe, and so the exact expression (2) has to be used. The result 
of integrating the cross-section over scattering angles is 


do- WlW2 = ~[5 + k(3)]r 2 e« 2 

7 T 0)1 0)2 


— * Q..2 2 do)i do)2 

- j.yr e a -, 


the value of the Riemann zeta function being £(3) = 1.202. 


§99. The method of equivalent photons 

Let us compare two processes described by the diagrams 



(99.1) 


where the circles represent the whole of the internal parts of the diagrams. Diagram 
(a) represents a collision between a photon k ( k 2 = 0) and a particle having 4- 
momentum q (and mass m; q 2 = m 2 ). The system resulting from the collision is a 
particle or group of particles having total 4-momentum Q. Diagram (b) represents a 
collision between the same particle q and another particle having 4-momentum p 
and mass M (p 2 = M 2 ). After the collision, the latter particle has 4-momentum p', 
and the same system Q is formed. The second process may be regarded as a 
collision between the particle q and a virtual photon emitted by the particle p and 
having momentum k = p-p' (k 2 < 0). If \k\ 2 is small, the virtual photon is not 
greatly different from a real photon. Such a situation is evidently possible in 
collisions of very fast particles: the electromagnetic field of a charged particle 
moving with v ~ 1 is almost transverse, and therefore has properties similar to 
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those of the field of a light wave. Under these conditions, the cross-section for 
process (b) can be expressed in terms of that for process (a).t 

We shall thus suppose that the particle M is ultra-relativistic, with energy (in 
the rest frame of the particle m) e>M. If the masses of the colliding particles m 
and M are different, we shall take the case where m <M. 

The amplitude of process (a), which involves a real photon, can be written 

Mj? = - eV(4 tt)(vP), (99.2) 

where e^ is the photon polarization 4-vector and J* the transition current cor¬ 
responding to the vertex (the circle) in the diagram. The amplitude of process (b) is 

M fi = Ze 2 ^p- (jV-P), (99.3) 

where is the transition current of the particle m (the lower vertex in the diagram), 
and Ze is the charge on this particle. The current J is a function of k = Q - q, and 
is therefore not the same in the two cases, since k 2 = 0 in (99.2) and k 2 ^ 0 in (99.3). 
But if, in the second case, 


|k 2 | m 2 , 


(99.4) 


we can here also take J for k 2 = 0. 

The change in the momentum of the particle M when a virtual photon is 
emitted, p - p' = k, is small in comparison with its initial momentum |p| ~ e ; we can 
therefore put p = p' in the transition current j. That is, the motion of the particle M 
may be regarded as uniform motion in a straight line. Since such a motion is 
quasi-classical, the corresponding current is independent of the spin of the par¬ 
ticle :t 


j fl = 2p fl . (99.5) 

The condition for the current to be transverse (jk = 0) now gives eco - p x k x = 0, 
the x-axis being taken in the direction of p. Hence 


(o = vk X9 


(99.6) 


where v = p x /e is the velocity of the particle M. Since 

- k 2 = - (o 2 + k 2 + k]_ ~ <o 2 (l - v 2 ) + ki, (99.7) 

where k ± is the component of the vector k transverse to the x-axis, the condition 

t The method given below is due to C. F. von Weizsacker and E. J. Williams (1934); the basic idea 
had been stated earlier by E. Fermi (1924). 

$ When the wave functions are normalized to one particle in unit volume, the current j M =(l,v), 
where v is the velocity. We have, however, decided (§64) to omit the normalization factor 1/V(2e) in the 
wave functions. Accordingly, j fl must include a further factor 2e, and this gives the expression (99.5). 
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(99.4) is equivalent to the inequality |kj m and to a considerably weaker 
inequality for co: a> < m/V( 1 - v 2 ). 

From the condition for the current J to be transverse (Jk = 0) we have, using 
(99.6), 


We therefore obtain for the scalar product jJ 

jj = 2(J 0 e - J x p x ) 

< 9 «> 

The product Je in (99.2) can be expanded by taking the polarization 4-vector of 
the real photon in the three-dimensionally transverse gauge: ek = -e- k = 0, 
whence e x ~ - e ± • kJ<o. Then 

Je = -e i -(j i -^J I ). (99.9) 

The expressions (99.8) and (99.9) are proportional if the second terms in the 
parentheses are negligible. Since the current J pertains to the upper vertex of the 
diagram (99.1b), it does not depend on the direction of p; hence J x and J ± must be 
taken to be quantities of the same order. For the terms in question to be negligible, 
therefore, we must have |kJ<^<o and (o<e 2 \k ± \ /M 2 ; these conditions are com¬ 
patible with the previous ones on k L and co. 

Assuming that in (99.9) the photon is polarized in the plane of x and k (so that 
e_L || kj_) and noting that the conditions stated imply that ei ~ e 2 = 1, we now have 

Mft = M$ Ze ^ ( k 4 2 7r) | kx |. (99.10) 

In accordance with the previous discussion, the following conditions are here 
assumed satisfied: 


|kj_| o) my, (99.11) 

(oly 2 < |kJ m, (99.12) 


with the notation 


y = e/M = 1/V(1 - v 2 ). 

From this we can find the relation between the corresponding cross-sections. 
According to the general formula (64.18) we have (in the rest frame of the 
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dCT r = \Mf\ 2 (27T) 4 8 i4 \Pf ~ P.) ^ d PQ , 

*r = |M„P(2,)<«»(P, - P,) 

where dp Q represents the statistical weights of the particles Q. Using (99.10) and 
(99.7), we find 

da = da r • n(k)d 3 p\ (99.13) 

where 


n(k) = 


Z 2 e 2 k 2 < 

7r 2 0 )(ki +a> 2 ly 2 ) 2 ' 


(99.14) 


Here da r is the cross-section for process (a), resulting from a collision between a 
real photon and a particle at rest, in which a system of particles Q is formed which 
have momenta in certain ranges; da refers to the process (b) of formation of the 
same system Q when a fast particle (of mass M) collides with the same particle at 
rest, loses momentum p - p' = k, and remains in the range d 3 p f of values of p'. The 
factor n( k) in (99.13) may be interpreted as the number density (in k-space) of the 
photons equivalent to the electromagnetic field of the fast particle. 

The integration over d 3 p f is equivalent to one over d 3 k = do) d 2 k ± . On integrat¬ 
ing over d 2 k u we obtain the cross-section for a process in which the total energy E 
of the system of particles Q lies in a given range dE = dco (E - m = e - e f = 
where e and e f are the initial and final energies of the particle M). Integration over 
the directions of k ± signifies averaging over the directions of polarization of the 
incident photon (and multiplying by 2tt). The result is 


da = n((o) da r d(o, 


(99.15) 


where 


n((o) = J n(k)27rki dk ± 

- 2ZV f k{ dk ± 

7TO) J (k 2 ± + coVy 2 ) 1 ’ 

The integral over dk ± diverges when k ± is large, but the divergence is only 
logarithmic. This enables us (within the range of validity of the method) to obtain a 
result in the logarithmic approximation: it is assumed that not only the argument of 
the logarithm but the logarithm itself is large. To this accuracy, it is sufficient to 
take as the upper limit of integration k lrnax ~ m, the upper limit of the inequality 
(99.12). Integration then gives for the frequency distribution of equivalent photons 
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(in ordinary units) 


ti(<o) d<o = — Za log-^r^-—. (99.16) 

TT flco (O 

The approximation used here signifies that the numerical coefficient in the 
argument of the logarithm remains indeterminate. The inclusion of such a 
coefficient would mean the addition of a relatively small quantity (~1) to the large 
logarithm and would be superfluous having regard to the accuracy of the method. 


PROBLEMS 

Problem 1. From the photon-electron scattering cross-section, find the bremsstrahlung cross- 
section in a collision between a fast electron and a nucleus. 

Solution. In the frame of reference K\ in which the electron is at rest before the collision, the 
process may be regarded as the scattering by the electron of the equivalent photons of the field of the 
nucleus.t According to (86.10) the cross-section for scattering of a photon by an electron in the frame 
K\ is 


At *\ 2 w do) 

acr sc (a)i, ( 0 \) = 7 TTe - J 


wrio. + f ! >i + /m_m) 2 _ 2m n __L)1 

i L w i <«)i \<i>i a)i/ \ 0 )i o)i/J 


( 1 ) 


where om and o)\ are the initial and final energies of the photon in this frame. The bremsstrahlung 
cross-section in the frame K i is 


dorbr(a){) = J do)i • n(a)i) dcr sc (ft>i, a>5), (2) 

where n(o)i) is the function (99.16). Since the cross-section is invariant, the change to a frame K in 
which the nucleus is at rest involves only a change in the frequency o){. The frequencies o)j and o>' in the 
frames K i and K are related by the Doppler formula 

o/= yo)}(l — i> cos 0i), y = 1/V(1 - v 2 ), (3) 

where 0 1 is the scattering angle in the frame K i. The same angle relates o)[ and <oi according to (86.8): 


0)1 0)1 


m 


(1 - cos 6 1 ). 


(4) 


From (3) and (4) we have 


o)[ = (oie'le, (5) 

where e ( =my) and e' are the initial and final energies of the electron in the frame K (e-e' = o)'). 
Substituting (5) in (1), we find 


dcr sc = 7 rr 


2 


m do/ 
£ 0)1 



m 2 o)' 2 2mo)' 

72 2"-T 

£ 0)1 0)1 £ 


This expression is to be substituted in (2) and the integration over do)i carried out with o/ (i.e. e') fixed, 
the range being from o)i, m in = mo)'/2£' to o)i, ma x = 2£o )'lm; these values are given by (3) and (4) with 
0i = 0 and 0i = 77. Because the integral converges rapidly for large o>i, the main contribution to it comes 


t The scattering of virtual photons by the nucleus (in the rest frame of the nucleus) is excluded by 
the large mass of the latter: the scattering cross-section tends to zero with increasing mass of the 
scattering particle. 



§99 


The Method of Equivalent Photons 


443 


from the range of w 1 near the lower limit, i.e. we may put wi.max-^ 00 . Calculating the integral with 
logarithmic accuracyf, we have 


d<r b , = 4r]aZ^--(~ 

0) E \E 


fP 

e 



ee' 

mu) r 


For this result to be valid, besides the condition e >m (ultra-relativistic electron), the condition 
(99.11) must also be satisfied: the frequencies wi ~ wi, m i n important in the integration must be <^e. Hence 
e - e' = aP < ee'lm. Under these conditions the result agrees (to logarithmic accuracy) with (93.17), as it 
should. 

Problem 2. The same as Problem 1, but for electron-electron bremsstrahlung. 

Solution. In this case, the virtual photon can be scattered either by the fast electron or by the 
recoil electron; the photons equivalent to the field of either electron are scattered by the other. The 
scattering of virtual photons by the fast electron gives the cross-section da bV, which is equal to the 
cross-section for an electron and a nucleus with Z - 1. 

The scattering of virtual photons by the recoil electron gives a cross-section 


da 


I 


do) • n(co) da sc (co, aP), 


with dcr sc (a), aP) given by (1) with the appropriate change of notation for the frequencies. The range of 
values of w for given aP is (cf. (4)) 


o)' for o)' > 2 m, 

aP ^ w ^ aP/(m - 2aP) for a /<2 m. 


When (o' <im , integration with respect to w gives 


. ( 2 ) 16 2 do)' O)' w ,2 \. e 

dab/ = jar e — r 1 -+ —I log — 

r.P \ mm o ) 


in agreement with (97.4). But when aP >\m we must distinguish the cases aP ~ m and aP ~ e m. In the 
former case, 


da hr =30tr 2 e 



£ 

m’ 


in agreement with (97.3); in the argument of the logarithm we have, with sufficient accuracy, replaced 
e/aP by e/m. In the case aP~ e, the method of equivalent photons is not valid for calculating da®. The 
frequency to of the virtual photons takes values beginning with aP, and the condition (99.11) is therefore 
not satisfied when 0 ) = aP ~ e. 

Problem 3. Determine the total pair production cross-section in a photon-nucleus collision from 
the pair production cross-section in a collision between two photons. 

Solution. The energy of the photon in the rest frame K of the nucleus is <0 m. If we change to a 
frame Ko in which the nucleus moves to meet the photon at a speed vo such that 1/V(1 - uo) = io)/m, then 
in this frame the photon energy is 


a)° = o) ~ 20 )V{\ - do) = m. 


The required cross-section a is calculated in the frame Ko as the pair production cross-section in 
collisions between an incident photon wo and the equivalent photons of the nucleus, whose energy we 
denote by w': 


a = 


I 


a yy n((o') dco'. 


f This means that, by one integration by parts, the term containing the large logarithm is separated 
and the remaining terms then neglected. This operation is equivalent to taking the logarithm log(e/wi) 
outside the integral, with wi = o>i, m i n . 
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where or YY is the cross-section for pair production by two photons and is given by §§88, Problem, 
formula (1), with 


v = V(1 — m 2 / wow') = V(1 — ml a)'). 

Changing to the variable v instead of (o', we have 

i 

or = 2 r\aZ J v log[a)(l - u 2 )/m] j(3 - u 4 ) log-j-^ - 2 v(2 - v 2 )J dv. 

o 

Because of the convergence at the upper limit, the integral may be taken over the whole range from 
the reaction threshold (o' = m (v = 0) to co' = °° (v = 1) and with logarithmic accuracy (replacing 
log[a)(l - i> 2 )/m] by its value for v = 0 and taking it outside the integral). The result is 

or = faZ 2 r 2 e log(a)/m), 

in agreement with (94.6); this formula is valid when \og((olm)> 1. 


§100. Pair production in collisions between particles 

Electron-positron pair production in a collision between two charged particles 
is described by diagrams of two types: 


T 

i 

I 


; l ; (loo.i) 

p- -p + p_ -p + 

(a) (b) 

The two upper continuous lines in each diagram correspond to the colliding 
particles, and the lowest line to the pair formed. 

Let us consider a collision of two heavy particles (nuclei) in the ultra-relativistic 
case. The change of the motion of the particles themselves in such a collision may 
be neglected, i.e. they may be regarded as external-field sources.t This corresponds 
to two diagrams of the first type: 


P- p -p + p_ p -p + 

where q il) , q (2) are the “momenta” of the Fourier components of the fields of the 
two particles. 

The potential A* = (A 0 , A) due to a classical particle moving with a uniform 

t The collision of two light particles (electrons), where the change in the motion cannot be 
neglected, is a considerably more complicated case; see the book by Baier et al. cited in §93. 


|q (2) |Q (1) 

I I 

i i 


( 100 . 2 ) 
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□A 0 = - 4irZeb(r - vt - r 0 ) ? 

□A = - 4irZe v8(r - vt — r 0 ). 


Its Fourier components are 


Ao(o), k) — 


87T 2 Ze 

co 2 -k 2e 


8 (a) - k • v), 


and similarly for A(co, k). In four-dimensional form, 

*~ 2 7p 

A*(q) = -^^e up «U' l 8(Uq), 


where U is the 4-velocity of the particle, and the 4-vector x 0 = (0, r 0 ). If nucleus 1 is 
at rest at the origin (rjj I} = 0), then p = rip is the impact parameter vector (in a plane 
perpendicular to the direction of motion of nucleus 2). This expression for A^(q) is 
to be used in writing analytically the diagrams (100.2). 

There is, however, no need to use this method for the actual calculations in the 
present case. The pair production cross-section may be determined by the method 
of equivalent photons, using the already known photon-nucleus pair production 
cross-section. The replacement of the field of one particle (the first, say) by a 
spectrum of equivalent photons implies that in the diagrams (100.2) the lines q il) are 
regarded as real-photon lines. The two diagrams then become identical with the 
diagrams corresponding to pair production by a photon at nucleus 2. When e+, 
e- > m, the cross-section for the latter process is given by (94.5). Multiplying this 
cross-section by the spectrum (99.16) of equivalent photons of the first nucleus, we 
obtain (with logarithmic accuracy) for the differential cross-section for pah- 
production in a collision between particles 


da = — rl(Z\Z 2 a) 2 

7r 


de+ de- 
(e+ + e -) 4 


(el + s 2 - + 3 C] 


e~) log 


£+£- 


m(e+ + e) 


log 


my 

£+ + £- 


(100.3) 


where y = 1/V(1 - v 2 ) > 1. 
Here it is assumed that 


m < £+, £- my; (100.4) 

the right-hand inequality is the condition for the method of equivalent photons to 
be applicable. The range defined by the inequalities (100.4) is the same as the 
electron and positron energy range which is important in the integration of (100.3). 
On integration over de+ or de- for a given sum £ = £+ + £_ (>m), the important 
range is the one near the upper limit; omitting terms which do not contain the large 


QE4 - DD 
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logarithm, we find 


d* = £rl( Zi Z 2 a? log^og^f. 

The integral with respect to e over the range (100.4) diverges as the cube of the 
logarithm, but only as the square of the logarithm at the boundaries of the range. In 
the logarithmic approximation (log y > 1), therefore, the range (100.4) is in fact the 
most important one, and the integral can be taken over the range from m to my. 
Since 


J log £(log y - log £) ^ = 1 log 3 y, 

1 

the total pair production cross-section is 

9© 1 

cr = ^ rl(Z { Z 2 a) 2 log 3 (100 - 5) 

(L. D. Landau and E. M. Lifshitz, 1934). 

Let us now consider the case of non-relativistic velocities of the colliding 
nuclei. The change in their motion due to their interaction then becomes important, 
and the main contribution to the pair production cross-section comes from 
diagrams of the second type in (100.1). There are four such diagrams: two of them 
are 


p; —1—-— p, p; —n—-— Pi 

1 1 

p; ■ - 1 . — '—.— p 2 p; ——j—•— 1—— p 2 (100.6) 

I k I I 

I k , k 

p_ ——J-*-p + p_ ---‘--—_ p+ 

and the other two are similar except that the virtual photon k (which produces the 
pair) is emitted by the first nucleus and not by the second.t 

We shall suppose that the energy of the pair is small compared with the kinetic 
energy of the relative motion of the nuclei in their centre-of-mass system: 

e+ + (100.7) 

where v is the initial relative velocity and M = MiM 2 /(Mi + Af 2 ) is the reduced mass 
of the nuclei. Then the reciprocal effect of pair production on the motion of the 
nuclei can be neglected. If the electron-positron line in the diagrams (100.6) is 
omitted, the remainder will represent the emission by the colliding particles of a 

t Altogether 36 diagrams correspond to pair production in a collision between two electrons: 
2! x 3! = 12 diagrams of type a, differing by interchanges of the two initial and three final electrons, and 
2 x 2! x 3! = 24 diagrams of type b, obtained in a similar way from the two diagrams (100.6). 
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low-frequency virtual photon (co = e+ + b_). Thus we return to the situation dis¬ 
cussed in §98 for the emission of a real soft photon, and can use the formula (98.13) 
derived there for the non-relativistic case (except that the amplitude V(47 t)b* of 
the real photon will be replaced by the virtual photon propagator).t Thus the 
amplitude of the whole process of pair production becomes 

M fi = Mf±(2£-^^D*(k)[-ie{u-y*u + y\, (100.8) 


where q = (0, q), q = M(v' - v). 

As usual, the photon propagator in the non-relativistic case is to be taken in the 
gauge (76.14). From the amplitude (100.8) we find the cross-section for the process: 


da = da ei • 


Z 2 \ 2 _ d 3 p+ d 3 p_ _ 

M 2 ) 2e+ • 2e-(27r) 6 a) 2 («> 2 - k 2 ) 2 


(4it) 2 |h-7 • Qu+| 2 , 


(100.9) 


where 


co = e + + e-, k = p+ 4- p~, Q = q - jk(q*k); 

CO 

do-gi is the cross-section for elastic scattering of one nucleus by the other, in their 
centre-of-mass system, and is given by Rutherford’s formula:!: 

do- d = 4(Z\Z 2 e 2 ) 2 M 2 do/q 4 

« 4(Z,Z 2 c 2 ) 2 (100.10) 

v q 

the last equation assumes that the deviation of the nuclei from their original 
direction of motion (the x-axis) is small. Substituting this expression in (100.9) and 
summing over polarizations of the pair in the usual manner, we obtain 

da = (Z x Z 2 e 2 ) 2 (|^ ~ |jr) x 

X tr{(yp_ + m)( 7 • Q)(yp + - m)(y • Q)> (1 °°- 11) 

The remaining calculation is made in the approximation in which all the 

t In the non-relativistic case, the photon momentum is small in comparison with the change in 
momentum of the radiating particles (|5p| ~ co/v), and can therefore be neglected, in comparison with 5p, 
even when the photon energy is not neglected. This applies a fortiori here to the virtual photon, for 
which the four-dimensional square k 2 = ( p+ 4- p-) 2 > 0, so that |k| < <*>. Under these conditions there is no 
difference between real and virtual photons, and the use of formula (98.13) is thereby justified. 

t The diagrams (100.6) are shown on the assumption of the Born approximation for scattering of 
nuclei. But, since Rutherford’s formula is exact (for Coulomb interaction), the validity of the results 
obtained does not in fact depend on the fulfilment of the condition for the Born approximation to be 
valid. 
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logarithms occurring in the integration are assumed large. We shall see that, to this 
accuracy, pair energies e+, e~> m and angles 6 between p+ and p_ such that 

mle<6<$ 1 (100.12) 

are the most important. With the appropriate approximations, the calculation of the 
trace in (100.11) gives 

tr{.. ■} = 4^(e + e_-p + • p_)(q 2 -) + 

+ 2(p+ • q)(p- • q) + (q • k) 2 - (e+q • p- + e_q • p+)l, 

CO CO 

where we can also put |p+| = e+, |p_| = e_. In the denominator, 

2,7 n2 i 2 (c+ £-) 2 

co -k ~ e+e-6 + m - -—. 

8 + 8 - 


Integration over the directions of p+ and p_, for a given angle between them, gives 


2x2 /Zi Z2_\ ( 2 , 


d(J 3t t 2 ^ ZxZie ^ v 2 \M! M 2 ) ^ e+ + e -^ de+ de ~ x 


dq y dq z 


[0 2 + m 2 (e+ + e-) 2 le 2 +e 2 -] 2 q 2 


(100.13) 


The form of the dependence on 0 confirms the hypothesis (100.12), and 
integration with respect to 6 gives log[e+e-/m(e+ + e_)]. Integration of the last 
factor in (100.13) is from q y = q z = 0 to V(q 2 + q 2 ) ~ 1/jR, where jR is a quantity of 
the order of the radius of the nuclei (corresponding to the smallest impact 
parameters; see below). This integration gives 

[tt log(q* + q 2 y + q 2 z)] q q ft z =o IR * 2 ir log ~ 

The total energy of the pair, equal to the change in the energy of the nuclei, is 


e =(e++ 8-) = \M(V 2 - v 2 ) ~ Mv(v x - v x )= vq x , 


whence q x = e/v. Thus we find 


(f-7 rj „ 2\2 e 4 m 2 l Z 2 Z\ \ 2 8+ + 8- , V , 8 + 8- J J 

-(Z'Z2e) -^( W2 - W J log^ log ds.de- 


2 
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and, after integration over de+ or de- with a given sum e , 
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, 32 2 2 e 4 m 2 /Z 2 



log ^ log 


e de 

m e 


(100.14) 


The energy e may be correlated with the impact parameter p — r/e; the pair 
energy is of the order of the frequency which corresponds to the collision time. 
Hence the logarithmic divergence on integration over de in (100.14) implies a 
similar divergence with respect to impact parameters. This means that large values 
of p are important (and this, incidentally, justifies the use of the cross-section 
(100.10) for scattering in the purely Coulomb field of the nucleus). Accordingly, the 
important range of energy is given by m e < v/R. Integration of (100.14) gives the 
total pair production cross-section; the final result is (in ordinary units) 





Z 2 m 

M 2 



hv 

mc 2 R 


(100.15) 


(E. M. Lifshitz, 1935).f 


§ 101. Emission of a photon by an electron in the field of a 
strong electromagnetic wave 

The application of perturbation theory to processes of interaction between an 
electron and a radiation field requires not only that the interaction constant a 
should be small but also that the field should be sufficiently weak. If a is the 
amplitude of the classical 4-potential of an electromagnetic wave field, the charac¬ 
teristic quantity in this respect is the dimensionless invariant ratio 

£ = eV(-a 2 )/m. (101.1) 

In this section we shall consider emission processes occurring in the interaction 
of an electron with a field of a strong electromagnetic wave, for which £ can have 
any value. The method used is based on an exact treatment of this interaction; the 
interaction of the electron with the newly emitted photons can, as before, be 
regarded as a small perturbation (A. I. Nikishov and V. I. Ritus, 1964). 

Let us consider a monochromatic plane wave, say a circularly polarized one. Its 
4-potential may be written in the form 

A = ai cos </> + a 2 sin </>,</> = kx, (101.2) 

where = (to, k) is the wave 4-vector ( k 2 = 0), and the 4-amplitudes a x and a 2 are 
equal in magnitude and orthogonal: 

a 2 = a\ = a 2 , aia 2 = 0. 


A numerical error was corrected by L. B. Okun’ (1953). 
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We shall assume that the Lorentz gauge condition is applied to the potential, so 
that aik = a 2 k = 0. 

The exact wave function for an electron in the field of an arbitrary plane 
electromagnetic wave has been derived in §40, and is given by formulae (40.7) and 
(40.8). We shall, however, change the normalization by making if/ p correspond to 
unit mean spatial number density of particles, in the same way as the wave 
functions of free particles are normalized to “one particle in unit volume”. Since 
the mean density for the function (40.7) is j 0 = qolpo , in order to obtain the required 
normalization this function must be multiplied by V(po/qo), i.e. the factor 1/V(2p 0 ) 
in (40.7) must be replaced by 1/V(2q 0 )- For a wave with the 4-potential (101.2), we 
find 

«/»p = [i + 2(fpj Xyk)(ya ,) cos ^ + (v k Xv a 2) sin 4>}] ^ffqo) X 

x exp j - ie sin $ + ‘ e cos $ ~ ‘Q x }> (101.3) 

where 


^ =pfl - e 2 mj k * (10h4) 

According to (40.14), the 4-vector q is the mean 4-momentum of the electron; we 
shall call it the quasi-momentum. 

The S -matrix element for a transition of the electron from the state if/ p to the 
state ij/ P ' with emission of a photon having 4-momentum k^ = (a/, k') and polariza¬ 
tion 4-vector e' is 


Sfi = -ie J ^2oj') d * X ' 

The integrand in (101.5) is a linear combination of the quantities 

p -iaj sin (f> + ia2 cos <f> 

COS (j> ■ e -‘^ sin <l> + ia 2Cosi^ 

sin <f> ■ e -‘«,»++i« 2 co.+ j 

where 


a\ = e 


flip 

kp 


fli P' \ 

kp’r 


Ot-2 




Q2P' \ 

kp’r 


(101.5) 


( 101 . 6 ) 


These quantities, together with the factor exp[i(k' + p’- p)x], give the whole 
dependence of the integrand on x. We expand them in Fourier series, denoting the 
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expansion coefficients by B s , B u , B 2s respectively; for example, 

^-icq sin </> + ia 2 cos </> _ ^-iV(a?+a2) sin(4>-4> 0 ) 

= 2 B, 

S-—co 

These coefficients can be expressed in terms of Bessel functions by the formulae 
B s = J,(z) e is *\ 

By - - 2 [/ s+ i(z) e i(s+1) *° + Js- t (z) (101.7) 

b 2s = fi tWz) e i(s+1) *° - J.-i(z) e‘ ( * _w# ], 

where 

z = V(a? + a 2 ), cos = ai/z, sin c^ 0 = cl 2 \z. 

The functions B s , Bi s , B 2s are related by 

aiBi s + a 2 B 2s — sB s , (101.8) 

which follows from the familiar relation 

Js-i(z) + J s + i(z) = 2 sJ s (z)lz 

between the Bessel functions. 

The matrix element (101.5) then becomes 

S/i = ( 2 o ’ - . 2 q 0 . 2 qi) ia ? M ^) 4 * 8<4> ( sk + ~ q' - k '); ( 101 - 9 ) 

we shall not give here the fairly complicated expressions for the amplitudes Mjf\ 
Thus S/i is an infinite sum of terms, each corresponding to a conservation law 

sk + q = q' + k'. (101.10) 

Since 

q 2 = q' 2 = m 2 (l + ^ 2 ) = ml (101.11) 

(cf. (40.15)), and k 2 = k' 2 = 0, the equation (101.10) can be satisfied only if s ^ 1. The 
sth term of the sum describes the emission of a photon k' by the absorption from 
the wave of s photons with 4-momenta k. The form (101.10) shows that all the 
kinematic relationships which occur for the Compton effect will apply to the proces¬ 
ses considered here if the electron momenta are replaced by the quasi-momenta q 
and the incident photon momentum by the 4-vector sk. In particular, the frequency 
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of the emitted photon in the frame of reference where the electron is at rest on 
average (q = 0, q 0 = m *) is 


_SCO_ 

1 + (sco/m *)(1 - cos 6 y 


( 101 . 12 ) 


where 0 is the angle between k and k'; cf. (86.8). We may say that the frequencies 
o) f are harmonics of co. 

In the notation previously used (§64), the amplitude of the process of emission 
of the sth harmonic is M}- } , and the expression 

dW - - |MW <2 "> ,s "’< sk+ «- ■- *■> <>» u3 > 


gives the corresponding differential probability per unit volume and unit time.t 
The amplitudes have a structure similar to that of the scattering amplitudes 
with plane waves, ii(p f )... u(p); the operations of summation over polarizations of 
the particles are therefore carried out in the usual manner. After summation over 
the polarizations of the final electrons and the photon and averaging over the 
polarizations of the initial electron, we have 


dW s = dk 'f 8 <4> ($k + q-q’-k')x 
4-rr q 0 q oco 


{- 2Jl(z) + £ 2 (l 4- 2(kMpj) (J ' +I +Jl '~ 2J?) }' (1 ° L14) 


In order to integrate this expression, we note that, owing to the axial symmetry 
of the field of a circularly polarized wave, the differential probability is independent 
of the azimuthal angle $ around the direction of k. This fact, together with the 
presence of the delta function, enables us to integrate over all variables except one, 
which we take to be the invariant u = (kk')f(kp'). Then, after integration over 
d 3 k d(j> d(qb + a/), we find 


8 (4) (sk + q-q'-k') 


d 3 q'd 3 k' 

qb<*>' 


2 tt du 


For, in the centre-of-mass system (in which sk + q = q + k' = 0), this integration 
gives 27r|q / |d cos dlE s , where E s = sco + q 0 = (o' + qb and 6 is the angle between k 
and q'; cf. the transformation (64.12). In the same system, moreover, 

E s 1 , * E s du 

n f J;l rt 1 > d COS 0 7 /i/i i • 

q,)~ |q I cos 0 |q |(1 + u) 


t It should be noted that the normalization of the functions i f/ p to unit density corresponds to 
normalization by the delta function “on the ql2ir scale”; cf. (40.17), where the factor q 0 /p 0 on the right 
will now be absent. It is for this reason that the number of final states of the electron must be measured 
by the element d 3 q'!(2ir) 3 . 
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0^ u ^ u s = E 2 s lml~l 
= 2 s(kp)/m|; 

in making the transformations it must be remembered that kp = kq. 

Thus the total probability of emission from unit volume in unit time is 


.U » r 


^ = 2^=^ | 77^7^2 j~ 4J l ( z ) + £ 2 (2 + h + jT s-i - 2J s)}, 


4q u ^ J (1 + m) ; 
o 


(101.15) 


wheret 


u = (kk ')/(kp '), u s = 2s(kp)lml, 

-’-■vnWfcK)]- 


(101.16) 


When £ 1 (the condition for perturbation theory to be valid), the integrand in 

(101.15) can be expanded in powers of £. For example, the first term in the 
expansion of W\ is 


Wi = 



2-f • 


u 


1 + u 




du 


e 2 m 2 .2 

4p 0 * 



+ Mi) + ~ + 


_ 8 _ 

Ml 


2(1 + Mi) 2 


(101.17) 


with U\ ~ 2(kp)/m 2 . This result agrees, as it should, with the Klein-Nishina formula 
for the scattering of a photon by an electron: putting in (101.17) -a 2 = 4irla), 
£ 2 = 4iTe 2 lm 2 a), and dividing by the incident flux density (64.14), we return to (86.16) 
(the integrated scattering cross-section is independent of the initial polarization of 
the photon ).t 

The expression for the probability of emission of the second harmonic (the first 
term in the expansion of W 2 for £ 1) is 

t To calculate z, we first note that 


z 2 = (a,Q) 2 + (a 2 Q) 2 = a 2 Q 2 . 

where Q = ql(kq)- q'l(kq'). This is easily shown by choosing a frame of reference in which (ai) 0 = 
(a 2 )o = 0 and the vectors ai, a 2 , k are along the axes x\ x 2 , x 3 , and noting that Q 0 = Q 3 because kQ = 0. 

$ This value of a 2 corresponds to normalization of the 4-potential to “one particle in unit volume”. 
To determine it, a> must be equated to the energy of a classical field with the (real) 4-potential (101.2). 
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Wo = 


e 2 m 2 e 

Po 


/<n^K)h 


1 + u 


0 

e 2 m 2 ij 4 [1 | 1 4 2 1 

Po U 3 mi mi Mi 2(1 + 2 m 0 



-( 


2m 



log(l +2 m,)]. 


(101.18) 


The leading term in W s for fairly small s is proportional to £ 2s . 

Let us now consider the opposite case (£ > 1). The parameter £ can be made 
large, for instance, by decreasing the frequency o> with a fixed field strength; 
evidently £ = eF/mco, where F is the amplitude of the field strength. It is therefore 
clear that the case £ > 1 essentially refers to processes in a constant and uniform 
field where E and H are orthogonal and equal in magnitude; this will be called a 
crossed field. The probability of emission in this field can be found by taking the 
limit £ -> oo, but it is simpler to assume a constant field in the calculations, taking the 
4-potential in the form 


A* = a^cf), (j> = kx, ak = 0 


(101.19) 


(so that F^ v = k^a v - k v a^ = constant). The exact wave function of the electron in 
this field is obtained by substituting (101.19) in (40.7), (40.8): 



(yk)(ya) 
2 (kp) 


*] 



( ap ) 
2 (kp) 


<f> 2 + ie 2 


6 (kp) 


4> 


-ipxj. 


( 101 . 20 ) 


The result given by using this function is exact for emission by an electron with 
any energy in a crossed field. However, in the ultra-relativistic case this result 
(when put in the appropriate form; see below) applies to emission by an electron 
not only in a crossed field but in any constant and uniform electromagnetic field, 
including a constant magnetic field as discussed in §90. 

To formulate this assertion we note that the state of a particle in any constant 
and uniform field is defined by as many quantum numbers as the state of a free 
particle, and these may always be so chosen as to become, when the field is 
removed, those of a free particle, i.e. its 4-momentum p 11 (p 2 = m 2 ). Thus the state 
of a particle in a constant field is described by a constant 4-vector p. 

The total intensity of emission, being an invariant, depends only on the 
invariants which can be constructed from the constant 4-tensor F^ v and the 
constant 4-vector p*\ Since F ^ can appear in the intensity only in combination with 
the charge e , we obtain three dimensionless invariants: 

X 2 =--^6 (*VP v f = - ^6 a 2 (kp) 2 , 
f = e 2 (F„ p ) 2 lm 4 , 


( 101 . 21 ) 
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In a crossed field f = g = 0, whereas in general all three invariants are non-zero. If 
the electron is ultra-relativistic (p 0 >m), however, and the vector p makes angles 
6 >mlp 0 with the fields E and H, then * 2 >/, g (that is, for an ultra-relativistic 
particle any constant field appears to be a crossed field for almost all directions p). 
If also the fields |E|, |H|<^m 2 /e (= m 2 c 3 /eft), then |/|, |g|<^l.t Under these con¬ 
ditions the intensity calculated for a crossed field and expressed in terms of the 
invariant x will apply also to the emission in any constant field. 

The invariant x is given in terms of the fields E and H by 

X 2 = {(p x H + P°E )2 — (p • E )2} . 

For a constant magnetic field, x is equal to the quantity (90.3), and the above 
arguments are therefore another means of deriving the results in §90.$ 


t And p in x may be regarded, with the same accuracy, as being the ordinary 4-momentum of the 
particle. 

t A detailed account of the theory of various processes in strong fields is given in the review papers 
by A. I. Nikishov and V. I. Ritus in Proceedings (Trudy) of the P. N. Lebedev Physics Institute, Vol. 
Ill, pp. 5 and 152. 
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EXACT PROPAGATORS AND VERTEX PARTS 


§ 102. Field operators in the Heisenberg representation 

Hitherto, in considering various specific processes in electrodynamics, we have 
used only the first non-vanishing approximation of perturbation theory. We shall 
now go on to discuss the effects which occur in higher approximations. These are 
called radiative corrections. 

A better understanding of the structure of the higher approximations can be 
obtained by first examining some general properties of exact scattering amplitudes 
(i.e. those which have not been expanded in powers of e 2 ). We have seen in §72 
that the successive terms of the series in perturbation theory can be expressed 
in terms of the field operators in the interaction representation, whose time depen¬ 
dence is determined by the Hamiltonian H 0 of a system of free particles. The exact 
scattering amplitudes, however, are more conveniently expressed in terms of the 
field operators in the Heisenberg representation, where the time dependence is 
determined by the exact Hamiltonian H = H {) f V of a system of interacting 
particles. 

The general rule for constructing the Heisenberg operators gives 

i£(x) = ip(t, r) - (102.1) 

and similarly for ij/(x) and A(x), i//(r), etc., being time-independent (Schrodinger) 
operators.! It may be noted immediately that the Heisenberg operators for a given 
time obey the same commutation rules as the operators in the Schrodinger 
representation or the interaction representation: for example, 

{Ut, r)$ k (t, r')}, - e ikt {Ur)^)} + e- lkt = yl 8(r- r'); (102.2) 

cf. (75.6). Similarly, the operators i//(t, r) and A(t, r') commute: 

{Wf,r),A(f,rO}- = 0, 

but this does not hold good for operators pertaining to different times. 

The “equation of motion” satisfied by the Heisenberg ^-operator can be 
derived from the general formula QM, (13.7): 

- i = Htp(x) - 4i(x)H. (102.3) 

ot 

t In this chapter, operators with a time argument belong to the Heisenberg representation; those in 
the interaction representation will be given the suffix int. 


456 



§102 


Field Operators in the Heisenberg Representation 


457 


The Schrodinger and Heisenberg representations are the same as regards the 
Hamiltonian, which is expressed in the same way in terms of the field operators. 
Here, to calculate the right-hand side of (102.3), we may omit from the Hamiltonian 
the part which depends only on the operator A(x) (the Hamiltonian of the free 
electromagnetic field), since this part commutes with 4/(x). According to (21.13) and 
(43.3), 


H=j if/*(t, r)(oL • p + pm)ij/(t, r)d 3 x + e J i f/(t, r)(yA(t , r))ij/(t, r) d 3 x 

= J $(t, r){yp + m 4- e(yA(t , r))}^(t, r) d 3 x. (102.4) 

When the commutator {H, ip(t, r)}_ is calculated from (102.2) and the delta func¬ 
tion is eliminated by integration over d 3 x, we get 

(yp ~ eyA - m)ift(t, r) = 0. (102.5) 

As we should expect, the operator tjf(t, r) satisfies an equation which is formally the 
same as Dirac’s equation. 

The equation for the electromagnetic field operator A(t, r) is obvious from the 
correlation with the classical case. When that case applies, i.e. when the occupation 
numbers are large (cf. §5), the operator equation must become the classical 
Maxwell’s equation for the potentials, Fields (30.2), after averaging over the state 
of the field. It is therefore clear that the equation for the operator is simply the 
same as Maxwell’s equation, so that we have (for an arbitrary gauge) 

d v d^{x)~ d^d^A v {x) = -4ire] v (x), (102.6) 

where j v (x) = ijj(x) y v ijf(x) is the current operator, satisfying identically the equa¬ 
tion of continuity 


d v j v (x) = 0. (102.7) 

It is important to note that the equations (102.6) are linear in A* and j^, and the 
question of the sequence of these operators therefore does not arise. 

Like the similar equations for wave functions, the operator equations (102.6) 
and (102.7) are invariant under the gauge transformation 


A # 1 (x)->A # 1 (x)-a^(x), 

4f(x)->4f(x)e ie * , 
tj/(x)->e~ ie *ij/(x) 9 


( 102 . 8 ) 


where £(x) is any Hermitian operator which commutes (at a particular time) with 
iff.t 


t This refers specifically to the Heisenberg (//-operators. In the interaction representation, the gauge 
transformation of the electromagnetic potentials does not affect the (//-operators. 



458 


Exact Propagators and Vertex Parts 


§102 


Let us now ascertain the relationship between the operators in the Heisenberg 
representation and those in the interaction representation. To simplify the dis¬ 
cussion, it is convenient to make the formal assumption (which will not affect the 
final result) that the interaction V(t) is adiabatically “switched on” from t = —o° to 
finite times. Then the Heisenberg and interaction representations are the same for 
f-> —oo 9 and the wave functions of the system, d> and d> int , are the same: 

®int a = -00) = $. (102.9) 

But the wave function in the Heisenberg representation is independent of time 
(since the whole of the time dependence is in the operators); in the interaction 
representation, the time dependence of the wave function is given by (72.7): 

®int(0 = S(f, -oo)<p int (-oo), 

where 

h 

S( t z , ti) = T expj-i f V(t') dt'}, 

*1 

and the following properties of S are obvious: 

S(t, t 1 )S(t 1 , t 0 ) = S(t, to), | 

S- 1 (t,t l ) = S(t l ,t).j 

Comparison of (102.10) and (102.9) gives 

<*>int(D = S(f,-00)$ 

as the relation between the wave functions in the two representations. The operator 
transformation formula is similarly 

>P(t, r) = r)S(t, —°°) 

(102.14) 

= S(-°o, r )S(t, -oo), 


( 102 . 10 ) 


( 102 . 11 ) 


( 102 . 12 ) 


(102.13) 


and likewise for if/ and A. 

One further general remark may be added. It has already been mentioned more 
than once that, in relativistic quantum theory, the physical significance of the field 
operators is very limited because the zero-point fluctuations are infinite. This is 
even more true of operators in the Heisenberg representation, which contain also 
divergences due to the interaction. In this chapter, §§102-109 deal with the formal 
theory, which ignores the question of eliminating these singularities and which 
treats all quantities as if they were finite. The results thus obtained have mainly 
heuristic value: they lead to a fuller understanding of the significance of the 
expansions given by perturbation theory, and they may also remain valid in some 
form in a future theory which is free from the present difficulties. 
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§ 103. The exact photon propagator 

The concepts of exact propagators play a central role in the formalism of the 
exact theory (i.e. without expansion in powers of e 2 ).t 

The exact photon propagator (denoted by the script letter 2) is defined by 

- x') = i <0|T(x)A v (x')|0), (103.1) 

where A^(x) are Heisenberg operators, in contrast to the definition (76.1): 

D, v (x - x f ) = i(0|TAi? t (x)Ai nt (x')|0), (103.2) 

in which the operators in the interaction representation were used. The function 
(103.2) may be called the free (or bare)-photon propagator to distinguish it from 
the exact propagator (103.1). 

Since the mean value in (103.1) cannot be exactly calculated, it is impossible to 
obtain an exact analytical expression for 2 ^, although the definition does lead to 
some general properties of this function, as will be discussed in §111; here we shall 
consider the calculation of 2 ^ v by perturbation theory, using the diagram tech¬ 
nique. For this purpose, we must express 2^ v in terms of the operators in the 
interaction representation, 
in the interaction representation. 

First, let t > t'. Using the relationship between A(x) and A int (x) (cf. 102.14)), we 
can write 


2 ILV (x “ *') = KOlA^COA^OOlO) 

= i< 0 |S(-cc, t)Ajr*(x)S(t, -°°)S(-°o, n x 
x Al n, (x')S(t\ -co)|o). 

According to (102.12) we can make the substitutions 

§(t, -cc)s(-cc, n = s(t, n, 

t ) = t). 

Then 

%„(x - x') = i<0|S-'[SK t)Aj , (x)S(t, f')A‘"‘(x')S(t', -°°)]|0), (103.3) 

with 

$-,$(+00,-00). (103.4) 

Since, according to the definition (102.11), S(t 2 , fi) includes only operators for times 

t These concepts were introduced by F. J. Dyson (1949), who also developed essentially the whole 
of the treatment given in this chapter. 
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between t x and t 2 arranged in chronological sequence, it is evident that all the 
operator factors in the brackets in (103.3) are in order of decreasing time from left 
to right. If the time-ordering symbol T is placed before the bracket, we can 
rearrange the factors in any manner, since the operator T will automatically put 
them in the necessary order. Then we write the bracket as 

[■■•] = t)S(t, t')S(t', -oo)] 


Thus 


%Ax ~ x' ) - i(0|S- 1 T[A , f r t (x)Al nt (x')S]|0). (103.5) 

It is easily shown by a similar argument that this formula is also valid if t < t'. 

We shall now prove that the factor S _1 can be taken outside the averaging over 
the vacuum to form a phase factor. To do so, we recall that the Heisenberg vacuum 
wave function d> is the same as the value d^- 00 ) of the wave function of the same 
state in the interaction representation (see (102.9)). From (72.8), 

Sd> int (-oo) = S(+oo, -oo)<p int (-oo) = <F int (+oo). 


The vacuum is a strictly stationary state, in which no spontaneous processes of 
particle generation can occur. In other words, in the course of time the vacuum 
remains the vacuum; this means that d> int (+oo) can differ from only by a 

phase factor e la . Hence 

S<D int (-«0 = e ia d> int (-oo) = (0|S|0)d> int (-o°), (103.6) 

or, taking the complex conjugate and using the unitarity of the operator S, 

= (0|S|0>-'<Df nt (-~). 

Hence it is clear that (103.5) can be written 


%„(x -x') = 


<oiTAir i (x)A i r(x')sio) 

<0|S|0> 


(103.7) 


Substituting in the numerator and the denominator the expansion (72.10) for S 
and averaging by means of Wick’s theorem (§77), we get an expansion of 9)^ in 
powers of e 2 . 

In the numerator of (103.7), the quantities to be averaged differ from the matrix 
elements of the type (77.1) only in that the “external” photon creation and 
annihilation operators are replaced by AJf(x) and Af\x r ). Since all the factors in the 
products to be averaged are preceded by the time-ordering symbol, the pairwise 
contractions of these operators with the “internal” operators A lnt (*i), A int (x 2 ),... will 
give the photon propagators D^ v . Thus the results of the averaging are expressed by 
sets of diagrams with two free ends, constructed in accordance with the rules in §77, 
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except that propagators D^, not the amplitudes e of real photons, correspond to 
external (and internal) photon lines. In the zero-order approximation, with S = 1, the 
numerator of (103.7) is simply D^ v (x -x'). The next non-zero terms will be 
of the order of e 1 . They are represented by a set of diagrams having two free ends and 
two vertices: 


-~o- 

a 


o 

+ 

b~" 


(103.8) 


The second of these diagrams consists of two disconnected parts: a broken line 
(corresponding to ~iD^ v ) and a closed loop. The separation of the parts of the 
diagram signifies that the corresponding analytical expression separates into two 
independent factors. On adding to the diagrams (103.8) the zero-order ap¬ 
proximation diagram (a single broken line) and “taking it outside the brackets”, we 
find that the numerator in (103.7) is, as far as second-order terms, 

— | ■ ♦ o>} + —O— 


The expression (0|S|0) in the denominator of (103.7) is the amplitude of the 
“transition” from the vacuum to the vacuum. Its expansion therefore contains only 
diagrams without free ends. In the zero-order approximation, (0|S|0) = 1, and as far 
as second-order terms we have 


( ■ * ] 

When the numerator is divided by the denominator we get, to the same order, the 
expression 



Thus the diagram with the detached loop does not occur in the result. This is a 
general theorem. Having regard to the way in which the diagrams are constructed 
which correspond to the numerator and denominator in (103.7), we can easily see 
that the role of the denominator (0|S|0) is simply to ensure that in all orders of 
perturbation theory the exact propagator 3)^ v will be represented only by diagrams 
which do not contain separated parts. 

The diagrams with no free ends, forming closed loops, have no physical 
significance and need not be taken into account, quite apart from the fact that they 
disappear when the propagator 25 is formed. Such loops represent radiative 
corrections to the diagonal element of the S-matrix for a vacuum-vacuum tran¬ 
sition; but, according to (103.6), the sum of all these loops, together with the unity 


QE4 - EE 
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given by the zero-order approximation, gives only an unimportant phase factor, 
which cannot affect any physical results. 

The change from the coordinate representation to the momentum representation 
is made in the usual way. For example, in the second-order approximation of 
perturbation theory, the propagator -i^(k), which will be shown by a thick 
broken line, is the sum 


p+k 

-- ~ -- +-- b - (103.9) 

k k k k 

P 

in which all the diagrams are calculated by the general rules given in §77 except 
that factors -iD^(k) are assigned to the external as well as the internal photon lines. 
In analytical form, we therefore havet 

9V,(fc) - D^k) + ie 2 D,u(k) f tr 7 X G(p + k)y»G(p) 0 D p ,(k); (103.10) 

the bispinor indices of the matrices y and G are, as usual, omitted. 

The terms in subsequent approximations are constructed in a similar manner, 
and are represented by sets of diagrams having two external photon lines and the 
appropriate number of vertices. For example, the terms in e 4 correspond to the 
following four-vertex diagrams: 


The diagram 


o-o 

Q 


(103.11) 


also has four vertices; its upper part is a loop formed py a single “self-closed” 
electron line. Such a loop corresponds to the contraction i//(x)yi//(x), i.e. to the value 
of the current averaged over the vacuum: (0|j(x)|0). But, by the definition of the 
vacuum, this quantity must be zero identically, and the identity cannot of course be 
altered by any further radiative corrections to such a loop.t Thus no diagrams 
having “self-closed” electron lines need be considered in any approximation. 

t The factor -1 from the closed electron loop must be taken into account when deriving the signs. 

$ Although a direct calculation from the diagrams would lead to divergent integrals. 
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The part of a diagram which lies between two (external or internal) photon lines 
is called a photon self-energy part. In the general case, it can itself be divided into 
parts joined in pairs by a single photon line, i.e. it has a structure of the form 

Or-Or- .... -rO 

where the circles denote parts which cannot be further subdivided in the same 
manner; such parts are said to be compact or proper. For example, the first three 
of the four fourth-order self-energy parts (103.11) are compact. 

Let i&^JAir denote the sum of the infinity of compact self-energy parts. The 
function 0V„(k) is called the polarization operator. When the diagrams are classified 
by the number of compact parts which they contain, the exact propagator 3)^ can 
be put in the form of a series 



where i&^J4 tt corresponds to each shaded circle. The analytical form of this series is 


op op op 

= D + Df-D + Df-D-j—D+- 
47T 47T 47T 

= d{ 1 + £[d + d£d + ...]}. 


(103.12) 


where the indices are omitted, for brevity. The series in the brackets is again 3. 
Hence 


2Uk) = D^k) + D^(k) % v (k). (103.13) 

Multiplying this equation on the left by the inverse tensor (D -1 ) T/A and on the right 
by (25 _1 ) w , and renaming the indices, we get the equivalent form 

= (103.14) 

It must be emphasized that writing 3) in the form (103.12) assumes that the 
diagrams can be broken down into simpler parts calculated by the general rules of 
the diagram technique, and that the combination of such parts gives the correct 
expressions for the entire diagrams. The admissibility of this breakdown of the 
diagrams is an important and by no means trivial feature of the diagram technique, 
which arises from the fact that the overall numerical factor in the diagram does not 
depend on the order of the diagram. 
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The same property enables us to use the function 3) (assumed known) to 
simplify the calculations of the radiative corrections to the amplitudes of various 
scattering processes: instead of treating afresh each time the diagrams with 
different corrections to the internal photon lines, we can simply make these lines 
thick, i.e. assign to them the propagators 3 (instead of D ) in the appropriate 
approximation. 

If the photon line corresponds to a real and not a virtual photon, i.e. if it is a free 
end of the whole diagram, the application to it of all the self-energy corrections 
gives what is called an effective external line. It corresponds to the expression 
obtained from (103.13) by replacing the factor D by the polarization amplitude of the 
real photon: 

^ + (103.15) 

For an external-field line, e^ in this expression is to be replaced by A ( *\ 

The discussion in §76 of the tensor structure and the gauge non-uniqueness of 
the approximate propagator D^ v applies to the exact function 3^ v also. Considering 
only the relativistically invariant representations of this function, we can write it in 
the general form 

2 Uk) = m 2 ) (g^-^) + ® (,) (fc 2 )^r; (103.16) 

the first term corresponds to the Landau gauge, and in the second term 3 (l) is a 
gauge-arbitrary function. The corresponding form of the approximate propagator! is 

D^ik) = D(k 2 ){g^-^j + D m (k 2 )^. (103.17) 

The longitudinal part 3 (l) of the propagator is related to the longitudinal part of 
the potential 4-vector, which has no physical significance. It is therefore not con¬ 
cerned in the interaction and is unaffected by the latter, so that 


3 (l) (k 2 ) = D (l \k 2 ). 


(103.18) 


The inverse tensors must, by definition, satisfy the equations 

3~\ v 3 kv = bl D~\ v D kv = 8$,. 

When the original tensors have the form (103.16) or (103.17), the inverse tensors 
are, from (103.18), 


3-1 =±(g _^\+4n^ 

/ + D m k 2 ’ 

_ 1 / kjc„\ , 1 kjq, 

D ^ ~p~J + £>«) £2 • 


(103.19) 


t In this formula D (l> is not the same as in (76.3). 
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3^ = ^(k 2 )(g^-^), (103.20) 

where 3P = k 2 - 47 tI3), or 

<> 03 - 2 » 

Thus the polarization operator, unlike the photon propagator itself, is a gauge- 
invariant quantity. 


§ 104. The self-energy function of the photon 

In order to examine further the analytical properties of the photon propagator, 
it is useful to define, as well as the polarization operator, another auxiliary function 
IV(k), called the self-energy function of the photon: iII^/47r is defined as the sum 
of all self-energy photon parts (not only the compact ones). If this sum is 
represented in the diagram by a square, we can write the exact propagator as the 
sum 


k 


+ 


k 


k 


i.e. 


U kp 

D, v H“ DjxX. ^ Dpv 


(104.1) 


Hence, expressing as 


^ - D-V 

and substituting (103.16) and (103.19) followed by (103.21), we get 

n„ = n (k 2 )(g^-^), n = r: | w (104.2) 

Thus n^, like is a gauge-invariant tensor. 

The usefulness of arises from the expression for it in the coordinate 
representation. This is easily found by noting that the equation 


~ n M „(k) = D-VD-VO^k) - D Xp (k)} 
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in which the tensor Q) xp - D Xp is transverse by (103.18), can be written in the 
coordinate representation 

IWx - X') = ± (d„d x - g^d^Xdld’-g^^d^H^ix - x') - D Ap (x - X')}. 

In order to carry out the differentiation, we must substitute 

9) Xp {x - x') - D Xp (x - x f ) = i(0\TA k (x)A p (x') - TAf nt (x)Af n t(x')|0>. (104.3) 

In §75 we have seen that the differentiation of a T product generally demands 
caution, because the product has discontinuities. But the difference that is to be 
averaged in (104.3) is continuous, and so are its first derivatives, since the com¬ 
mutation rules are the same for the components of the operators A x (x) and A^x) 
for a given time, and the corresponding discontinuities cancel out (cf. §75). The 
difference in (104.3) may therefore be differentiated under the symbol T. According 
to (102.6) and the corresponding equation with zero on the right for the free 
electromagnetic field operators A£ t (x), the result is 

n^(x - x') = 4ine 2 (0|Tj fl (x)j„(x')|0). (104.4) 

This shows explicitly the gauge-invariance of 11^, since the current operators are 
gauge-invariant. 

From (104.4) we can derive an important integral form of this function. 
According to (104.2), it is sufficient to consider the scalar function II = In the 
coordinate representation, 


n(x = ie 2 <0|Tj;(x)r (x')|0> 


47T . 2 

= T ,e 


X <0|j/x(x)|n)(n|j^(x')|0> for t > t’, 

n 

X <0|.lV(x')|n><n|r(x)|0> for t < t'. 


(104.5) 


where n labels the states of the system electromagnetic field + electron-positron 
field.! Since the current operator j(x) depends on x* = (f, r), its matrix elements 
also depend on x. The relationship can be found explicitly by taking as the states 
| n) states which have definite values of the total 4-momentum. 

The time dependence of the current matrix elements, like that of any Heisen¬ 
berg operator, is given by 

<n|j M (t, r)|m) = (n|j f ‘(r)|m)e _i(E "“ E " ) ', 

where E n and E m are the energies of the states | n) and |m), and j(r) is the 
Schrodinger operator. 

t The current operator conserves charge; hence the states |n> in (104.5) can contain only the same 
numbers of electrons and positrons. 
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To determine the coordinate dependence of the matrix elements, we consider 
the operator j(r) as being the result of transforming the operator j(0) by a parallel 
translation over the distance r. The operator of this translation is exp(ir • P), where 
P is the total momentum operator of the system (see QM, (15.15)). Using the 
general rule for the transformation of the matrix elements (see QM, (12.7)), we 
therefore have 


<n|j^(r)|m> = (n\e irP j^(0)e irP |m> 

= (n|j^(0)|m)e ,(Pm_Pn)r . 

Together with the previous formula, this gives finally 

<n|r(t, r)|m> = <n|j ,1 (0)|m)« _i(p -" _p - )x . (104.6) 

The matrix (n|j^(0)|m) is Hermitian, like the matrix (104.6) of the entire operator 
j^(t, r), and according to the equation of continuity (102.7) it satisfies the trans- 
versality condition 

(P n ~ P m )^(u|jV(0)|m> = 0. (104.7) 

Let us now calculate the function TL(x-x'). Substitution of (104.6) in (104.5) 
gives 

n(e) = ^2(0|jV(0)|n)<n|j' i (0)|0)e" iP - f for tSO, (104.8) 

3 n 

where x - x' = £ = (r, £). We use the notation 

p(k 2 ) = - ^ (2tt ) 3 2 <0|j M (0)|n><0|j>(0)|n>*8 (4, (k - P„). (104.9) 

The sum is taken over all systems of real electron-positron pairs and photons that 
can be generated by a virtual photon having 4-momentum k = (co, k) (co > 0), and for 
each such system there is summation over the internal variables (the polarizations 
and momenta of the particles in the centre-of-mass system).! After this summation, 
the function p can depend only on k, and since it is a scalar it can depend only on 
k 2 . In particular, it does not depend on the direction of k. Using these properties of 
p, we can rewrite (104.8) as 


oo 

m) = -i fdojf j0^p(k 2 )e lk f - iwH 

0 

00 00 

= -i J(0fl J d <* d ^ 2 )Hn 2 -k 2 )p(p. 2 )e ik 
0 0 

t This definition of the states |n) is evidently identical with their definition as states for which the 
matrix elements (0|j|n) of a charge-odd operator are non-zero. 



468 Exact Propagators and Vertex Parts 

The momentum representation is obtained by substituting 


§105 


_ 2j w 


00 


/ 


n-& 0 T 1 dko 

ko — o) 2 + i 0 2tt 


(see §76); the result is 


n (k 2 ) = j d(n 2 ) J d(<o 2 )S( n 2 + k 2 - <o 2 ) 1 . Q ; 

0 0 


or, finally,! 


n(k 2 ) = f 

0 


p(/x 2 ) dp 2 

k 2 - p} + iO* 


(104.10) 


(104.11) 


The coefficient p in this integral form is called the spectral density of the 
function fl(k 2 ), and has the properties 


p(k 2 ) = 0 for k 2 <0, 
p(k 2 ) >0 for k 2 >0, 


(104.12) 


since the 4-momentum k of a virtual photon which can generate a system of real 
particles must necessarily be time-like; k 2 is equal to the square of the total energy 
of the particles in their centre-of-mass system. The transversality condition (104.7) 
gives 

PS<0|j^(0)|n)-0. 

The 4-vector (0|j|n) is orthogonal to the time-like 4-vector P n and must be 
space-like: 

<0|jV(0)|n)<0|j^(0)|n>* <0; 
thus, from the definition (104.9), p >0. 


§105. The exact electron propagator 

The exact electron propagator, similarly to that of the photon, is defined by 

% k (x - x') = -i<0|T^(x)^(x')|0) (105.1) 

t The formal calculations analogous to those given above require caution, on account of the 
presence of the divergences previously mentioned. These give rise, in particular, to the occurrence on the 
right of (104.11) of further divergent terms which do not have an explicitly relativistically invariant form, 
called Schwinger terms. They will not be written out here, since they in any case disappear on 
renormalization (§110) and do not affect the subsequent results. 
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where i and k are bispinor indices, which differs from the definition (75.1) of the 
free-particle propagator 


G ik (x - x') = - i(0|Ti/fi nt (x)i/4 nt (*')|0) (105.2) 


in that the ^-operators in the interaction representation are replaced by Heisenberg 
operators. 

The same arguments as were used to derive (103.7) lead to 


% k (x -x') = -i 


mrrjxwnxisio) 

<0|S|0> 


(105.3) 


The expansion of this expression in powers of e 2 puts the ^ function in the form of 
a set of diagrams with two external electron lines and various numbers of 
vertices. The denominator in (105.3) again has the function of retaining only the 
diagrams which do not have detached “vacuum loops”. For example, as far as the 
terms in e 4 , the graphical representation of the propagator (denoted by a thick 
continuous line) ist 


+ 


+ 


+ 


+ 


+ 



+ 



<X (105 - 4 > 


The thick continuous line corresponds to the function i^(p) in the momentum 
representation, and the sets of continuous and broken lines in the diagrams on the 
right of the equation correspond to the free-particle propagators iG and -iD 
respectively. 

The section between two electron lines is called an electron self-energy part. As 
with the photon, it is said to be compact if it cannot be further subdivided into two 
self-energy parts by cutting a single electron line. The sum of all possible compact 
parts will be denoted by ~iM ik ; the function M ik (p) is called the mass operator. For 
example, as far as the terms in e 4 , 



+ 

+ 



+ 


(105.5) 

i . 


t It has already been shown in §103 that there is also no need to take account of diagrams which 
contain “self-closed” lines; these would here appear in the second order: 

0 

l 

i , 
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By a summation exactly similar to the derivation of (103.13), we find 

«(P) = G(p ) + G(p)M(p)V(p) (105.6) 

(omitting the bispinor indices) or, for the inverse matrices, 

^\p) = G-\p)-M(p) 

= yp - m - M{p). (105.7) 


It has already been noted in §102 that the Heisenberg ^-operators (unlike those 
in the interaction representation) are altered by a gauge transformation of the 
electromagnetic potentials. The exact electron propagator ^ is therefore also not 
gauge-invariant. Its gauge transformation behaviour may be derived as follows (L. 
D. Landau and I. M. Khalatnikov, 1952). 

The change in ^ under the gauge transformation must evidently be expressed in 
terms of the same quantity D (,) as is added to the photon propagator by this 
transformation. This is clear, since in the calculation of ^ by the perturbation- 
theory diagrams each term of the series is expressed in terms of the functions D, 
and no other electromagnetic quantities are involved. The analysis can therefore be 
simplified: any special assumptions can be made regarding the properties of the 
arbitrary operator x in the transfromation (102.8), provided that the result is 
expressed in terms of D (,) . 

The transformation (102.8) brings the propagators (103.1) and ^ (105.1) into 
the following forms: 


Stuv -> i<0|T[A„(x) - a^(x)][A v (xO - a;x(x')]|o>, 
% k -> -i<0|T^(x)e^ (x) e-^ (x ' ) iA k (x')|0). 


(105.8) 


We shall now suppose that the operators x are averaged independently of all 
the remaining operators in the T product. This is a reasonable assumption, since 
the “field” x takes no part in the interaction, because of the gauge invariance. We 
also assume that the mean value, over the vacuum, of the operator x * s zero: 
<0|x|0> = 0. Then the terms in x in (105.8) can be separated, and the result is 


2)^ -» 2V, + i<0|Td M x( x ) ’ dix(*')|0>, (105.9) 

% k -*• *i k <0|Te“* ,x V“* ,I ' ) |0>. (105.10) 

The rest of the derivation will be given for the case of an infinitesimal 
transformation, and we shall emphasize this by writing 8% in place of 

The transformation (105.9) may be writtent (independently of the smallness of 

t Formula (105.11) can be derived from (105.9) if the function d (l) and its derivative with respect to t 
are continuous at t = t'; if they are discontinuous, the right-hand sides of these expressions differ by 
delta-function terms (cf. the derivation of (75.2)). In the momentum representation, this condition is 
equivalent to assuming that d (l) (q) decreases more rapidly than 1/q 2 as 
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2 flv ->3)i /LV +SSftfj,,,, 83)^ = dpdld^ix - x'), (105.11) 

where 


d (l \x - x') = i(0\T8x(x)8 X (x')\0). (105.12) 

Hence it is clear that d (l) determines the change caused by the gauge transformation 
in the longitudinal part 2> (,) of the photon propagator. The assumption that d (,) 
depends only onx-x' implies, of course, a certain limitation on the properties of 
the operator 8 X ; in the general case of a completely arbitrary gauge transformation, 
the propagator may cease to be homogeneous in space and time. 

In the transformation (105.10), we expand the exponential factors in powers of 
8 X as far as the quadratic terms: 

(0|Te ie8 * (x) e -ie8 * (x) |0) 

- -\e\<d\8 X \x) + 8 X \x’) - 2T8 X (x)8 X (x')\0). 

Using the definition (105.12), we thus find the following transformation rule for the 
electron propagator: 

( §^ ( § + 8%S ( S = ie 2c S(x - x')[d <0 (0) - d m (x - x')]. (105.13) 

In the momentum representation,t we have 

8«(p) = ie 2 f d (,) (q)[«(p) - «(p - q)] (105.14) 

d (l) (q) is related to the change in the function 2> (,) by 

8® (l) (q) = q 2 d (l) (q). (105.15) 


t If the function f(x) = fi(x)f2(x), its Fourier components are 
f(p) = ff(x)e i " x d 4 x 

= 111 d * x ^Q*)* 1 * e‘ X(P ~ q '~ q2> M<l <)««*) 
= jj d Qn )* q2 s ' 4l(p ~ qi ~ 


In deriving (105.14) from (105.13), we also use the result 
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An integral expression analogous to (104.11) could be derived for the electron 
propagator, using the expressions 

<Mx) = <p„ m (0)e- i(p ”'- p " >x (105.16) 

for the matrix elements of the ^-operator, similarly to the expressions (104.6) for 
the current matrix elements. Unlike the current, however, the ip -operators are not 
gauge-invariant. The coordinate dependence (105.16) is therefore not general, but 
applies only to some particular gauge. The same is true as regards the integral 
representation based on (105.16). The deeper physical reason for this situation is 
that the zero photon mass leads to the infra-red catastrophe (§98). In consequence, 
the electron emits an infinite number of soft quanta during the interaction, and this 
means that the “single-particle” propagator (105.1) loses much of its direct 
significance. 


§ 106. Vertex parts 

In complicated diagrams it is possible to distinguish both self-energy parts and 
sections of another type which are not equivalent to them. An important class of 
such sections is found by considering the function 

K&(x u x 2 , x 3 ) = <0|TA' 4 (x 1 )*(x 2 )^(x 3 )|0) (106.1) 

which has one 4-vector index and two bispinor indices; since space-time is 
homogeneous, this function depends only on the differences of the arguments x u 
x 2 , x 3 . When expressed in terms of the operators in the interaction representation, 
the function K has the form 


Kfk(x i,x 2 , x 3 ) 


(0\TAUxi)ipf(x 2 )ipf(x 3 )S\0) 


<0|S|0> 

The momentum representation is obtained by using the formula 


(106.2) 


(2tt) 4 6 (4) (p 1 + k - p 2 )K? k (p 2 , ps,k)= [ft K&(x l9 x 2 , x 3 )e~ ikx ' +i ^- ip ' x > d 4 x x d 4 x 2 d 4 x 3 . 

(106.3) 


In the diagram technique, the functions K? k correspond to three-ended (one 
photon and two electron) sections of the form 


I 



(106.4) 


‘Pi 
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Pi + k = p 2 . (106.5) 

The zero-order term in the expansion of this function is zero; the first-order 
term is 


K^(x i, x 2 , x 3 ) = e J G(x 2 ~ x)y v G(x - x 3 ) • D v ^(x { - x) d 4 x 
in the coordinate representation, and 

K^(p 2 , Pl ; k ) = eG(p 2 )y v G(Pi) • D^(k) (106.6) 

in the momentum representation (omitting the bispinor indices); the corresponding 
diagram is 


I 

fk 


(106.7) 


P2 P, 


In the subsequent approximations, the diagrams are complicated by the addition 
of new vertices, but not all such diagrams provide essentially new information. For 
instance, in the third order we have the diagrams 


0 


I 

I 

I 


I 


(106.8) 


The first three of these can be cut (across one photon or electron line) into a simple 
vertex (106.7) and a second-order self-energy part; the fourth diagram cannot be 
thus treated. This is a general situation. The corrections of the first kind simply 
replace the factors G and D in (106.6) by the exact propagators and 3). The 
remaining terms in the expansion give a new quantity to replace the factor y^ in 
(106.6). Denoting this quantity by T^, we thus have by definition 

K»(p 2 , pu k ) = m P2 )[-ier v (P 2 , Pu k)]m Pl )}[~i^(k)l (106.9) 

A section joined to other parts of the diagram by one photon line and two 
electron lines is called a vertex part if it cannot be divided into parts joined by only 
one (electron or photon) line. The quantity T^ is the sum of an infinity of vertex 
parts, including the simple vertex y^, and is called a vertex operator or vertex 
function. 
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The following are 
quantities: 


all the vertex-operator diagrams as far as the fifth-order 



i 

I 

+ A + 


i 

i 


+ 


b 


d 


+ 



+ 



(106.10) 


the black dot denoting the exact vertex operator -ieT. 

The operator T (like the operator y of the simple vertex) has two matrix 
(bispinor) indices and one 4-vector index; it is a function of two electron momenta 
(pi, P 2 ) and one photon momentum ( k ). The three momenta cannot all relate to real 
particles simultaneously: the diagram (106.4) in itself (not as part of a larger 
diagram) would correspond to the absorption of a photon by a free electron, but 
this process is incompatible with the conservation of the 4-momentum of real 
particles. Hence at least one of the three free ends of the diagram must pertain to a 
virtual particle (or to an external field). 

The vertex parts may also be classified as reducible and irreducible. The 
irreducible ones are those which do not contain self-energy corrections to internal 
lines and in which it is not possible to separate parts which constitute (lower-order) 
corrections to internal vertices. For example, of the diagrams in (106.10), the only 
irreducible ones are (b) and (d) (apart from the simple vertex (a)). Diagrams (g), (h) 
and (i) contain self-energy parts; in diagram (c) the upper broken horizontal line 
may be regarded as a correction to the upper vertex, and in diagrams (e) and (f) the 
lateral broken lines may be regarded as corrections to the lateral vertices. 

When the internal lines in irreducible diagrams are replaced by corresponding 
thick lines, and the vertices by black dots, i.e. when the approximate propagators D 
and G are replaced by the exact propagators 3) and <$, and the approximate vertex 
operators 7 by the exact ones T,t we evidently obtain the set of all vertex parts. 
Thus the expansion of the vertex operator may be written 


A'A'A'A 


(106.11) 


This equation is an integral equation for T, with an infinity of terms on the right. 

From the above discussion we can easily derive the general principle of 
construction of the exact expressions for sections having any number of ends. 


t The resulting diagrams are called skeleton diagrams. 
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They are obtained a£ vacuum mean values of T products of Heisenberg operators, 
with one operator ijf(x) for each initial electron, one i jf(x) for each final electron, 
and one A(x) for each photon. 

A further example is given by diagrams of the form 



with four external electron lines. These are obtained from the function 


(106.12) 


K ikJm (x i, x 2 ; x 3 , x 4 ) = <0 |T^(xi)^(x 2 )^(x3)^(x 4 )|0), (106.13) 


which, of course, depends only on the differences of the four arguments. Its 
Fourier components may be written 


J K ikJm (xu x 2 ; X 3 , x 4 )e ,(p ^ +p ^- p ^- p ^ > d 4 x, d% d 4 x } d 4 x 4 
= (27r) 4 8 (4 >(p, + P2-P3- P4 )K iMm (p 3 , p 4 ; p u Pi), (106.14) 

with 


Kik,im(p3, Pa; Pu P 2 ) 

= (2tt) 4 6 (4) ( Pi - P 3mi(Pi)%m(P2) ~ (2rr) 4 8 (4) (p 2 - p 3 )%m(Pi)%i(p 2 ) + 

+ %n(P3)%r(P4)[-irnr,st(P3, Pa\ Pu P 2 )]%l(Pl)%m(P2)- (106.15) 


In the latter expression, the first two terms exclude from the definition of the 
function r(p 3 , P 4 ; Pu P 2 ) diagrams which fall into two disconnected parts, each 
having two free ends: 



In the third term the ^ factors exclude from the definition of T those parts of 
diagrams which are corrections to external electron lines. 

From the properties of the T product of the Fermi i/f-operators, it follows that 
the functions T(p 3 , p 4 ; p u p 2 ) are antisymmetric: 

r,kjm(P 3 , P4; pu p 2) = -r kUm (p 4 , p 3 ; Pu p 2) 

= -r ik , m/ (p 3 ,p 4 ;P 2 ,Pi). (106.16) 

If the momenta pi, p 2 , p 3 , Pa correspond to real particles, the non-separating (i.e. 
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connected) diagrams (106.12) represent the scattering of two electrons. The scat¬ 
tering amplitude is found by assigning the wave amplitudes of the particles (instead 
of the propagators <$) to the free ends of the diagram:! 

iMfi = Mi(p 3 )Mk(p 4 )[- ieY ik> Im(p3, P4\ PbP 2 )]M/(pi)M m (p 2 ). (106.17) 

According to (106.16) this amplitude must have the appropriate antisymmetry with 
respect to interchanges of electrons. 


§ 107. Dyson’s equations 

The exact propagators and the vertex part satisfy certain integral relations, the 
origin of which is particularly clear if the diagram technique is used. 

The concepts of reducibility and irreducibility defined in §106 can be applied not 
only to vertex parts but also to any other diagrams or parts thereof. Let us consider 
from this aspect the compact self-energy electron diagrams. 

It is easily seen that only one diagram out of this infinity is irreducible, namely 
the second-order diagram 


-rOr 

Any complication of this diagram can be regarded as the application of further 
corrections to its internal (electron or photon) lines or to one of its vertices. Here it 
is important to note that, owing to the obvious symmetry of the diagram, any 
vertex correction need by assigned only to either one or the other vertex.! 

Since, therefore, only one of the compact self-energy electron parts is irreduci¬ 
ble, the ensemble of all such parts (i.e. the mass operator M) is represented by only 
one skeleton diagram: 




p 


(107.1) 


t It will be seen later (§110) that the self-energy parts in the free ends can be ignored in deriving the 
amplitudes of real processes. 

t For clarity, it should be emphasized that, although all the required diagrams are found by applying 
corrections to only one vertex, for any particular diagram the structure of the correction section in 
general depends on the vertex to which it is assigned, for example 




where, in identical diagrams, the squares enclose sections which form the vertex part when it is assigned 
to the right-hand and left-hand vertices respectively. 
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M(p) = G-‘(p)-<g- , (p ) 

= -ie 2 J y"<3(p + k)r»(p + k,p;k ) • % v (k) (107.2) 


A similar expression can be derived for the polarization operator 9. Again only 
one of the compact self-energy photon parts is irreducible, and 9 is therefore 
represented by a single skeleton diagram: 



p 


The corresponding analytical equation is 

^p- = D-\ v {k)-®-\Ak) 

= ie 2 tr f 7ll <S(p + k)T v (p + k, p ; fc)«(p) (107.4) 

the bispinor indices are omitted from (107.2) and (107.4). 

The relations (107.2) and (107.4) are called Dyson's equations ; they can also be 
obtained by direct calculation. For example, to derive (107.2) we consider the 
quantity 

(y P ~ m)u% k (x - x') = -i(yp - m)ii<0|T<M*)<M*')|0>, 

where p = id is the operator of differentiation with respect to Jt, which is found 
from (102.5) in exactly the same way as was done when deriving (75.7) for the 
free-particle propagator. The result is 

(yp - m)n% k (x - x') 

= - iey5<0|TA,(x)*(x)^(ac')|0> + 8 ik S i4) (x - x’); 

the delta-function term on the right is the same as in (75.7), since the commutation 
properties at t = t’ are the same for ^-operators in the Heisenberg and interaction 
representations. The first term is -iey v Ki k (x, jc, x r ), and we can thus write (again 
omitting the bispinor indices) 


(y p - m)<S(x - x') = -iey^i jc , jc , jc ') + 8 {4) (x - jc '). (107.5) 

To obtain the Fourier components we note that, if the definition (106.3) is 

t If the exact vertex part is assigned to the left-hand vertex in (107.1), the factors y and Y are 
interchanged in (107.2). The two forms of the equation are, of course, essentially equivalent. 


QE4 - FF 
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integrated over d 4 kd 4 p 2 /(27r) 8 , the result is 

f K p (p + k,p; k) = f K*(0 , 0 , x 3 )e~^ d% 

= J K p (x,x, x')e ip<x " x,) d 4 (x - x'), (107.6) 

from which it is seen that the integral on the left is the Fourier component of 
K^(x, x, x r ). Thus, by taking the Fourier components of both sides of (107.5), and 
using the definition (106.9) and the formula yp - m = G _1 (p), we find 

G->(pMp ) = 1 - ie 2 f y’<S(p + fc)P*(p + k, p ; k)«(p)D |t ,(k) 

Finally, multiplying this on the right by ^(p), we obtain (107.2). 


§ 108. Ward’s identity 

Another relationship between the photon propagator and the vertex part, 
simpler than Dyson’s equation, follows from gauge invariance. To derive, it, we 
apply the gauge transformation (102.8), assuming that *00 — 5*00 is an infinitesi¬ 
mal non-operator function of the 4-coordinates x. Then the change in the electron 
propagator is 


8 «(x, x') = ie<S(x - x')[8*(x) - 8x(x% (108.1) 

Note that this gauge transformation violates the homogeneity of space-time, and 
the function 8^ depends on the arguments x and x' separately, not only on the 
difference x -x r . Its Fourier expansion must therefore be made in the variables x 
and x' separately. Thus, in the momentum representation 8<§ is a function of two 
4-momenta: 


S«(P2,Pi) = J J 8‘S(x,x')e' lv - ,p ' x ' d 4 x d 4 x 

Substituting (108.1) and integrating over d 4 xd 4 t; or d 4 £d 4 x' (£ = *-*')> we get 

8 «(P + q, P) = ie8 X (q)mp) ~ «(p + q)l (108.2) 

With the same gauge transformation, the operator A^(x) is augmented by the 
function 

8A ( : > (x) = -^8 X , (108.3) 


which may be regarded as an infinitesimal external field. In the momentum 
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SA ( ;\q) = iq^xiq). (108.4) 

The quantity 8^ can also be calculated as the change in the propagator under the 
action of this field. As far as quantities of the first order in 8 *, this change can 
evidently be represented by a single skeleton diagram: 

K 

i5<S(p + q.p)= p+q ^ \ 

The thick broken line is the effective external-field line, corresponding to the factor 
(see (103.15)) 


SA^Xq) + SA^(q) 

The 4-vector 8A ( f\q) is longitudinal (with respect to q ) and the tensor & Kv is 
transverse. The second term is therefore zero, leaving 


I 


t q 

i6^(p+q,p)= — 


(108.5) 


p + q p 

where the thin broken line corresponds, in the usual manner, to the field 8A ie) 
simply. In the analytical form, 

8 « = e<S(p + q)T»(p + q, p; q)«(p) ■ 8A^\ (108.6) 

Substituting (108.4) and comparing with (108.2), we get 

«(p + q) ~ «(p) = -<S(p + q)T^{p + q, p; q)«(p) • q„ 
or, in terms of the inverse matrices, 

~\p + q) “ ^~\p) = q,r-(p + q, p; q) (108.7) 


(H. S. Green, 1953). 

Taking the limit of this equation as q-»0 and equating coefficients when q^ is 
infinitesimal, we get 


^-«- | (p) = R(p,p; 0). 


(108.8) 


This is Ward's identity (J. C. Ward, 1950). We see that the momentum derivative of 



480 Exact Propagators and Vertex Parts §108 

^(p) is equal to the vertex operator with zero momentum transfer.! The derivative 
of the function <S(p) itself is 

~ mp) = mp)[-iT^p, p ; 0)]i«(p). (108.9) 

op* 

The higher derivatives could be found similarly by continuing the calculations 
to higher orders in 8x , but we shall not need these expressions. 

Let us now consider the derivative d^(k)ldk^ of the polarization operator. 
Unlike S(p), 0>(k) is gauge-invariant and is unchanged by the application of the 
fictitious external field (108.4). Its derivative therefore cannot be calculated in the 
same way, but a diagram expression can be obtained for this derivative too. To do 
so, we consider the first diagram in the definition of ( 3 > \ the second-order diagram 


i£ 

4n 



(108.10) 


The continuous lines correspond to the factors iG(p ) and iG(p + k). Differentiation 
with respect to k replaces the second factor by idG(p + k)/dk, and according to the 
identity (108.9) this change is equivalent to adding a further vertex on the electron 
line: 


ic 

47r dk 



(108.11) 


We see that, in the first non-vanishing order, the required derivative has been 
expressed in terms of a diagram having three photon ends. It must be stressed 
immediately that this diagram does not itself give the amplitude for the trans¬ 
formation of one photon into two. The amplitude of this process is the sum of 
(108.11) and a similar diagram in which the loop is traversed in the other direction, 
and the sum is zero by Furry’s theorem. The diagram (108.11) is not itself zero. 

In a similar manner, we can differentiate more complicated diagrams by 
successively adding vertices with k' = 0 on all the electron lines which depend on k. 
There are, however, diagrams in which the dependence on k occurs in the internal 
photon lines also, for instance the diagram on the left in the next equation: 



t In the zero-order approximation, i.e. for the free-particle propagator, this identity is obvious: 
G~\p ) = yp - m, and therefore dG~ l ldp^ = 7 '*. 
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The derivative of the diagram in the braces is shown here in diagram form by 
means of a new graphical symbolism, a fictitious three-particle photon vertex, i.e. a 
point where three broken lines meet, corresponding to the quantity 

Airier = 2 fk^ v (108.12) 

We can now differentiate any diagram by adding, to the lines depending on k , 
vertices or y^ and continuing in accordance with the general rules. Summation of 
these higher-order corrections gives 


1 u nv _ cv/* 

477 dk K ~ ^ 


(108.13) 


where ieY^v is the sum of the internal parts of all the diagrams with three photon 
ends thus obtained. 

We shall also need the second derivative of the polarization operator. Differen¬ 
tiating the equation (108.13) once more in a similar manner, we have 

h Wdfc = ^ + ^ (108 - 14) 

where ie is the sum of the internal parts of all the diagrams with four photon 
ends such as 


\0 

\ 


ie 2 / 




(108.15) 


including, of course, those containing the fictitious three-particle vertices (108.12). 


§ 109. Electron propagators in an external field 

If a system is in a given external field A (e) (x), the exact electron propagator is 
expressed by the same formula (105.1), but in the Hamiltonian H = d 0 + V which 
converts to the Heisenberg representation of operators we have also the interaction 
between the electrons and the external field: 

V = e J AJ* d 3 x + ej d 3 x. (109.1) 

Since the external field makes space and time no longer homogeneous, the 
propagator ^(x, x ') will now depend on the two arguments x and x' separately and 
not only on the difference x - x*. 
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If we proceed in the usual manner to the interaction representation, the 
ordinary diagram technique is obtained, with external-field lines as well as virtual 
photon lines. This technique is, however, unsuitable when the external field cannot 
be regarded as a small perturbation, in particular when the particles may be in 
bound states in the field. Now the electron propagator in an external field is in fact 
required principally for the analysis of the properties of bound states, and in 
particular for determining the energy levels with allowance for radiative cor¬ 
rections. In order to derive such a propagator, we have to start from a represen¬ 
tation of operators where the external field is exactly taken into account even in the 
“zero-order” approximation with respect to the electron-photon interaction (W. H. 
Furry, 1951). 

We shall henceforward assume the external field to be independent of time. The 
desired representation of the i//-operators is given by the formulae (32.9) for second 
quantization in an external field: 


* w (t, r) = 2 {a n V:X r)e"' 4+>t + fctfX r)e te ^}, 

n 

P e, (t, r) = 2 {a^ ( n +) (r)e^ +,, + 


(109.2) 


where i// ( n ±) (r) and e ( n ±} are the wave functions and energy levels of the electron and 
the positron respectively, which are solutions of the “single-particle” problem, i.e. 
of Dirac’s equation for a particle in a field. It is easily seen that the operators 
(109.2) are i//-operators in a certain representation (the Furry representation) which 
is, as it were, intermediate between the Heisenberg and interaction representations. 
They may be written 


ifj (e \t, r) = e iH ' t ilf(r)e ~ iH ' t , 

A A . (109.3) 

i l/ (e \t, r)-e iHl >(r)e“ iHlf ,J 

where 

H^Ho + eJ Al e) (x)t(x) dh. 

The electromagnetic-field operator of course commutes with the second term in 
Hi, and so the Furry representation is the same as the interaction representation 
for this operator. 

The electron propagator in the zero-order approximation, in the new represen¬ 
tation, is defined as 


GS?(x, x') = -i<OlT<t,< e> (x)tl e, (x')IO). (109.4) 

The operator t p (e) (t, r) satisfies Dirac’s equation in the external field: 

[yp - eyA M (x) - m]4> (e \t, r) = 0, (109.5) 
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and the function G (e) correspondingly satisfies the equation 

[yp - eyA (e) (x) - m]G (e) (x, x') = 8 (4) (x - x'); (109.6) 

cf. the derivation of (107.5). 

The diagram technique, which expresses the exact propagator ^ as a series in 
powers of e 2 , is obtained by changing from the Heisenberg to the Furry represen¬ 
tation, in exactly the same way as the earlier change to the interaction represen¬ 
tation. The resulting diagrams are of the same form, with the continuous lines now 
corresponding to factors iG (e) instead of iG. 

One slight difference in the rules for writing the analytical expressions for the 
diagrams arises because in the coordinate representation G (e) is not a function of 
the difference x - x' only. In a constant external field, however, the homogeneity of 
time is preserved, and so the times t and t' will again appear only as the difference 
t-t' = t: 


G (e) - G (e) (r, r, r'). 

The momentum representation is obtained by a Fourier expansion with respect to 
each of the arguments of the function: 

r, = I// ««»• p„ 009.7) 

Each line corresponding to the factor iG (e) (e, p 2 , pi) must now be assigned one value 
of the virtual energy e and two values of the momentum, the initial value pi and the 
final value p 2 : 


iG (e) (e , p 2 , pO = p 2 e pi . (109.8) 

This leads to the rule for writing the analytical expressions, in which the integration 
over del2ir is normal, but those over d 3 pi/(2^r) 3 and d 3 p 2 /(27r) 3 are independent, the 
conservation of momentum at each vertex being taken into account. For example, 


e-o) 



= e2 jjj G<c) ( e > P2, p")y*G (e) (e - w, p" — k, p'-k)x 


X y”G (e> (e, p', pi)D^(o), k) 


d 4 k d 3 p’ d 3 p" 
(2tt) 4 (2 ir ) 3 (2tt) 3 ' 


(109.9) 


It is important to note that in this technique one must also take account of 
diagrams with “self-closed” electron lines, which in the ordinary technique are 
rejected as being associated with a “vacuum current”. When an external field is 
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present, this current need not be zero, because of the “vacuum polarization” 
caused by the field. For instance, in the diagram 


O) 


p;p +k ( 109 . 10 ) 

| 0,k=p-p' 

. . . . J . . 

P 2 e P P e Pi 

the loop at the top corresponds to the factor 

+ ( 109 . 11 ) 

Here, however, we must still specify the meaning of the integral over dco. This is 
because the integration of the Fourier component of the function G (e) (r) with 
respect to co amounts to taking the value of that function at t = 0, and G (e) (r) is 
discontinuous at t = 0; we must therefore indicate which of its two limiting values 
is to be taken. To resolve this question, we need only note that the integral (109.11) 
arises from the contraction of ^-operators in the same current operator: 

r = $ ie) (t, r)y^ (e) (t,r), 

where is to the left of According to the definition of the propagator (109.4), 
this order of factors for t = t' is obtained if t' is taken as t +0, i.e. if the limiting 
value of the function G (e) (t - V ) as f - f'-»-0 is taken. In other words, the integral 
over dcollrr in (109.11) is to be taken as 

J-e- iwT |^ for r-»-0. (109.12) 

The mass operator in the external field is defined as in §105: -iM is the sum of 
all the compact self-energy parts. It is now a function of the energy e and the 
momenta pi and p 2 at the ends of the external lines where they respectively enter 
and leave the part in question: 


-i.Xe,p 2 ,p I ) 


(109.13) 


Proceeding exactly as in the derivation of (105.6), we get the equation 

«(e, p 2 , pi) - G (e) (e, p 2 , pi) 

= Jf G (e \e, p 2 , pp", p')«(e, p\ 


(109.14) 
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This can be put in a more natural form by returning to the coordinate 
representation in terms of the spatial variables, using the function 

«(e,r,r ') = JJ g(e, p 2 , p,)e“» r ~ Pl r) (109.15) 

and similarly for the other quantities. Taking the inverse Fourier transform of 
(109.14), we obtain 

«(e, r, r') - G <c) (e, r, r') 

= JJ G <e> (e, r, r 2 )J((e, r 2 , rO^e, ri, r') d 3 x, d 3 x 2 . 


Next we apply to both sides the operator 

y°e-yp-ey^A ( ; } (x), 

where e is a number, and p = —iV is the operator of differentiation with respect to 
the coordinates r. Here it must be noted that, by (109.6), 

[y°e - y • p - eyA {e) (x)]G {e) (e, r, r') = 8(r - r'). (109.16) 

The resulting equation is 

[y°e - y • p - eyA (e \xW{e, r, r') - J M(e, r, r,)«(e, r b r') d 3 x, = 5(r - r'). 

(109.17) 

The function ^(e, r, r') has the especially valuable property that its poles 
determine the energy levels of the electron in the external field. We shall prove this 
first for the approximate function G (e) (e, r, r'). Substituting the operators (109.2) in 
the definition of the propagator (109.4), we obtain, in exact analogy to formulae 
(75.12) for the free-particle propagator, 

-i 2 </' < n t ) (r)^ ( „kV) exp{-ie ( „ +) (r - f')}, t > t', 

n 

(109.18) 

i 2 ¥ni } (r)iAV(r') exp{ie ( „ \t - 1')}, t < t', 

n 

and the Fourier time component is 



Glk\e, r, r') = 


W„V(r') 

-e ( „ +, + i 0 


tV) 

e + eSr* — i 0 


(109.19) 


We see that G M (e, r,r'), as an analytic function of e, has poles on the positive real 
axis which coincide with the electron energy levels, and poles on the negative real 
axis which coincide with the positron energy levels. The values form a 
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continuous spectrum,! and the corresponding poles form two cuts in the e -plane, 
from -oo to —m and from m to oo. The segment |e| < m contains poles which give 
the discrete energy levels. 

For the exact propagator ^(e,r, r') we can obtain a similar expansion by 
expressing it in terms of the matrix elements of Schrodinger operators; the matrix 
elements of Heisenberg ^-operators are related to these by 

(m\ip(t, r)|nl) = (m\ip(r)\n)e~ l{En ~ Em)t . (109.20) 

Here the E n are the exact energy levels (i.e. with all radiative corrections) of the 
system in the external field. The operator ip increases the charge of the system by 1 
(i.e. by + |e|), and ip decreases it by one. This means that in the matrix elements 
(n\ip\0) and (0|i//| n) the states | n) must correspond to a charge of the system of +1, 
i.e. they can contain, besides a single positron, only a certain number of electron- 
positron pairs and a certain number of photons; the energies of these states will be 
denoted by E ( n -) . Similarly, in the matrix elements (0\ip\n) and (n\ip\0) the states | n) 
contain one electron and some pairs and photons (energy E ( „ +) ). Instead of (109.18) 
we now have 


% k (t-t',r,r') = 


~i X <0|i//,(r)|n)(n|i|/ k (r')|0) exp{-iE ( n +) (t - t')}, 

n 

i 2 <0|iMr')|n><n|i//i(r)|0) exp{iE ( n \t - t')}, 

n 


t>t', 

tct', 

(109.21) 


and hence 


(., r, o - 2 { <0 | »^> l " E >j"feW | 0) + (109.22) 


Let e be close to one of the discrete energy levels E ( n +) (or -E ( n -) ). Then only the 
corresponding pole term need be retained in the sum (109.22). Substitution in 
(109.17) shows that the factors which depend on the second argument r' (when 
r r') do not appear in the equation. The result is a homogeneous integro- 
differential equation for the function (0|i//(r)|ri) (or (n|i//(r)|0)), which we denote for 
brevity by ^„(r).t Omitting the subscript n, we have 


[y° e + iy • V - eyA w (r)] tt <Mr) - f M ik (e, r, r,)^ k (r,) d 3 x, = 0 (109.23) 


(J. Schwinger, 1951). The discrete energy levels E n now appear as the eigenvalues 
of this equation. Thus (109.23) becomes the regular basis for determining these 
levels. 


t We assume that the external field is zero at infinity. 

$ When radiative corrections are neglected, the ^ n (r) are the same (for states with one electron or 
positron) as the wave functions i// n +) or ifjV which are solutions of Dirac’s equation. 
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For example, it can be used to determine the correction, in the first order with 
respect to M , to the discrete electron energy level e n given by solving Dirac’s 
equation: 


[y°e„ + iy • V - eyA u '(rm(r) = 0; (109.24) 

let the wave function r) be normalized by the condition 

f*Und 3 x = l. (109.25) 

The eigenfunction of equation (109.23) may be written 


V n (r) = ^(r)+^„ 1) (r), (109.26) 

where is the correction to i//„(r). Substituting (109.26) in (109.23), multiplying on 
the left by t//„(r) and integrating! over d 3 x, we get the required expression 

E n -e n ~JJ $ni(r)M ik (e n , r, ri)*l> nk (ri) d 3 x d 3 x x . (109.27) 


§110. Physical conditions for renormalization 

The theory discussed so far in this chapter has been largely formal. We have 
treated all quantities as if they were finite, and have deliberately passed over any 
infinities which occur in the theory. In the practical calculation of the functions 25 , 
and T by perturbation theory, however, divergent integrals arise, which cannot 
be assigned any definite values without further consideration. These divergences 
are a manifestation of the logical incompleteness of the existing quantum elec¬ 
trodynamics. It will be seen below, nevertheless, that in this theory it is possible to 
establish certain rules which allow an unambiguous “subtraction of infinities”, 
and thus to obtain finite values for all quantities which have a direct physical 
meaning. These rules are based on obvious physical requirements that the 
photon mass is zero and the electron charge and mass are equal to their observed 
values. 

Let us first ascertain the conditions to be imposed on the photon propagator, 
and consider a scattering process which can occur through one-particle inter¬ 
mediate states having one virtual photon. The amplitude of such a process must 
have a pole when the square of the total 4-momentum P of the initial particles is 
equal to the squared mass of the real photon, i.e. when P 2 = 0; we have seen in §79 
that this requirement follows from the general condition of unitarity. The pole term 


t In the integration we use the fact that the differential operator in (109.24) is self-conjugate, and 
thus transfer its action from to 
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p 


( 110 . 1 ) 


and when radiative corrections are taken into account the two parts of the diagram 
must be joined by a thick broken line (the exact photon propagator). This means 
that the function Q)(k 2 ) must have a pole at k 2 = 0, i.e. must be such that 

^->47rZ/k 2 when k 2 ^> 0, (110.2) 

Z being a constant. Hence, for the polarization operator 8P(k 2 ), (103.21) gives 

<?(0) = 0. (110.3) 


The coefficient in (110.2) is given by 

l = r 1 _^(k 2 )] 

z L ~F~W 

Further restrictions on the function 8P(k 2 ) can be derived from an analysis of 
the physical definition of the particle’s electric charge: two classical (i.e. infinitely 
heavy) particles at rest at a large distance apart must interact in accordance with 
Coulomb’s law, U = e 2 \r. (These are distances much greater than 1/m, where m is 
the electron mass.) This interaction can also be represented by the diagram 

(ck >> 


Jlc (110.4) 

in which the upper and lower lines correspond to classical particles. The photon 
self-energy corrections are taken into account in the virtual photon line. All other 
corrections, affecting the heavy-particle lines, would make the diagram equal to 
zero: the addition of any further internal lines in the diagram (110.4), for example a 
photon line joining the lines a and c or a and b, would produce lines of virtual 
heavy particles, with corresponding propagators. But the propagator of a particle 
has its mass M in the denominator, and tends to zero as M -> oo. 

The form of the diagram (110.4) makes it clear (cf. §83) that the factor e 2 Q)(k 2 ) 
in it must be (apart from the sign) the Fourier transform of the particle interaction 
potential. Since the interaction is steady, the virtual-photon frequency to = 0, and 
large distances correspond to small wave vectors k. The Fourier transform of the 
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Coulomb potential is 47re 2 /k 2 . Since 2 depends only on k 2 = co 2 - k 2 , we finally 
arrive at the condition 


2-^4? r/k 2 when k 2 ^ 0, (110.5) 

i.e. the coefficient in (110.2) must be Z = 1; the sign is obvious, since 2(k 2 ) tends to 
the free-photon propagator D(k 2 ). The polarization operator $P(k 2 ) must therefore 
satisfy 


9>(k 2 )lk 2 ^ 0 when k 2 ^ 0. (110.6) 

This leads not only to the condition (110.3) given previously but also to the result 

0>'(O) = O. (110.7) 

It has been noted in § 103 that an effective external real-photon line corresponds 
to the factor (103.15) or, using (103.16) and (103.20), 

[l + ^(0)S(0)]^ 

We now see from (110.5) and (110.6) that the correction term is zero. Thus we have 
the important result that radiative corrections need not be considered in external 
photon lines. 

The natural physical requirements therefore lead to the establishment of 
definite values (namely zero) for the quantities ^(0) and ^'(0). The calculation of 
these quantities from the perturbation-theory diagrams would lead to divergent 
integrals, and we see that the way to eliminate such infinities is to assign fixed 
values a priori to the divergent expressions, these values being determined by 
physical requirements. This procedure is called renormalization of the quantities 
concerned.! 

The procedure can also be formulated in a somewhat different manner. For 
instance, in renormalizing the particle charge one can define a non-physical 
intrinsic (bare or unrenormalized) charge e c as a parameter which appears in the 
expression for the original electromagnetic interaction operator in formal pertur¬ 
bation theory. The renormalization condition then becomes e 2 2(k 2 )-^47re 2 /k 2 
(when k 2 -n>0), e being the actual physical charge. Hence we have the relation 
e\Z = e 2 , which is used to eliminate the non-physical quantity e c from formulae 
which concern observable effects. By putting immediately Z = 1, the renor¬ 
malization is effected “en route”, and there is no need to use fictitious quantities 
even in the intermediate steps. 

Let us now investigate the conditions for renormalization of the electron pro¬ 
pagator. To do so, we now consider a scattering process which can take place 


t The idea of this approach was first put forward by H. A. Kramers (1947); the systematic 
application of the renormalization method in quantum electrodynamics is due to Dyson, Tomonaga, 
Feynman, and Schwinger. 
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through a one-particle intermediate state with one virtual electron. The amplitude 
of such a process must have a pole when the square of the total 4-momentum P t of 
the initial particles is equal to the squared mass of the real electron, i.e. when 
P] = m 2 . The pole term in the amplitude arises from a diagram of the form 







( 110 . 8 ) 


and when radiative corrections are taken into account the thick line is the exact 
electron propagator. This means that the function ^(p) must have a pole at 
p 2 = m 2 , i.e. its limiting form there must be 

+ when p 2 ^m 2 , (110.9) 

Zi being a scalar constant and g(p) remaining finite as p 2 ^m 2 . The matrix 
structure of the pole term in (110.9) (proportional to yp + m) is a consequence of 
the same unitarity condition that causes the existence of the pole. We shall prove 
this statement and at the same time elucidate the important question of the 
renormalization conditions for the external electron lines. 

If ^(p) has the limiting form (110.9), the inverse matrix is 

^ \p) ~ (TP ~ m) - (yp - m)g(yp - m) when p 2 -^ m 2 . (110.10) 

The mass operator is 

M = G 1 - ~ (l ” m ) + (7P ~™)g(yP ~~ m ) when p 2 ^>m 2 . 

( 110 . 11 ) 

The effective external (say incoming) electron line corresponds (cf. (103.15)) to a 
factor 


°U(p) = u(p) + c S(p)M(p)u(p), (110.12) 

where w(p) is the ordinary amplitude of the electron wave function, which satisfies 
Dirac’s equation (yp - m)u = 0. Because of the requirements of relativistic in¬ 
variance (% like u, is a bispinor), the limiting value of °lt(p) for p 2 ^>m 2 can differ 
from that of u(p) only by a constant scalar factor: 

°U(p) = Z'u(p). (110.13) 

This factor Z' is related in a definite manner to the factor Z\, but the relation 
cannot be determined simply by substituting (110.10) and (110.11) in (110.12), 
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because there is an indeterminacy; the result depends on the order in which the 
limits of the various factors in (110.12) are taken. 

It is, however, possible to avoid the problem of the correct method of taking the 
limit, by using instead the unitarity condition for the reaction shown by the diagram 
(110.8). The unitarity relation generally applies to amplitudes of processes as a 
whole, not to individual diagrams. But when p 2 -» m 2 the pole diagram (110.8) gives 
the main contribution to the corresponding amplitude M fi , so that the other 
diagrams which pertain to the same reaction can be ignored. 

As has been shown in §79, the unitary conditions require that a one-particle 
intermediate state should produce in the reaction amplitude an imaginary part with 
a delta function: 


iir8(p 2 -m 2 ) 2 M ln M?n, (110.14) 

polar. 


where the subscript n refers to a state having one real electron, and the summation 
is over the latter’s polarizations; to avoid additional complications we assume, as in 
§79, that both sides of the unitarity relation are symmetrized with respect to the 
helicities of the initial and final particles, so that M fi = M if . The amplitude M fn 
corresponds to a process represented by the diagram 


Pf 


* 


and is 


M fn =(M' fH <U) = Z'(M' fn u) 9 


wher eMf n is a factor with one free bispinor index.t Similarly, the structure of the 
amplitude Af* is 

M* = = Z'(uM'*). 

Summation over the polarizations of the electron replaces the product ( Mf n u ) x 
(UM'in) by Mf n (yp + and so the term (110.14) in the amplitude M fi becomes 

Z' 2 iir8(p 2 - m 2 ){Mf„(yp + 

Using this term in the imaginary part, we can reconstruct the entire pole term in the 
scattering amplitude; from (79.5), 

Z' 2 {M' fn (yP + m)M’*} 2 2 

M n~ pW+iQ ’ P^ m ‘ 


t One point should be clarified here. The electron, a stable particle, cannot really be transformed 
into an assembly of real particles, but we may formally take as the latter certain fictitious particles 
whose masses are such as to allow this transformation. The resulting relationship is then to be taken as 
an analytical continuation to real masses. 
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Calculation of the same amplitude directly from the diagram (110.8) gives 

iM fl = iM' fn ■ m P ) ■ iM'*. 

A comparison of the two formulae confirms the limiting expression written above 
for ^(p) (the first term in (110.9)), and shows that 

Z' = VZ,. (110.15) 

We shall now show that, when the limiting form of the electron propagator is 
known, there is no need to establish any further conditions for the vertex operator. 
Let us consider the diagram 


i k 


p 2 



(110.16) 


which represents the scattering of an electron in an external field A (e) (k), in the first 
order with respect to the field, and taking account of all radiative corrections. In 
the limit k ^>0, p 2 -^P\ = p, the self-energy corrections to the external-field line are 
zero (since they vanish for any k 2 = 0). Then the diagram corresponds to the 
amplitude 


Mfi = -e%(p)T(p,p; 0)%(p) • A (g) (k -»0), (110.17) 

i.e. the product of the potential A (e) and the electron transition current But 

when k-H>0 the potential A (e) (x) reduces to a constant independent of coordinates 
and time. No physical field corresponds to this potential (a particular case of gauge 
invariance), which therefore can cause no change in the electron current. Thus, in 
the limit considered, the transition current must be simply the free current 

uyu: 


%(p)T^(p, p; 0 )°U(p) = Zim(p)Rm(p) 

— &(p)y tl u(p). (110.18) 

This is essentially also a definition of the physical charge on the electron. It is 
easily seen to be necessarily satisfied, whatever the value of Z\: substituting ^ _1 (p) 
from (110.10) in Ward’s identity (108.8), we find 

p; 0) = y* - y^gCpKyP -m)- (yp - m)g(p) y' 1 , 

and (110.18) is satisfied, since (yp - m)u = 0, u(yp - m) = 0. 

We see that, when the amplitude of the physical process is calculated, the 
“renormalization constant” Z\ disappears. Moreover, by using the indeterminacy 
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that arises from divergences in the calculation of T, we can simply require that 

w(p)P*(p, p;0)M(p) = u(p)y*u(p) when p 2 =m 2 , (110.19) 

i.e. put Z\ = 1. 

The convenience of this definition lies in the fact that there is no need to apply 
corrections to the external electron lines: we have simply 

%(p) = w(p). 

This can also be deduced directly by noticing that for Z\ = 1 the mass operator ( 1 10.11) 
is 

M — ( 7 p - m)g(yp - m) (110.20) 

and the second term in (110.12) obviously vanishes. Thus there is no need to 
“renormalize” the external lines of any real particles, either photons or electrons.! 


§111. Analytical properties of photon propagators 

It is convenient to begin the study of the analytical properties of the photon 
propagator with the function II(k 2 ). The reason is that the direct use of the 
definition (103.1) for this purpose is difficult because the operators A^{x) are 
gauge-ambiguous and their properties are therefore indeterminate. 

The integral representation of the function II(k 2 ) (104.11) was derived from the 
expression for the photon self-energy function in terms of the matrix elements of 
the gauge-invariant current operator. Denoting the variable k 2 byt t , let us consider 
the properties of the function 11(0 in the complex f-plane. 

From the integral representation 


■«»>-/££& «*>•« 

o 

we see that 11(0 is real on the negative real axis, and elsewhere in the plane 
satisfies the symmetry relation 


n(t*) = n*(0. (111.2) 

The function 11(0 can have singularities only at singular points of p(t). These 
are at values of t = k 2 which are threshold values for the creation of various groups 


t In renormalizing the photon propagator, the condition Z = 1 arose as a necessary physical 
condition, after which the corrections to the external photon lines disappear automatically. Formally, 
however, the situation is similar for both photon and electron external lines: when Zt* 1, the wave 
amplitude e^ of a real photon, with corrections, would be multiplied by VZ. 

$ Not to be confused with the symbol for the time. 


QE4 - GG 
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of real particles by a virtual photon. At these values, new types of intermediate 
states “come into play” in the sum (104.9). Their contribution is zero below the 
threshold, but not zero above the threshold, and this causes the singularity at the 
threshold itself. These threshold values are, of course, real and non-negative.t The 
singularities of 11(f) therefore also lie on the positive real f-axis. If a cut is made 
along this axis, the function 11(f) is analytic throughout the cut plane. 

The term + i0 in the denominator of the integrand in (111.1) shows that we must 
pass below the pole f' = t. This means that the value of 11(f) for real f must be 
taken as its value on the upper edge of the cut. Using the rule (75.18): 

(111.3) 


we find that for real f 


im 11(f) = im Il(f + /0) = - irp(t). (111.4) 

On the lower edge of the cut, im II has the opposite sign; re II is the same on both 
edges. Thus the discontinuity of 11(f) at the cut is 


H(f + iO) -n(f - iO) = -2*rip(f). (111.5) 


The integral representation (111.1) itself can in this way be regarded simply as 
Cauchy’s formula for the analytic function 11(f): applying this formula 


n «> = SiJ 

c 


n(o dt' 

f'-f 


( 111 . 6 ) 


to the contour 



(111.7) 


which passes around the cut, and assuming that 11(f) decreases sufficiently rapidly 
at infinity, we find that the integral along the large circle is zero, and those along the 
edges of the cut give the following dispersion relation between 11(f) and its 

t For example, the point k 2 = 0 is a threshold for the production of three (or a higher odd number of) real 
photons; k 2 = 4m 2 is a threshold for electron-positron pair production, and so on. 
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00 



im n(t'+ iO) , , 

t’-t d 


im Il(f') , , 
t'-t-i 0 


( 111 . 8 ) 


Substitution of (111.4) then gives (lll.l).t 

The analytical properties of the functions £^(t) and 5c(t) are the same as those 
of II(t), in terms of which they are expressed by the simple formulae (104.2) and 
(103.21). For 2>(t) we have 


W) = 4 f 



(111.9) 


On the positive real t-axis, we must take t as t + iO, as shown above. The imaginary 
part of Q)(t) can then be calculated from (111.3) and (111.4), bearing in mind that 
n(f)/t-^0 when t-^0, by (110.6). We thus find 

im ®(t) = -4tt 2 S(0 + (4t r/t 2 ) im 11(0 

= -47r 2 8(t)-(4Tr 2 lt 2 )p(t). (111.10) 

Now, applying to Q)(t) a dispersion relation of the form (111.8), we obtain the 
integral representation 


m) = 


4tt 
t + i 0 


+ 477 


pin dv 

t' 2 + 


( 111 . 11 ) 


called the Kdllen-Lehmann expansion (G. Kallen, 1952; H. Lehmann, 1954). 

There is a close relationship between the position of the cut for the function 
2)(t) (and therefore its imaginary part on the cut) and the unitarity condition for the 
amplitude of the process a + b -> c + d represented by the diagram (110.4); this 
reaction is, of course, a purely imagined one, but it does not violate the con¬ 
servation laws, and the unitarity condition is formally valid for it. 

In the initial state i of this process there are two “classical” particles a and b , 
and in the final state there are two other such particles c and d. The unitary 
condition is (71.2)t 


T fi — T* = .(2tt ) 4 2 T fn T*8 i4) (P f - P,); (111.12) 

n 


t Dispersion relations were first used in quantum field theory by M. Gell-Mann, M. L. Goldberger 
and W. E. Thirring (1954). 

t The amplitudes T fi differ from the M/,- only by the factors shown in (64.10). 
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the summation on the right is taken over all the physical “intermediate” states n. In 
the present case these states are evidently those of the systems of real pairs and 
photons which can be created by the virtual photon k, i.e. the states which occur in 
the matrix elements in the definition (104.9) of the function p(k 2 ). The amplitudes 
M fi and M* include the factors 3)(k 2 ) and 3)*(k 2 ) respectively, and their difference 
contains im 3)(k 2 ). We see, therefore, that the relation given by (111.4) between an 
imaginary part of 3) and the existence of these intermediate states is a consequence 
of the necessary requirements of unitarity. 

We shall see later that it is convenient, in practical calculations of 3)(t) (or, 
equivalently, £P(t)) by perturbation theory, to begin by finding the imaginary part of 
which does not involve divergent expressions. But if 2P(t) is then calculated 
from a dispersion relation of the type ( 111 . 8 ), the integral diverges and further 
subtraction operations are necessary in order to satisfy the conditions ^( 0 ) = 0 and 
£P'(0) = 0. This subtraction can, however, be effected without the explicit use of 
divergent integrals. To do so, we need only apply the dispersion relation (111.8) not 
to SP(t) itself but to S^(t)/t 2 . Then we have 



im 0 >(t') 
t' 2 (t'-t-i0) 


dt '. 


(111.13) 


This integral is convergent, and the function &(t) thus obtained must necessarily 
satisfy the required conditions. A relationship such as (111.13) is called a “double¬ 
subtraction” dispersion relation. The significance of the change to $P(t)lt 2 becomes 
especially clear if (111.13) is written in the form 


I f imP(t') 1 f imff>(0 t f imP(t') 

) 7Tjt'-t-i0 at 77 J V d 77 J t' 2 

0 0 0 


dt '. 


If the first (“non-regularized”) integral is denoted by 8P(t), the right-hand side is 
#(t)-^(0)-t#'(0). 


§112. Regularization of Feynman integrals 

The physical conditions of renormalization discussed in §110 enable us, in 
principle, to derive a unique finite value for the amplitude of any electrodynamic 
process in any approximation of perturbation theory. 

Let us first of all ascertain the nature of the divergences that occur in the 
integrals derived directly from Feynman diagrams. This is considerably facilitated 
by counting the powers of the virtual 4-momenta which appear in the integrands. 

Let us consider a diagram of order n (i.e. one containing n vertices), with N e 
external electron lines and N y external photon lines; N e is even, and the electron 
lines form \N e continuous sequences, each beginning and ending at a free end. The 
number of internal electron lines in each such sequence is one less than the number 
of vertices in it; the total number of internal electron lines in the diagram is 
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therefore n ~ 2 N e . One photon line comes to each vertex: at N y vertices the photon 
line is external, and at the other n — N y it is internal. Since each internal photon line 
joins two vertices, the total number of such lines is l(n - N y ). 

Each internal photon line is associated with a factor D(k), which contains k to 
the power -2. Each internal electron line is associated with a factor G(p), which 
contains p to the power -1 (when p 2 > m 2 ). Thus the total power of the 4-momenta 
in the denominator of the diagram is 2 n - - N y . 

The number of integrations (over d 4 p or d 4 k) in the diagram is equal to the 
number of internal lines minus the number (n — 1 ) of additional conditions imposed 
on the virtual momenta (of the n conservation laws at the vertices, one relates the 
momenta at the free ends of the diagram). Multiplying by 4, we obtain the number 
of integrations over all the 4-momentum components, 2 (n - N e — N y + 2 ). 

Lastly, the difference r between the number of integrations and the power of 
the momenta in the denominator of the integrand is 

r = 4-lN e -N y , (112.1) 

and is independent of the order n of the diagram. 

The condition r < 0 for the diagram as a whole is not in general sufficient for 
convergence of the integral: the corresponding numbers r' for the internal sections 
which can be taken from the diagram must also be negative. The existence of 
sections having r' > 0 would make them divergent although the other integrals in 
the diagram would converge “with something to spare”. The condition r <0 is, 
however, sufficient for the convergence of the simplest diagrams, in which n = 
N e + N y and there is only one integration over d 4 p. 

If r 52 = 0, the integral always diverges. The order of divergence is at least r if r is 
even, and at least r - 1 if r is odd; the decrease by one in the latter case is due to 
the vanishing of the integrals over all 4-space of products of an odd number of 
4-vectors. The order of divergence may be higher if there are internal sections with 
r' > 0 . 

Since N e and N y are positive integers, we see from (112.1) that there exist only 
a few pairs of values of N e and N y for which r ^ 0. The simplest diagrams of each 
such type may be enumerated, omitting the cases N e = N y = 0 (vacuum loops) and 
N e = 0, N y = 1 (mean value of the vacuum current), since they have no physical 
meaning and the corresponding diagrams must be rejected, as already shown in 
§103. The remaining cases are: 
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In (a) the divergence is quadratic; in all the others (r = 0 and r = 1) it is logarithmic. 

The diagram (112.2d) is the first correction to the vertex operator. It must 
satisfy the condition (110.19), which we shall here write as 

M(p)A^(p,p;0)M(p) = 0 when p 2 = m 2 , (112.3) 


with 


(112.4) 

Let A*(p 2 , Pi; fc) be the Feynman integral as derived directly from the diagram. 
This integral is logarithmically divergent, and does not itself satisfy the condition 
(112.3), but we can obtain a quantity which does satisfy this condition by taking the 
difference 


A^(p 2 , Pi*, k ) = A^(p 2 , pi; k) - [A »(p u p x \0 )] p 2 =m 2. (112.5) 

The leading divergent term in A^(p 2 , pr, k) is obtained by taking the virtual photon 
4-momentum / in the integrand to be arbitrarily large. It ist 


~ 47rie 2 


/ 


y"(yf)y*(yf)yp d 4 f 

f-/ 2 -/ 2 (2*r) 4 


and is independent of the 4-momenta of the external lines. In the difference (112.5) 
the divergence therefore cancels, leaving a finite quantity. This operation of 
removing the divergence by subtraction is called regularization of the integral. 

It must be emphasized that the integral A**(p 2 , Pi; fc) can be regularized by one 
subtraction because here the divergence is only logarithmic, i.e. as weak as it can 
be. If the integral involved divergences of various orders, a single subtraction with 
k = 0 might be insufficient to eliminate all the divergent terms. 

When the first correction in (i.e. the first term in the expansion of A^) has 
been determined, the first correction in the electron propagator (the diagram 
(112.2a)) can be calculated from Ward’s identity (108.8), which may also be written 
in the form 


dJl(p)/dp tl = A^(p, p;0), (112.6) 

with the mass operator M in place of and A^ in place of T^. This equation is to 
be integrated with the boundary condition 

u(p)M(p)u(p) = 0 for p 2 = m 2 , (112.7) 

which follows from (110.20). 

Finally, to calculate the first term in the expansion of the polarization operator, 
we use the identity (108.14), which after contraction with respect to two pairs of 


t The complete expression for the integral is given in (117.2). 
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4 tt dk„dk a ’ 

a relation between the scalar functions 9 = and 9 = 9%,. Both these functions 
depend only on the scalar variable k 2 , and so we have 

2 k 2 9"{k 2 ) + 9'{k 2 ) = ^ 9(k 2 ), (112.8) 

the primes denoting differentiation with respect to k 2 . With the condition 9'($) = 0, 
this equation shows that 


5^(0) = 0. (112.9) 

In the first approximation of perturbation theory, Sf(k 2 ) is given by the diagram 
(112.2e), with the free ends having 4-momenta k, k, 0, 0. The corresponding Feyn¬ 
man integral 9{k 2 ) diverges logarithmically, and can be regularized by a single 
subtraction, using the condition (112.9): 

<f{k 2 ) = 9{k 2 )-9( 0 ). 

Then 9(k 2 ) is found by solving equation (112.8) with the boundary conditions 
9(0) = 0, 0>'(O) = 0. 

In the next approximation of perturbation theory, the correction to the vertex 
operator A (2) is determined by the diagrams (106.10, (c)-(i)). The irreducible 
diagrams (d)-(f) are calculated by a similar regularization of the integrals, using a 
single subtraction as in (112.5), in the same way as in calculating the first- 
approximation correction A^. In the reducible diagrams, the internal self-energy 
and vertex parts of lower order are immediately replaced by the already known 
(regularized) first-approximation quantities (9 {l \ M {1 \ Aj^), after which the integrals 
obtained are again regularized in accordance with (112.5).t The corrections 9 (2) and 
M {2) can then be calculated from (112.6) and (112.8). 

This systematic procedure will in principle enable us to derive finite values for 
9, M and A^ in any approximation of perturbation theory. It thus becomes possible 
to calculate the amplitudes of physical scattering processes that are described by 
diagrams containing 9, M and A^ as constituent sections. 

The physical conditions derived in §111 are therefore sufficient for an unam¬ 
biguous regularization of all the Feynman diagrams occurring in the theory. This 
renormalizability is a far from trivial property of quantum electrodynamics.t 

In a practical calculation of radiative corrections, the above procedure may, 
however, not be the simplest and most rational. In Chapter XII we shall see, in 

t In diagrams for still higher approximations, it may be necessary to replace the four-ended sections 
y also by already regularized values. 

$ A different approach to renormalization theory in quantum electrodynamics is given by N. N. 
Bogoliubov and D. V. Shirkov, Introduction to the Theory of Quantized Fields, Wiley, New York, 1980. 
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particular, that a convenient treatment may start by calculating the imaginary parts 
of the corresponding quantities; these are given by integrals which do not involve 
divergences. The quantity itself is then found by analytical continuation, using the 
dispersion relations. It thus becomes possible to avoid the lengthy calculations 
which are needed in a direct regularization by subtractions. 
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RADIATIVE CORRECTIONS 


§113. Calculation of the polarization operator 

Let us now go on to the actual calculation of the radiative corrections, and begin 
with that of the polarization operator (J. Schwinger, 1949; R. P. Feynman, 1949). In 
the first approximation of perturbation theory, this is given by the loop in the 
diagram 


k 


p-k 


k 


(113.1) 


As already mentioned, the problem becomes easier if we first calculate the 
imaginary part of the required function. This in turn is most conveniently done by 
using the unitarity relation. The virtual-photon lines are regarded as corresponding 
to a fictitious “real” particle, a vector boson with mass M 2 = k 2 which interacts 
with an electron in the same way as a photon does. Then (113.1) becomes the 
diagram of a “real” process, and the unitarity condition can be justifiably applied to 
it. 

Thus we regard (113.1) as a diagram giving the amplitude of the transition of the 
boson into itself (a diagonal element of the S -matrix) via a decay into an electron- 
positron pair. The crosses in the diagram show where it is to be cut into two parts 
so as to show the intermediate state that figures in the application of the unitarity 
relation. This state contains an electron with 4-momentum p_ = p and a positron 
with p+ = - (p - k). 

The unitarity relation with a two-particle intermediate state (71.4), for coin¬ 
cident initial and final states, gives 

2 im M a = 2 f \M ni \ 2 do. (113.2) 

(477) 8 polar. J 

Here the amplitude Mu, from (113.1), is 

iM H = V(4ir)e* • V(4ir)e„ l -~, (113.3) 


where is the boson polarization 4-vector, which according to (14.13) satisfies the 
equation 


eji* = 0 . 
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The amplitude M ni corresponds to the diagram for the decay of the boson into 
an electron-positron pair: 


f k 


P- ~P+ 


The corresponding expression is 

Mm = - eV(4v)eJ^, j" = uip^y^ui-p+). (113.4) 

Substitution of (113.3) and (113.4) in (113.2) gives 

2e*e„ im SP' 11 ' = j—^ 2 f J “j'efado. (113.5) 

477 8 polar J 


Here p = p- = - p+ and s = e+ + s = 2e+ are the momenta and total energy of the pair 
in its centre-of-mass system; the integration is over the directions of p, and the 
summation is over the polarizations of the two particles. 

Let us now average both sides of (113.5) over the polarizations of the boson. 
This is done by means of the formula (14.15): 

ete^-\{g^). 


Since the tensor and the vector are transverse (8^% = 0, = 0), we have 

as the result 


2 im 3P 


J_1p1 y f 

12v S polar. J 


an do. 


(113.6) 


where 9 — 

The summation over the polarizations is effected in the usual manner, the 
integration over do reduces to a multiplication by 4ir, and so 

2 im = e 2 ^tr 7 (i (yp_ + m)y M ( 7 p + -m) 

= - e 2 ^ (p+p- + 2m 2 ). 


In terms of the variable 


t = k 2 = (p+ + p-) 2 
= 2(m 2 + p+p-), 


(113.7) 
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we have 


2 _ . 2 _ I* 2 

8 — r, p — 41 m , 


and hence finally 


im 3P(t) = -jayJ-—~-(t + 2m 2 ), t^4m 2 . (113.8) 

The value t = 4m 2 is the threshold value for the production of one electron- 
positron pair by a virtual photon (cf. the second footnote to §111); in the 
approximation considered (~e 2 ), the state with a single pair is the only one that 
can appear as an intermediate state in the unitarity condition (113.2). In this 
approximation, therefore, the right-hand side of (113.2) is zero for t <4m 2 , and 
hence 


im &(t) = 0, t <4m 2 . (113.9) 

For the same reason, in this approximation the cut in the complex f-plane for 
the function 0>(t) extends only from t = Am 2 on the real axis, and this point must be 
the lower limit in the dispersion integral (111.13). Thus 


0>(O = 


oo 



dt' I ft'-4m 2 \ t’ + lm 2 
t'-f-ioVv V ) P~~ 


(113.10) 


It is convenient for the expression of the result to replace t by a variable £, defined 
as follows: 


*/m 2 = -(l-f) 2 /£ (113.11) 

This transformation maps the upper half-plane of t on a semicircle of unit radius in 
the upper half-plane of £, as shown in Fig. 19, where corresponding line segments 
in the two planes are indicated by similar markings. The semicircle £ = e l4> ,0^ <f) ^ i r, 



0 4m 2 “1 0 1 

Fig. 19. 


corresponds to the non-physical region 0 t/m 2 4. The right-hand and left-hand 
radii on the real axis correspond to the physical regions t <0 and t/m 2 > 4. 

The integral in (113.10) is most simply calculated by means of the substitution 


t' 


4m 2 


1 


1 
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and we first take the case t <0 (so that the denominator does not vanish in the 
range of integration and the imaginary term iO may be omitted). The result of the 
integration, in terms of the variable £, is 


&(0 = 


am 

3tt 


{ 


22 

3 




(113.12) 


The analytical continuation of this formula gives the function SP(t) in the range 
t>4m 2 also; this is done by putting £ = |£|e l7T (and the logarithm gives a con¬ 
tribution to the imaginary part: log £ = log |£| + iir).t For the non-physical region, 
we must put £ = and then 


0>(t) = {- f sin 2 4 - 2 + (1 + 2 sin 2 cot (113.13) 

3 71 

f/4m 2 = sin 2 2 $. 


In the limit of small |f| (i.e. £1), these formulae become 

= |t|«4m 2 . (113.14) 

In the opposite case of large |f| (i.e. £-*0), we have 

SP(t) = -^|t| log-ji^, -t>4m 2 , 

a , t \ (U3 - 15) 

3^(0 = t (log —2 — ITT), t> 4m 2 . 

377 \ m / 

In accordance with the significance of perturbation theory, these formulae are 
valid if & I Ait < D 1 = t\Air. The condition for (113.15) to be applicable is thus 

^-log-^l. (113.16) 

377 m 

The radiative corrections which involve a log (|t|/m) are called logarithmic cor¬ 
rections. 


§ 114. Radiative corrections to Coulomb’s law 

Let us apply the formulae derived above to the problem of the radiative 
corrections to Coulomb’s law. These corrections may be intuitively described as 
resulting from the polarization of the vacuum around a point charge. 

t The analytical continuation thus obtained is, as it should be, a continuation on the upper edge of 
the cut, since the semicircle in the £-plane corresponds to the upper half-plane of t. 
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If corrections are neglected, the field of a fixed centre (with charge e x ) is given 
by the Coulomb scalar potential = A{) ] = ejr. The components of its three- 
dimensional Fourier expansion are 


<D(k) = AtfX k) = 4Wk 2 . 


When the radiative corrections are included, this field is replaced by the “effective 
field” 


l e) = Ai e) + 2J 0 p ^ Al c) = Aj> e) + ^ 3>2>A|f >; 


(114.1) 


cf. (103.15). The second term gives the required change in the scalar potential. In 
the first approximation of perturbation theory for 8P(k 2 ), we must take the expres¬ 
sion derived in §113 and replace gJ(k 2 ) by the zero-order approximation: 


2>(k 2 ) ~ D(k 2 ) = — 47r/k 2 . 


Thus the radiative correction to the field potential is 

S0>(k) = -^^(-k 2 ). (114.2) 

To determine the form of this correction in the coordinate representation, we 
must take the inverse Fourier transform: 

5<D(r) = j e ik r S<D(k) d 3 k/(2ir) 3 . (114.3) 

Since 5d>(k) is a function of t = -k 2 only, integration over angles gives 

8<D(r) = Jp j 8€>(t) ^-^-~ d(-t) 

0 

= 4 ^;im J 8<P(- y 2 ) e^y dy ; 

in the last transformation, we use the fact that the integrand is an even function of 
y = V - t. The contour of integration can now be moved into the upper half-plane 
of y, and made to coincide with the cut of the function ^(-y 2 ) (Fig. 20). This cut 

ill© 

C J2im 


Fig. 20. 
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extends upwards along the imaginary axis from the point 2im, the physical sheet 
corresponding to the left side of the cut. Replacing y by a new variable, y = ix, we 
get 


8<$>(r) = -X - J im Sd>(x 2 ) e rx xdx. 

2m 

Finally, on returning to the integration over t = jc 2 , we have 

s<I) ( r ) = 4 ~^ f im 8<P(t) e~ rVt dt. (114.4) 

4m 2 

The imaginary part 

im 8<$(t) = -pr^im 0>(t) 

is taken from (113.8), and after an obvious change of variable we have 


<D(r) = ^ + 5<D(r) = ^ 



(114.5) 


(E. A. Uehling and R. Serber, 1935). 

The integral can be evaluated in two limiting cases. Let us first take that of 
small r (mr <£ 1), and divide the integral of the first term in the parenthesis into two 
parts: 


I = | e ~ 2mrl 1} dC 

1 

Cl 

= f ■ • ■ d£ + J • • • d£ 

i £i 

= h + h, 

with chosen so that 1 /mr S> fi > 1. Consequently, we can take r = 0 in the first 
integral, so that 




f V(f 2 -l) 

J C 


dC 


“ log 2£, - 1. 
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oo 



Ci 


= - log £i • e 2mrCl 4- 2 mr J e 2mrC log £ d£. 


In the exponential and the lower limit, it is permissible to put £i = 0. Then, with the 
change of variable 2mr£ = x, we have 


I 2 = ~ log 2£i 4- log 4- J e x log x dx 
o 

= - log 2£, + log — - C, 


where C = 0.577 ... is Euler’s constant. 

In the integral of the second term in (114.5) we can immediately put r = 0: 

f V(g 2 -i) l 

13 2 J f 4 dC ~6‘ 

1 

When the three integrals are added, £i disappears, leaving 

When mr > 1, the range £ - 1 ~ 1/mr 1 is important in the integral. The change 
of variable £ = 1 4- £ and appropriate transformations reduce it to 




In this case, therefore,! 

*< r) = 7( ,+ 4V7(S>) <IR7) 

We see that the polarization of the vacuum alters the Coulomb field of a point 

t The origin of the factor e~ 2mr in 8<t>(r) is evident from the form of the initial integral (114.4): when 
r is large, the important values of t are those near the lower limit. Thus the exponent is determined by 
the position of the first singularity of the function 5d>(f). 
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charge in a region r~ l/m( = ft/mc), where m is the electron mass. Outside this 
region, the change in the field decreases exponentially. 

One further general comment may be made. Hitherto we have implicitly 
assumed that the radiative corrections arise from the interaction between the 
photon field and the electron-positron field. Thus, by associating the internal closed 
loops in the photon self-energy diagrams with the electrons, we have taken into 
account the interaction of the photon with the “electron vacuum”. But the photon 
also interacts with the fields of other particles; the interaction with the “vacua” of 
these fields is described by similar self-energy diagrams, in which the internal loops 
are associated with the appropriate particles. The contributions of these 
diagrams differ in order of magnitude from those of the electron diagrams by several 
factors of m e /m, where m is the mass of the particle concerned and m e the electron 
mass. 

The particles whose mass is closest to that of the electron are the muons and 
the pions. The numerical ratios mjm^ and mjm„ are close to a. The radiative 
corrections from these particles would therefore have to be taken into account 
together with the electron corrections of higher orders. For muons, the radiative 
corrections can in principle be calculated by means of the existing theory, but for 
pions (which are strongly interacting particles) they cannot. 

This places a fundamental limitation on exact calculations of specific effects in 
present-day quantum electrodynamics. The use of arbitrarily high-order corrections 
from the photon-electron interaction alone would be an invalid exaggeration of the 
attainable accuracy. 

The radiative corrections to Coulomb’s law discussed in this section are, as we 
have seen, valid even at distances 1 \m e . We can now add that the formulae 
obtained cease to be valid at distances r < 1 Im^ (or 1/m^), where polarization of the 
vacua of other particles becomes significant. 


§ 115. Calculation of the imaginary part of the polarization 
operator from the Feynman integral 

In a direct calculation from the diagram (the loop in (113.1)), the polarization 
operator in the first approximation of perturbation theory would be given by the 
integral 


\op^ v ^ f d 4 n 

_ e 2 J tr y^Gip^Gip-k)^. (115.1) 

This integral, however, taken over all four-dimensional p -space, is quadratically 
divergent, and in order to obtain a finite result it would be necessary to regularize 
the integral by the procedure described in §112. 

Here, we shall not give the complete derivation, but show how one can use the 
integral (115.1) to calculate the imaginary part of the polarization operator (which 
has been determined in §113 by means of the unitarity condition); this derivation 
includes a number of instructive points. 

The imaginary part of the integral (115.1) does not diverge and therefore does 
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not need regularization. For the scalar function im 3P = 3 im we have 


1m = 1 


tr y^jyp + m)y u (yp + yk + m) 


. (. 4ire 2 f 

™ l l 3(2ir ) 4 J (p 2 - m 2 + iO)[(p -k) 2 -m 2 + i0] 
After calculating the trace, we get 

im SP(k 2 ) = imj 


V). 


i<}>(p) d 4 p 


(p- m 2 + iO)[(p - k) - m 2 + i 0 ]’ 


2e 2 


<MP) = fp (2m 2 + pk- p 2 ). 


(115.2) 


Let k 2 > 0. We shall use a frame of reference in which k = (k 0 ,0), and 

(p - k) 2 = (p 0 - k 0 ) 2 - p 2 . 

Using also the notation e = V(p + m 2 ) (this is not the “energy” of the virtual 
electron p 0 ), we can write (115.2) in the form 


im SP(k 2 ) = im 


oo 



Wn id>(p 0 ,p) _ 

ap ° (pI-e 2 + / 0 )[(po - k 0 ) 2 - e 2 + iO]’ 


<p(p 0 , p) = r —3 (m 2 + e 2 + pofco - Po). 

JTT 

The integrand has poles at four values of p 0 : 

(a) po = e - iO, (a') p 0 = - e + iO, 

(b) po = k 0 - e + iO, (b') p 0 = k 0 + e - iO. 


(115.3) 


Figure 21 shows the configuration of these poles; we shall take the specific case 
k 0 > 0 , but the final answer depends only on k j>, and not on the sign of ko. We can 


a' b 

• • 


/ 

/ 

/ 


/ 


T 

/ 


Fig. 21. 

calculate the discontinuity of the function SP(t) at the cut in the complex plane of 
t = k 2 = k o or, equivalently, on the real axis in the ko-plane. The real part of 3P(t) is 
continuous at the cut, and the discontinuity is therefore 

A0 k (t) = 2iim0 k (t). (115.4) 


QE4 - HH 
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We shall first show how the position of the cut may be established from the 
form of the integral. Let I(p, k 0 ) denote the inner integral (over dp 0 ) in (115.3). So 
long as the upper and lower poles in Fig. 21 are at finite distances apart, the path of 
integration over p 0 can be taken far from the poles, as shown by the broken line. It 
is therefore evident that in this case the integral I(p, k 0 ) is unaltered by an 
infinitesimal upward or downward movement of the poles b and b' respectively 
away from the real axis, i.e. by the change k 0 ->k 0 ± id , 8 ->0. Thus, where k 0 tends 
to its real value from above or from below, the value of I(p, k 0 ) is the same, and 
therefore makes no contribution to the discontinuity ASP. The situation is different 
only if two poles (which may be a and b when k 0 > 0) are exactly one beneath the 
other, so that the contour of integration is “trapped” between them and cannot be 
moved to a great distance. Thus the discontinuity ASP^ 0 only if the condition 
k 0 - e = e, i.e. k 0 = 2e = 2V(p 2 + m 2 ), can be satisfied somewhere in the region of 
integration over d 3 p. For this to be so, we must evidently have k 0 ^2m, i.e. 
t 2= 4m 2 .f 

The integral I(p, k 0 ) can be written in the form 



icf)(po, p) dp o 
(Po-e 2 )[(Po-ko) 2 -e 2 ]’ 


(115.5) 


with the terms i0 omitted from the denominator and the integration contour C 
correspondingly modified, as shown in Fig. 22. We see that the discontinuity ASP(t) 
is due to the impossibility of bringing the contour away from the pole a when it is 
trapped between a and b. The contour C is therefore replaced by C', which passes 


c 


a' b 

V/-W 


/Tv 

a 


/T> 

b 


C' 


a' 

V/ 



Fig. 22. 


/TV 

b' 


beneath a, and the integral around a small circle C" centred at a is added. Then C' can 
always be moved away from the poles without any difficulty, and the integration along 
it therefore contributes only to the regular part of SP(t). To determine the required 
discontinuity, we need only consider the integral along the circle C", which is done by 
calculating the residue at the pole a. This calculation can be made by substituting in the 
integrand 

(115.6) 

P o £ 

t It can be shown similarly that there is no cut when t = k 2 <0. Taking in this case a frame of 
reference where k = (0, k), we find that the poles of the integrand are at 

p 0 = ± (e - iO), po = ± (V[(p - k) 2 + m 2 ] - iO). 

The two lower poles are always in the right half-plane of po, and the two upper ones in the left 
half-plane, so that no pair can be vertically aligned. 
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the minus sign is used because the circle around the pole is traversed in the 
negative direction. In the argument of the delta function, only the zero p 0 = + e is 
to be used (the pole a, not a'); this is automatically done if we agree to integrate 
over only half of momentum 4-space (p 0 > 0). 

After the substitution (115.6), the discontinuity of the integral I(p, k 0 ) can be 
calculated immediately: 

AI = {I (p, k 0 +iS) — I (p, k 0 - iS)}s^+o 

00 

= -2 iri J S(po~ e 2 )i(f>(p 0 ,p)x 

0 

X [(k 0 -po) 2 - e 2 + is (ko —Po) 2 — e 2 - is] dp °' 


With the equation 


1 


= P 


1 


(k 0 ~Po)'-e ±iS (ko-po)-E 


inS[(k 0 - po) 2 - e 2 ] 


(see (111.3)), we have 

AI = i(2ni) 2 J 8(pl~ e 2 )S[(k 0 - p 0 ) 2 - e 2 ](p(p 0 , p) dp 0 . 

0 

The arguments of the delta functions can be rewritten in an invariant form by 
adding and subtracting p 2 : 

Po~ e 2 = p 2 - m 2 , (k 0 ~p o) 2 - e 2 = (k-pf-m 2 . 

We then obtain finally 


A3P(k 2 ) = i(2m) 2 J d 4 p ■ <f>(p)8(p 2 -m 2 )8[(p - k) 2 -m 2 ]. (115.7) 

P 0>° 


Because of the delta functions, the integration is actually taken only over the 
region of intersection of the hypersurfaces 

p 2 = m 2 , (p - k) 2 = m 2 . (115.8) 

Since in this region all the 4-vectors p are time-like, the condition of integration 
over p 0 > 0 is invariant (the upper interior region of the cone p 2 = m 2 ). 

Let us compare (115.7) with the original formula (115.2). We see that the 
discontinuity of the function 3P(f) at the cut in the t-plane can be found by applying 
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in the original Feynman integral the substitution 

p 2 ~ 2iriS(p 2 - m 2 ) (115.9) 

in the propagators which correspond to the loop lines intersected in the diagram 
(113.1) (S. Mandelstam, 1958; R. E. Cutkosky, 1960). 

The conditions (115.8) select the region of momentum space in which the lines 
of virtual particles in the diagram correspond to real particles (the 4-momenta p 
and p - k are then said to lie on the mass surface). Here we see clearly the 
relationship to the unitarity-relation method, where these lines are replaced by lines 
of intermediate-state real particles. 

We also observe the mathematical reason for the absence of divergence in the 
imaginary part of the diagram: the integration is over a finite region of the mass 
surface, not over the whole of infinite momentum 4-space as in the original 
Feynman integral. 

In order to derive from (115.7) the formula obtained in §113, we return to the 
frame of reference in which k = 0 and integrate over 

d 4 p = |p|e de dp 0 do. 

The integration amounts to removing the delta functions, with 

S(p 2 - m 2 ) dp 0 = S(po ~ e 2 ) dp 8< ^ Po ~ e ) d P°’ 


and then 

8[(p - kf- m 2 ] de = 8[(po~ k 0 f ~ e 2 ] de 
= 5(-2ek 0 4-ko) de 

6(e -ifco) dc- 

The result is 

A^(t) = -~i7r 2 j ^( L ~^-' ) j4 ) (e,p)do, (115.10) 

where t = k 2 = ko ; the value of $ is taken for 

Po = e = 2 k 0 , p 2 = e 2 - m 2 = \kl - m 2 , 


<M e , p) 



(2m 2 + 1 ) 


i.e. it is 
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and is independent of the angle. The integration over do reduces to multiplication 
by 47 t, and we come back to (113.8). 

The only vital point in the foregoing derivation is that the diagram is divided 
into two parts by cutting no more than two lines. The rule stated therefore remains 
valid for diagrams comprising any two sections joined by two (electron or photon) 
lines. The integral calculated by the substitution (115.9) then gives the contribution 
to the imaginary part of the diagram that arises (in the unitarity-relation method) 
from the corresponding two-particle intermediate state. 


§ 116. Electromagnetic form factors of the electron 

Let us consider the vertex operator T^ = P*(p 2 , pi; k) in the case where the two 
electron lines are external lines and the photon line is internal. The external 
electron lines correspond to factors ui = u(p { ) and u 2 = u(p 2 ), and T therefore 
appears in the expression for the diagram as the product 

jfi = a 2 r»u { . (ii6.i) 

As already noted in §111, this is the electron transition current, including radiative 
corrections. The conditions of relativistic and gauge invariance enable us to 
establish the general matrix structure of this current. 

The electromagnetic interaction operator V = e(fA) is a true scalar (not a 
pseudoscalar), in accordance with the conservation of spatial parity in these 
interactions. The transition current j fi is therefore a true 4-vector (not a pseudo¬ 
vector), and hence can be expressed only in terms of other true 4-vectors formed 
from the two available 4-vectors pi and p 2 (k ~p 2 ~p\ is a third) and the bispinors 
Mi and u 2 . There are three independent 4-vectors of this kind bilinear in u 2 and Ui: 


u 2 yu u (u 2 ui)p u (u 2 ui)p 2 , 


or, equivalently, 


u 2 yu i, (u 2 U\)P, (u 2 ui)k, (116.2) 

vvhere P =Pi + P 2 * The condition of gauge invariance requires that the transition 
current should be transverse to the photon 4-momentum k: 

jfik = 0. (116.3) 

This is satisfied by the first two 4-vectors (116.2), respectively because of Dirac’s 
equations 


(ypi - m)u i - 0, u 2 (yp 2 -m) = 0 


(116.4) 


and because Pk = 0. The current j fi is given by a linear combination of these two 
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4-vectors: 


jfi =/i(w 2 Wi)P^ +f 2 (u 2 y fl u l ), 


where fi and f 2 are invariant functions, called the electromagnetic form factors of 
the electron. 

Since the 4-momenta p\ and p 2 relate to the free electron, p 2 = p 2= m 2 , and 
from the three 4-vectors p u p 2 and k (which are related by k=p 2 -p { ) we can 
construct only one independent scalar variable, which we take as k 2 . Then the form 
factors are functions of k 2 . 

The expression for the current can also be put in other forms with different 
choices of the two independent terms. Using the equations (116.4) and the com¬ 
mutation rules for the matrices y, we can easily show that 

(u 2 a^ui)k v = - 2m(u 2 y^ui) + (u 2 Ui)P **, (116.5) 

where a tlv = 2 (y^y v - y v y* 1 )- The coefficient of this term will later be seen to have 
an important physical significance, and we therefore write 

r* 1 = y^f(k 2 ) - ~ g(k 2 )(r^k v , (116.6) 

where / and g are two other form factors; the reason for writing the factor 1/2 m 
separately will be explained below.t For brevity, we shall always use the vertex 
operator instead of the current, the u 2 and u\ on either side being understood. 

In order to determine the properties of the form factors, let us consider the 
diagram (110.16) for the interaction of an electron with an external field. The 
corresponding scattering amplitude is 

M fi = - ejfisd^Xk), (116.7) 

where d^ is the effective external field (taking account of the polarization of the 
vacuum). 

The amplitude (116.7) describes two reaction channels. In the scattering chan¬ 
nel, the invariant t is such that 


t = k 2 = (p 2 ~p i) 2 ^0. 

Putting p- for p 2 and - p t for p u we change to the annihilation channel, which 
corresponds to pair production with 4-momenta p_ and p+. In this channel, 

t = (p_ + p+) 2 ^ 4m 2 . 


The range 0 < t < Am 2 is non-physical. 


t To avoid misunderstanding, it may be mentioned that in the definition (116.6) k is assumed to be 
the 4-momentum of the photon line coming to the vertex; for the outgoing line, the sign of the second 
term would be reversed. 
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Let us now consider the unitarity condition (111.12). In the scattering channel 
(t < 0) there are no physical intermediate states in this case: one free electron 
cannot change its momentum or give rise to any other particles. There are also, of 
course, no intermediate states in the non-physical region. Hence, when t < 4m 2 , the 
right-hand side of (111.12) is zero, so that the matrix T fi (or, equivalently, M fi ) is 
Hermitian: 


M fi = M1 f . 

The interchange of the initial and final states corresponds to the interchange of p 2 
and p i, and therefore to a reversal of the sign of k. Putting M fi in the form (116.7), 
we therefore have 


Since sd (e \ - k) = s$ (e) *(k), it follows that the transition-current matrix is also 
Hermitian: 

j/i=jt/ when t<4m 2 . (116.8) 

Using the properties of the matrices y (21.7), we can easily prove that 

(a 2 y^u { ) = (Uiy^U2T, 

(u 2 a^ v Ui) = - (wio-^w 2 )*- 

Thus jt/ differs from j fi only in that the functions f(t) and g(t ) are replaced by their 
complex conjugates, and it then follows from (116.8) that these functions are real. 
Thus 


im f(t) = im g(t) = 0 when t<4m 2 . (116.9) 

In the annihilation channel (t>4m 2 ), the / state is a pair which can be 
transformed into another pair with different momenta (elastic scattering) or into a 
more complex system. The right-hand side of the unitarity condition is therefore 
not zero, the matrix M fi (and hence j fi ) is not Hermitian, and so the form factors are 
complex. 

The analytical properties of the functions f(t) and g(t) are exactly similar to 
those of the function 8P(t) discussed in §111, although it is difficult to prove them so 
directly. These functions are analytic in the complex t-plane cut along the positive real 
axis t > 4m 2 , with 


/*(0 = /(**), g*(0 = £(**)• 

The renormalization condition (110.19) applied to the vertex operator (116.6) 
leads to the requirement 


/( 0 )= 1 . 


( 116 . 10 ) 
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In order to include this condition automatically (when calculating f(t) from its 
imaginary part), we must apply a dispersion relation of the form (111.8) not to the 
function f(t) itself but to (/- 1 )/f. Then we get the dispersion relation “with one 
subtraction”: 


m-i=i 

7T 


00 



im /((') 
t'(t'-t-iO) 


dt'. 


(116.11) 


No values for the form factor g(() are prescribed by physical conditions. Its 
dispersion relation will therefore be written “without subtractions”: 


g(0 = j 

7T 


J 


t'-t-iO 


(116.12) 


The value of g(0) has an important physical significance, as it specifies the 
correction to the magnetic moment of the electron. In order to see this, let us 
consider the scattering of a non-relativistic electron in a constant magnetic field 
which is almost uniform in space. 

The term in the scattering amplitude (116.7) which depends on the form factor 
g(k 2 ) is 


SM fi =^g(k 2 )(a 2 a^udk v Ai\k). (116.13) 

For a purely magnetic field, A (e)(l = (0, A); since the field is constant in time, the 
4-vector k* = (0, k), and since it varies only slowly in space, k is small. With a view 
to subsequently taking the limit k->0, we have already replaced the effective s£ (e) 
by A (e) in (116.13). Expanding (116.13) and expressing it in terms of three- 
dimensional quantities, we find 

SM/f = g( - k 2 )(u 2 Xui)ik x A k , 

where X is the matrix (21.21). The product ik x A k is replaced by the magnetic field 
H k , and we can then take the limit k->0. Finally, with the non-relativistic spinor 
amplitudes w i, w 2 given by (23.12): 

Q 2 = V(2m)(w?0), 

U1 = V(2m)^‘), 


we have 


m n = 2 ^- g( 0) H k • 2m(M’f<nt'i). 


(116.14) 
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This expression may be compared with the scattering amplitude in a constant 
electric field having the scalar potential d> k : 

M fi = - e(u 2 y°ui)<& k ~ - ed> k • 2m(w?wi). 

We see that an electron in a magnetic field can be regarded as having an additional 
potential energy 


2m 


g(0)a • H k . 


This means that the electron has an “anomalous” magnetic moment (in ordinary 
units) 


in' = (ehllmc)g(O) (116.15) 

in addition to its “normal” Dirac magnetic moment efijlmc. 


§ 117. Calculation of electron form factors 

Let us now go on to the actual calculation of the electron form factors (J. 
Schwinger, 1949). In the zero-order approximation of perturbation theory, the 
vertex operator P* = i.e. the electron form factors are / = 1, g = 0. The first 
radiative correction to the form factors is given by the vertex diagram 


k 


♦ 



(117.1) 


with two real external electron lines and one virtual external photon line. We shall 
first calculate the imaginary parts of the form factors. As has been shown in §116, 
these differ from zero only in the annihilation channel (Jc 2 >4m 2 ); accordingly, the 
4-momenta of the external electron lines in the diagram (117.1) correspond to the 
production of an electron and a positron, and are denoted by p_ and -p+. The 
analytical expression of the diagram (117.1) is 

- iea(p-)r ,l u(- p+) = (- iefu(p-)y v i J G(p)y*G(p - k)y v D llp (f) u(-p+) 

(117.2) 
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or, in expanded form, 


y»f(k 2 )- 


2m 


g(k 2 )^x = 


I 


iV(p ) d 4 p 


(p 2 - m 2 )[(p - k) 2 - m 2 Y 


(117.3) 


with the notation 


»(r>\ = _ -2 y v (yp + mh^iyp -yk + m)y„ 

{P) 4ir 3 (p- — p) 2 


(117.4) 


and omitting for brevity the factors w(p_), n(-p+); it is understood that both sides of 
the equations below are placed between these factors. 

The horizontal dotted line divides the diagram (117.1) into two parts, in such a 
way as to indicate the intermediate state which would figure in a calculation of the 
imaginary part of the form factor by means of the unitarity condition, namely the 
state of an electron-positron pair with momenta differing from p_, p+. The 
intersection also shows where the pole factors are to be replaced in the integral 
(117.2) in order to use the rule (115.9) in the calculation (in (117.3), these factors 
have been separated in the integrand). 

The integral in (117.3) has the same form as that in (115.2), and we can therefore 
immediately write the result of the transformation as in (115.10): 

2y»imf(t)-^a»%img(t) = -\Tr 2 yl(^y^)j V(p) do p , (117.5) 


where t = k 2 , the integration is over the directions of the vector p, and the 4-vectors 
p_ = p and p[ = k-p in the definition of the function <^(p) (117.4) become the 
4-momenta of real (not virtual) particles. The expression (117.5) relates to a frame 
of reference in which k = 0, i.e. the centre-of-mass system of the pair p-, p+ (and 
hence of the “intermediate” pair p_, p j). In this frame, therefore, k = (k 0 , 0), 
P- = ( 2 JC 0 , p ), P+ = ( 2 JC 0 , ~P-)> P = ( 2 ^ 0 , p), and it is easy to verify that 

f 2 = (p~ P-) 2 = ~ 2p 2 (l - cos 0) = - \{t - 4m 2 )(l - cos 0), (117.6) 

where 6 is the angle between p and p- (and p 2 = p 2 ). Not substituting (117.4) in 
(117.5) and eliminating the matrices y v ... y v in the integrand by means of (22.6), we 
have 


y'* im f(t) - ^ o-^K im g(t) 


e 2 f do v _ 

4 V[l(( - 4m 2 )] J 2'tt(1 - cos 6) 

e 2 f dot 

4V[l(t-4m 2 )] J 2ir(l - cos 6) 


y v {yp + m)y*(yp -yk + m)y„ 
[-2 m 2 y' i +4 m(P' i +2/' i )+ 


+ 2 (yp+ - y/)y' i (yp- + y/)], 


(117.7) 
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f = p-p_ = ( 0, f), P=p_-p + = (0, 2p_). (117.8) 

The integration now amounts to the calculation of the three integrals with 
different numerators 


I,F,F 


i ,r,/T do f 

1 - cos 0 2tt * 


(117.9) 


The integral I is logarithmically divergent when 0-^0. If it is written as 

t-4m 2 -(t-4m 2 ) 

I= f d(f 2 )/i 2 = f d(j 2 )lf 2 , 

0 0 

we see that the divergence corresponds to small “masses” of the virtual photon, i.e. 
it is an “infra-red” divergence, which will be further discussed in §122; here we 
shall merely note that the divergence is fictitious, in the sense that, when all 
physical effects are correctly taken into account, the divergences of this kind 
cancel out. We can therefore cut the integral off at any lower limit, and then, in the 
subsequent calculation of real physical phenomena, make this limit tend to zero. 

Here it will be simplest to apply the cut-off in a relativistically invariant manner. 
To do so, we assign to the virtual photon / a small but finite mass A (<^m), i.e. make the 
change 


f^f 1 

in the photon propagator D(f 2 ) in (117.2). Then 


-( t-4m 2 ) 


/ 


d(J 2 ) . t-4m 2 

j T fp=i°g—p—, 


(117.10) 


(117.11) 


The integral I tl , in which is a space-like 4-vector, must be expressed in terms 
of the 4-vector P^, which (unlike k*\ the only other available 4-vector) is space-like 
for all p+ and p_. Hence I* = AP*. If this equation is multiplied by P^ and the 
integral P^I^ is calculated in the centre-of-mass system of the pair (with the 
components of the 4-vectors / and P given by (117.8)), the result is 

i 

.1 f f • p d cos 6 
j 1 - cos 0 

-l 

i 

= -2 J d cos 0 = - 1. 
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Thus 


= _ p V 


(117.12) 


We can similarly calculate the integral 

+ (117.13) 

to determine the coefficients in this expression, we have only to evaluate the 
integrals and 

The calculation continues as follows: (117.11)—(117.13) are substituted in (117.7) 
to obtain a series of terms between w(p_) and w(-p+). In each term we use the 
commutation rules for the matrices y* to “propel” the factor yp+ to the right and 
yp- to the left; then we can make the replacements yp_-» m, yp+->- m, since 

w(p-)yp- = mw(p-), yp+u( - p+) = - mu( - p+). 


In the resulting sum 


- 4(p+p-)Iy* + 2 mP^ - 3P 2 y*\ 

we can then replace by 2my^ + which is equivalent to it when between 
the u and u factors; cf. (116.5). Finally, all quantities are expressed in terms of the 
invariant t = k 2 (2p+p_ = t - 2m 2 , P 2 = 4m 2 -f) and the two sides of (117.7) are 
compared; this yields the following expressions for the imaginary parts of the form 
factors: 


im = VffFS)]’ (11714 > 

im m ° 4V[«<-4m‘)] [~ 31 + 8m! + 2 <' “ 2m ‘> '»8 017-15) 

The infra-red divergence occurs only in im /(f). 

The functions /(f) and g(f) themselves are obtained from their imaginary parts 
by means of (116.11) and (116.12), in which the integrations are effected by the 
same substitutions as were used in §113 to calculate 0>(f). The form factors are 
given in terms of the variable £ (113.11) by 




(117.16) 


3(1 + £ 2 ) + 2£, 


1 ° ^ { 2 (‘ + T^ |0S log T- '^(T-VP 1081 + 

[Itt 2 - i log 2 Z - 2F(0 + 2 log f log (1 + £)]}, 


+ 


(117.17) 


where F(£) is Spence’s function (131.19). 



§118 


Anomalous Magnetic Moment of the Electron 


521 


In the non-physical region (0< t/m 2 < 4), we must put £ = e l<j} . The expressions 
for the form factors can then be written 




gW 


2 sin (/> ^ tan (/> 


a cf) 


4 >n 

J x tan x dx J, 


2tt sin <jy 

Finally, the following are the limiting expressions: for small |f|, 

/(t)_1 = 3^( log f”I)’ |f| ^ 4m2 ’ S(t) = a/27r, 

and for large |f|, 

/(,) ~ 1 " ~ 5F (1 + 2108 X 108 S) + {’“ 'of 


(117.18) 

(117.19) 


(117.20) 


t>4m 2 , 

t>4m 2 . 


g(0 = - 


am 

irt 


\ Itl , f iam 2 /t, t> 

l0g ir !+ ( 0, 


4m 2 , 

4m 2 . 


(117.21) 

(117.22) 


Formula (117.21) is valid (as regards re/) with what is called double-logarithmic 
accuracy, i.e. as far as the squares of the large logarithms.! 


§ 118. Anomalous magnetic moment of the electron 


As has been shown in §116, the value of g(0) determines the radiative correction 
to the magnetic moment of the electron. If we seek to calculate only this quantity, 
there is of course no need to find the whole function g(t). From (117.14) and 
(116.12), 


g(0) = 



img(Q f dx a_ 

V dt 4 tt J x 3 I 2 V(x- 1 ) 2 tt* 


(118.1) 


With this correction, the magnetic moment of the electron is 


- e ft 

^ 2 me 



(118.2) 


a formula first derived by Schwinger (1949). 

t The expression for the vertex operator in the case of one virtual and one real external electron line 
and a real external photon line is given by A. I. Akhiezer and V. B. Berestetskii, Quantum Elec¬ 
trodynamics, Interscience, New York, 1965, §47.5. 
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In the next approximation (with terms in a 2 ), the radiative corrections in the 
form factors are represented by the seven diagrams (106.10, (c)-(i)). Even to find 
the value of g(0) in this approximation demands very lengthy calculations. Details 
of these may be found in the original papers; here we shall give only the final 
value! for the correction in the second approximation: 


^ -1 tog 2 +1 «3)) 

= — 0.328 a 2 hr 2 . 


The magnetic moment of the electron is therefore 

eh 




(118.3) 


(118.4) 


(C. M. Sommerfield, 1957; A. Petermann, 1957). 

Particular consideration may be given to the contribution of the vacuum 
polarization to the correction g (2) (0), namely the diagram 


i 

i 

(118.5) 


which contains a photon self-energy part. It differs from the first-approximation 
diagram (117.1) only by having instead of the photon propagator D(f 2 ) = 4tt// 2 the 
product 



D(f 2 ) 


nf) 

4tt 


D(f 2 ) = 


47T @(f 2 ) 

f 2 f 2 


where &(f 2 ) is the polarization operator in the first approximation (terms in a), 
calculated in § 113. Repeating, with this difference, some of the calculations in § 117, we 
find as the “polarization part” of the correction 




0>(/ 2 ) 1 + 3 cos e 

f 2 2 


d cos d, 


(118.6) 


with 


f 2 = - 2 (t ~ 4m 2 )(l - cos 0); 


(118.7) 


t The calculation by the unitarity method is given by M. V. Terent’ev, Soviet Physics JETP 16, 444, 
1963. 
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see (117.6). When this integral and then 

g$a,(0) = - f im gpolarXO^T (118.8) 

7T J l 

4m 2 

are calculated, the result is 

g|2,ar.(0) = -p (^-^ 2 ) = 0.016^, (118.9) 

which is about 5% of the total quantity (118.3). 

It has already been noted at the end of §114 that vacuum polarization for other 
particles may also make a contribution to the radiative corrections. The con¬ 
tribution of the muon vacuum to the anomalous magnetic moment of the electron is 
obtained from the same formulae (118.6)—(118.8), in which m is again the electron 
mass m e (this applies also to the definition of the variable f 2 ) but the parameter m 
in the expression for 2P(f 2 ) must be the muon mass m^. The function &(f 2 )lf 2 
depends only on the ratio / 2 /m 2 . In the integral (118.8) the important values of t 
(and therefore of / 2 ) are those comparable with m 2 ; hence the ratio / 2 /m 2 ~ 
(nielm^) 2 <11, and in evaluating the integrals we can use the limiting formula 
(113.14), according to which 


ff(/ 2 ) = a f 2 
f 2 157rm 2 ‘ 

From this we see that the contribution to g 2 (0) from the muon vacuum polarization 
contains the extra small factor (mjm^) 2 . 

The opposite situation, however, occurs for the corrections to the magnetic 
moment of the muon. Since the particle mass does not appear in (118.3), this value 
of g 2 (0) is valid for the muon also, and it takes into account the contribution of the 
muon vacuum polarization. But the contribution from the vacuum polarization of 
other particles, namely the electrons, is here considerably greater. It can be 
calculated from formulae (118.6)—(118.8), with for m and the electron polariza¬ 
tion operator for $P(t). Unlike the previous case, the important range of values is 
now given by / 2 /m 2 ~ (mjm e ) 2 > 1, and 0*(/ 2 ) must be taken as the limiting 
expression (113.15): 



The calculation of the integrals gives 

[g 2 (0)] dectr . polar .= (-) (3 — 36) 

= 1.09 a 2 hr 2 (118.10) 


(H. Suura and E. H. Wichmann, 1957; A. Petermann, 1957). 
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Adding (118.10) and (118.3), we find as the magnetic moment of the muon 

(U8 "> 

The contribution of the muon vacuum polarization (118.9) is here about 2% of the 
total value of g (2) (0). The pion vacuum polarization would give a contribution of the 
same order (because of the similarity of the masses), but this cannot be calculated 
exactly, and so there would be no point in finding the corrections ~a 3 in the 
magnetic moment of the muon. 


§ 119. Calculation of the mass operator 

The method of direct regularization of the Feynman integrals may be demon¬ 
strated by a calculation of the mass operator. In the first non-vanishing ap¬ 
proximation, the mass operator is represented by the loop in the diagram 


p-k 


P 




k 


(119.1) 


corresponding to the integral 

- iJ(p) = (- ief f y»G(p - k)y'DUk) ^*5 

on substituting the propagators and combining the factors y *... y^ by means of 
formulae (22.6), we get 


M(p) = 


Siri 2 [ 2m- yp + yk 

(IttY 6 J [(p - k) 2 - m 2 ](k 2 - A 2 ) 


d 4 k 


(119.2) 


(the bar over M denotes the non-regularized value of the integral). The fictitious 
“photon mass” A is used in the photon propagator in order to eliminate the 
infra-red divergence (as in §117). 

The integral may be transformed by means of formula (131.4), with a\ and a 2 
the two factors in the denominator of (119.2). A simple rearrangement of the terms 
in the denominator of the new integral gives 

<n9 ' 3) 

o 

with 

a 2 = m 2 x 2 - (p 2 - m 2 )x( 1 -x) + A 2 (l - jc). (119.4) 
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The change of variable k-^k+px brings the integrand in (119.3) to a form in 
which its denominator depends only on k 2 \ according to (131.17), (131.18) a 
constant is then added to the integral: 

J(P) = ~( d * k f dx 2m (k 2y -a 2 f X) ~ l 4 i7T2yP \ (1195) 

0 

(The term in yk in the numerator is here omitted, since it gives zero on integration 
over the directions of the 4-vector k ; cf. (131.8).) 

The regularization of this integral involves subtractions such as to reduce it to 
the form (110.20). The latter expression gives zero on multiplication by the wave 
amplitude w(p), if p is the 4-momentum of a real electron. Without bringing in u(p) 
explicitly, we can formulate this condition as stating that M(p) vanishes when we 
substitute 


yp -> m, p 2 -^m 2 


(119.6) 


The form of the integral (119.5) is convenient in that the 4-vector p appears in it 
only as yp and p 2 , but not as kp. 

Subtracting from (119.5) a similar expression after the substitution (119.6), we 
get 

i 

“(S?{/ d ‘ k / dxl2m - ypC - 

0 

1 

-Jd 4 kj dx ^i j 2 ( yp-m ) - U^iyp ~ m)|, (119.7) 


with al = m 2 x 2 + A 2 (l - x). 

To complete the regularization, however, a further subtraction is needed: 
according to (110.20), the substitution (119.6) should reduce to zero not only M(p) 
itself but also M(p) without the factor yp-m. A corresponding subtraction 
removes entirely the second and third terms in the braces in (119.7).t The first 
integral is transformed by incorporating a further integration (using (131.5)), taking 
n = 2, a = k 2 - a 2 , and b = k 2 - at Then (119.7) becomes 


i i 


(yp - m) e 2 j d 4 k J dx J dz 

o o 


(yp + m)[2m - yp(l - x)]x(l - x) 
[k 2 - al + (p 2 - m 2 )x(l - x)z] 3 ’ 


t Thus, in the process of renormalization “en route” (§110) we omit corrections to the renor¬ 
malization constant Z\. The corresponding integrals are logarithmically divergent. If we use a ‘‘cut-off 
parameter” A 2 >m 2 , p 2 , and limit the region of integration over d 4 k by the condition k 2 =^A 2 , the 
correction can be explicitly calculated; the result is 

Z, = 1 + Z\'\ ZV> — ^glog^ + log^ + l]. (119.7a) 


QE4 - 
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where we have also used the identity p 2 - m 2 = (yp - m)(yp + m). The integration 
over d 4 k is immediate: assuming that p 2 — m 2 <o and using (131.14), we have 


i i 

(yp ~ m )j^ J dx J dz 
0 0 


(yp + m)[2m - yp(l - x)]jc(1 - x ) 
m 2 x 2 + A 2 (l -x) + (m 2 -p 2 )x(l -x)z' 


We now need to subtract a similar integral with the substitution (119.6), omitting 
temporarily the factor yp - m; after some simple calculations, we get 


i i 

M(p) = (yp - m) 2 ^ J dx J dz x 
0 0 

m(l - x 2 ) — (yp + m)(l - »)’[l - 

m 2 x + (m i - p 2 )( 1 - x)z 


(119.8) 


(the term in A 2 is omitted from the common denominator, since this causes no 
divergence in the present case; elsewhere, A 2 (l-x) is replaced by A 2 , since the 
infra-red divergence will correspond to the divergence as x ->0). 

The integration in (119.8) (first over dz and then over dx) is fairly lengthy but 
elementary, and the result is 


M(p) = 2 ^' (w - m,! krb) (' - log p ) “ 


yp + m 
mp 


t^( 2 - p+£i ^H +1+2lo 4]}’ (119 ' 9) 


with 


p = (m 2 - p 2 )/m 2 


(R. Karplus and N. M. Kroll, 1950). The integral has been calculated on the 
assumption that p > 0 and p > A/m. In accordance with the rule for passing round 
poles, in the analytical continuation of (119.9) into the region p <0 the phase of the 
logarithm is found by making m m - iO; then p -> p - iO, and log p must be taken 
for p < 0 as 


log p =l0g|p|-l7T, p< 0. 


(119.10) 


Let us now consider how the mass operator behaves when p 2 >m 2 . Then 
-p ~ p 2 \m 2 > 1, and with logarithmic accuracy we have 


M(p) = -[<§~ x (p)-G-\p )] 


(119.11) 
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As in the case of the photon propagator (cf. formulae (113.15) and (113.16) for the 
polarization operator), the correction to G -1 is small only when the energy is so 
small that 


a 

47T 


log-^ 2 ^ 1. 
m 


In the present case, however, the logarithmic increase is in a certain sense 
fictitious, and can be eliminated by a suitable choice of gauge, i.e. of the function 
D (0 in the photon propagator (L. D. Landau, A. A. Abrikosov and I. M. Khalat- 
nikov, 1954). To achieve this, we put (in the notation of §103) 

D (0 = 0, (119.12) 

whereas formula (119.9) has been derived with the gauge 

D (I) = D. (119.13) 

This property of the gauge (119.12) makes it especially suitable for investigating the 
theory when p 2 > m 2 , as we shall do in §132. 

To prove the result stated, we note that, if only terms in e 2 are concerned, the 
transformation from the gauge (119.13) to (119.12) can be regarded as infinitesimal. 
Accordingly, we can apply immediately the formula (105.14), with 

d il \q) = -Dlq 2 = -47rl(q 2 ) 2 , 

and also replace ^ in the integrand by G with the necessary accuracy. In the 

integral over d 4 q, the important range is q > p, for which G(p - q) in the integrand 

is much less than G(p) and can be neglected. Then 

S»" 1 = -G _2 (p)S»(p) 

= - ie 2 G-'(p) f d w (q) d V(2 tt) 4 . 


Finally, with the transformation (131.11) and (131.12), we have 


89"'(p) ^ 


4tt 


G 




Q 2 ) 


e 2 . A 2 
~4 n ypl ° g 7 2 ’ 


where A is an upper limit, at which the divergence is removed by renormalization; 
the renormalization consists in subtracting the same expression with p 2 «m 2 , 
giving finally 


1 e 2 n 2 

477 m 


This just cancels the difference 1 - G 1 in (119.11). 
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Lastly, let us consider why it is necessary to use a finite “photon mass” A in 
regularizing the integral (119.2), which is closely related to its behaviour when 
p 2 -^m 2 . Firstly, this integral itself is finite when p 2 = m 2 and A = 0; to exclude the 
divergence for large k, which is here unimportant, we assume that the integral is 
taken over a large but finite region of k-space. The need to use A arises in the 
subtraction of the renormalization integral, which would otherwise diverge at 
p 2 = m 2 . Let us therefore ascertain how the non-regularized mass operator would 
behave as p 2 -^m 2 . Since this behaviour depends essentially on the choice of gauge, 
we shall consider the general case of an arbitrary gauge, whereas the integral 
(119.2) has been written for the specific gauge (119.13). 

We again apply the transformation (105.14). Writing 

d«\q) = 8D (l) lq 2 

= ^y8a(q 2 ), (119.14) 

we assume that 8a is the variation of a function a(q 2 ) which changes appreciably 
only over intervals q 2 ~ m 2 and is finite when q 2 ~m 2 . In the integrand on the right 
of (105.14), the two terms in the difference <$(p) - <$(p - q) are almost equal when q 
is small, and the integral converges. For small q, 


V(p-q) 


1 


p - m -2pq’ 


and so ^(p - q) may be neglected in comparison with ^(p) when q>(p 2 ~ m 2 )lm. 
The integral 


m P ) = ie 2 np) 


2-^ d(-q 2 ) 




diverges logarithmically in the range 


(p 2 -m )\. 2 

— - 2 —~<q <m. 

m 


We therefore have, with logarithmic accuracy, 


8« 


8a(m 2 ) log 



This can be integrated as follows. When a = e 2 ->0, the exact propagator must 
be the same as the free-particle propagator G, and therefore 


( S(p) = 


1 

yp - m 


' Y\i 2 \ a ( C-a o )/ 2ir 

y^ 2 ) 


(119.15) 
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where a 0 = a(m 2 ) and C is a constant. To determine C, we compare the expression 

»"'(P) = (yp - m)[l + £ (C - ao) log p], (119.16) 

which is obtained from (119.15) in the first approximation with respect to a, and the 
corresponding expression given by the integral (119.2) when A = 0:t 


^ \p) = (yp -m)^l + ^logpJ. 


(119.17) 


According to the definition (119.14), the function a(q 2 ) is equal to the ratio D il) lD. 
The gauge (119.13) to which (119.17) belongs therefore corresponds to a = a 0 = 1. 
Equating (119.16) and (119.17) for this value of a 0 , we find C = 3. 

Thus we have finally as the limiting ( infra-red asymptotic ) expression for the 
unrenormalized electron propagator with p 2 -* m 2 


«(P) = 


yp + m 


m 



a(3-a 0 )/27T 


(119.18) 


(A. A. Abrikosov, 1955). The validity of this formula depends only on the 
inequalities a < 1, | log p| 1, whereas the formulae of perturbation theory would 
require also that a \ log p|/2tt 1. The sign of the difference p 2 - m 2 is also unim¬ 
portant here, since the imaginary part of (119.18) is in any case beyond the limits of 
its accuracy. 

The renormalized propagator must have a simple pole when p 2 = m 2 . We see 
that (119.18) satisfies this condition only in the gauge where 

D {1) = 3D (119.19) 


(so that a 0 = 3). Then the regularization of the Feynman integral (in order to 
prevent its divergence at the upper limits) will not require the use of a finite 
“photon mass”. In other gauges, the zero mass of the photon produces a branch 
point instead of a simple pole at p 2 = m 2 , and the finite parameter A is needed in 
order to remove this “defect”. 


§ 120. Emission of soft photons with non-zero mass 

In calculating the electron form factors in §117, we encountered a divergence of 
the integrals when the frequencies of the virtual photons are small. This divergence 
is closely related to the infra-red catastrophe discussed in §98, where it was pointed 
out that the cross-section for any process involving charged particles (including the 

t It is not necessary to repeat the calculations in order to derive (119.17). The term in log p in (119.9) 
is obtained on the assumption that p > A, which allows the limit A -»0 to be taken. The term in log (A/m) 
arises from the subtraction of the renormalization integral, and is not present in the original integral 
(119.2). The subtraction is easily seen to have no effect on the log p terms. 
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scattering of electrons by an external field, represented by a diagram such as 
(117.1)) has no significance in itself, but only when the simultaneous emission of 
any number of soft photons is taken into account. It will be shown in §122 that all 
the divergences cancel in the total cross-section, which includes the emission of 
soft quanta. Here, of course, in order to obtain the correct result it is necessary for 
the initial “cut-off” of the divergent integrals to be taken in the same manner in all 
the cross-sections in the sum. 

In §117, this cut-off was applied by means of a fictitious finite mass A of the 
virtual photon. We must therefore now modify the formulae of §98 in such a way 
that they describe the emission of soft “photons” with non-zero mass. 

Formally, such a photon is a “vector” particle with spin 1, whose free field has 
been discussed in §14. Such particles are described by a 4-vector (//-operator 


t/V = V(4tt) ^ 


H V(2oj) 


(Cka e' 


ikx 


+ cUrr), a = 1,2, 3; (120.1) 


the notation and normalization differ from that in (14.16), in order to bring them 
into line with the photon case. 

The interaction of the “photons” (120.1) with electrons is to be described by a 
Lagrangian of the same form as for true photons: 


-ej^, ( 120 . 2 ) 

the potential A^ being replaced by ij/^. Then the amplitudes for the processes of 
emission of photons with finite mass will be given by the usual rules of the diagram 
technique, the only differences being that 

k 2 = A 2 (120.3) 


and that the summation over the polarizations of the emitted photon must be taken 
over three independent polarizations (two transverse and one longitudinal) instead 
of two as for the ordinary photon.This is equivalent to averaging with respect to 
the density matrix of unpolarized particles 

Pup = — 3 (?(!>< — —j^T") (120.4) 


(cf. (14.15)), followed by multiplication by 3. 

The propagator for “photons with non-zero mass” is 

n - 47 t ( kakA 

k 2 - A 2 A 2 / 

(cf. (76.18)), but in the case of gauge invariance the amplitudes of real scattering 
processes do not depend on the longitudinal part of the photon propagator, and this 
property is not the result of the specific form of its transverse part. The second 
term in the parentheses can therefore be omitted, leaving an expression of the same 
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E>» v 


4tt 

fc i_ X 2a»” 


(120.5) 


as has been used in §§117 and 119. 

Let us now consider the emission of soft photons (in the sense explained in 
§98). The derivation of (98.5) and (98.6) can be applied to the present case, the only 
difference being that the term k 2 = A 2 is added in expanding the squares (p ± k) 2 in 
the denominators of the electron propagators. We thus have, instead of (98.6), 


da = da e \ • e 2 


P'e 

p'k + A 2 /2 


pe 

pk - A 2 /2 


2 d 3 k 
4i t 2 o)’ 


where da e i is the cross-section for the same process without emission of a soft 
quantum, which we shall conventionally call an “elastic process”. In the in¬ 
tegrations over d 3 k, the important range is |k| ~ A. Then p'k~ pk> A 2 , so that the 
terms in A 2 in the denominators may be neglected. The summation over polariza¬ 
tions of the photon is carried out by means of (120.4), as already described. When 
the approximation stated is used, the second term in (120.4) makes no contribution 
to the cross-section, and there remainst 

" 2M) 

We thus recover formula (98.7), but co must now be taken as 

m = V(k 2 + A 2 ). (120.7) 


Formula (120.6) is completely general: it is applicable to both elastic and 
inelastic scattering and even when the type of particle changes. The result of the 
further integration over d 3 k depends on the 4-vectors p and p\ i.e. on the nature of 
the basic scattering process. 

Let us take the case of elastic scattering, for which 

|p| = |p'l> e = e\ 

and determine the total probability of photon emission with a frequency less than 
some gw, with the assumption that 


A ^ G) max (120.8) 

and that ow is subject to an upper limit governed by the conditions (98.9) and 
(98.10) for the theory of soft-photon emission to be valid. We first calculate the 

t There may be some doubt at first as to the validity of neglecting A 2 before averaging, since it 
occurs in the denominator of the second term in (120.4), but we can easily show directly that this term 
gives, on averaging, a contribution ~ A 4 • 1/A 2 , which is negligible. 
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integral over d 3 k in the non-relativistic limit. For |p| = |p'| <s m, 

\(p'fc) ( pk)j m 2 a) 4 m 2 a) 2 ’ 

where q = p' - p. Integration over the directions of k gives 



Then, from (120.6), 


‘"-‘“max 

d<r = d(rd 'W / [ 1_ 3(k 2 +A 2 )] 


k 2 d|k| 


3(k 2 4- A 2 )J (k 2 + A 2 ) 3 ' 2 ’ 

0 

or, after integration with the assumption that o> max /A > 1, 


(120.9) 


In the general relativistic case, the integral is calculated by means of (131.4). 
The angle integral is then 


1 f(pk)(p'k) I dx f[(pk)x 


do k 


+ (p'k)(l-x)] 2 

or, expanding the scalar products with p = (e, p), p' = (e , p'), 

dok _ 


7*1 


{eo> - k • [px + p'(l - xW 


The inner integral is now easily calculated in spherical coordinates with the polar 
axis along the vector px + p'(l - x), giving 


T f 4 tt dx 

_ vY|2l-2 


(ea)) 2 — [px + p'(l ~ x)] k 2 


7i 


_ 47t dx _ 

[m 2 + q 2 x(l - x)]k 2 + e 2 \ 2 ' 


The other two integrals, with ( pk ) 2 and ( p’k ) 2 in the denominators, are derived from 
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this by putting q = 0. Using also the formula 

pp' = e 2 -p • p' = m 2 + \ q 2 , 


we get 


da 


1 (U ma) 

■¥J* I 


k 2 d\k\ f_ m 2 + 2 q 2 _ nr 

V(k 2 + A 2 ) i[m 2 + q 2 x(l -x)]k 2 + e 2 A 2 ra 2 k 2 + e 2 A 


o o 




( 120 . 10 ) 

The integration over d |k| calls for the calculation of integrals having the form 


oi m 

I 


_ k 2 d|k| _ 

(ak 2 +A 2 )V(k 2 + A 2 ) 


a 



a 


"max 

/ 


0 


_djk_ 

(ak 2 +A 2 )V(k 2 +A 2 ) 




If dz 
a) (az 2 + l)V(z 2 + 1)* 


In the second integral we have put Az for |k| and replaced the upper limit gw/A by 
infinity; this is permissible, since the integral converges. 

The integrals over dx which then occur in (120.10) cannot be expressed entirely 
in terms of elementary functions. The result may be written in the form 


wheret 


da=a [ F {^) log ^r +F '] d(Td ’ 


( 120 . 11 ) 


F(€) = \ [ gvf^+i) lQ g + V ^ 2 + D) - l]. (120.12) 


^ 2e , e + p 

Fi = —j—r log- ltl - 

ir p m 


2m 2 + q 2 f dx ,__l + V(l-a) 

aV(l-^) log V~a ’ 

0 


1 


a = -p [m + q x(l - x)]. 


(120.13) 


t The function F(£) has already occurred in §98, Problems. This is not surprising, since (120.11) can 
be derived with logarithmic accuracy by integrating the cross-section (98.8) for the emission of 
zero-mass photons over da) from A to (o ma x. 

If £ is replaced by a variable 0 such that £ = sinh|0, then 


F(0) = (2 M(0 coth 0 - 1). 


(120.12a) 
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An asymptotic expression for the cross-section in the ultra-relativistic case can 
be obtained, assuming not only that e> m but also that |q| > m, i.e. that the 
scattering angle is not very small. Then the important range of values of x in the 
integral in (120.13) is that for which a < 1; the appropriate approximations give 


i 



o 


1 f log (q 2 /e 2 ) + log x + log (1 - x) 

2t tJ x(l-x) aX 


The integral is to be cut off at a — 1, i.e. at x~m 2 /q 2 at the lower limit and 
1 - x ~ m 2 /q 2 at the upper limit. Then 


= 2i[ l08, i" 41 ° 8 m l08 i]' 


This formula is valid as far as the squares of the logarithms (with double- 
logarithmic accuracy). To the same accuracy, it is sufficient to put in the first term 
in (120.11) 


F(0~( 4/7r)log£ (£>1). 


The final result is 


da 


2a [\ 

= — log 

77 


> 8 ^ 


log — log -^1 + 7 log 2 -^2 
m m 4 m 


da t u 


q 2 > m 2 . 


(120.14) 


§ 121. Electron scattering in an external field in the 
second Born approximation 

In the first two approximations with respect to the external field, the scattering 
of an electron is represented by the diagrams 



The first of these corresponds to the amplitude M (1) ~ Ze 2 considered in §80. The 
amplitude of the second approximation is M (2) ~ (Ze 2 ) 2 . 
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It is easily seen that terms of the same order as this arise from the radiative 
corrections. In the third order of perturbation theory, the radiative corrections to 
the scattering amplitude are represented by the diagrams 



( 121 . 2 ) 


Here M (3) ~ Ze 2 • e 2 , and M (3) ~ M (2) (if Z ~ 1). 

According to (64.26), the scattering cross-section is 

da = |Mf + Mf + Mf\ 2 do'/W. (121.3) 

In the squared amplitude we can retain not only \Mf\ 2 but also the interference 
terms between Mf and Mf and between Mf and Mf. Thus the cross-section is 
given, as far as the terms in e 6 , by the sum 


da = da (1) + da (2) + dcr rad , (121.4) 

where da (1) is the cross-section in the first Born approximation (§80), and the 
corrections are 


da (2) = 2 re Mf Mf* do 716tt 2 ,1 
da rad = 2 re Mf Mf * do7167r 2 . ( 

From §80, 

Mf = \e\(U'y 0 umq), 

where d>(q) is a Fourier component of the scalar potential of the constant external 
field (d> = Af) e) )> and we have used the fact that the electron charge e — -\e\. 

The two expressions (121.5) can evidently be calculated independently. The first 
will now be discussed, and the second in §122. 

The second-approximation amplitude is given by the diagram (121.1) as the 
integralt 

Mf = -e 2 j {fi(p V lQ vVp)}<t>(p' - W- p) ^ 3 - (121.7) 

The “4-momenta” qi = f-p and q 2 = p'~f of the constant external field have no 

t Here it is necessary to apply the diagram-technique rule concerning a constant external field; see 
rule 8 in §77. 


(121.5) 

( 121 . 6 ) 
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time components. Hence 


/o=e = e', (121.8) 

where e and e' are the initial and final electron energies, which in elastic scattering 
are the same. 

In the purely Coulomb field of a stationary charge Z\e\, 

d>(q) = 4 tt Z\e\lq 2 . 

For this potential the integral (121.7) is logarithmically divergent (when f~p and 
f ~ p'). This divergence is specific to the Coulomb field, and arises from the 
slowness with which the field decreases at large distances. Its origin is most easily 
shown for the non-relativistic case. According to QM (135.8), the coefficient of the 
spherical wave e l,p|r /r in the asymptotic expression for the wave function of an 
electron in a Coulomb field is 

f(0) exp ( - i log |p| r). 

This coefficient is also the electron scattering amplitude in the field, and we see that 
its phase includes a term which diverges as r-*°o. When the scattering amplitude is 
expanded in powers of Za, this term causes divergence of all the terms in the 
expansion from the second term onwards (since the function f(0) is proportional to 
Za). In the relativistic case there is, of course, a similar situation. 

These arguments also show that the divergent terms must cancel when we 
calculate the scattering cross-section, in which the phase of the amplitude is 
unimportant. The simplest procedure for a correct calculation is to consider first 
the scattering in a screened Coulomb field, putting 

(D(q) = 47rZ|e|/(q 2 +5 2 ) (121.9) 

with a small screening constant 8 <1 |p|. This eliminates the divergence in the 
scattering amplitude, and we can then put 8 = 0 in the final formula for the 
cross-section. 

Substituting (121.9) in (121.7), we have 

Mft = -- ZV«(p')[(y°e + m)J, + y • J] u(p), 

7T 


with the notation 


/k p' 

/ t(p' 




Kp' - f) 2 + S 2 ][(f - p) 2 + S 2 ][p 2 - f 2 + iO] 
_ tcff 


Kp' - f) 2 +s 2 ][(f - p) 2 +s 2 ][ P 2 - f 2 +io] 


77fv = 2(p + p') 


( 121 . 10 ) 
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p 2 = e 2 - m 2 = p' 2 , and the integral J is symmetrical in p and p'; from considerations 
of vector symmetry, it is immediately obvious that the vector J must be parallel to 
p + p'. Now, eliminating the matrices 7 by means of the equations 

y • p u = (y°e - m)w, 
ii'y • p' = u'(y°e - m), 


we obtain 


Mf = ~ — Z 2 a 2 u(p')[y°e(Ji + J 2 ) + m(J, - J 2 )] u(p). (121.11) 

7T 

In order to continue the calculations, we change (as in §80) from the bispinor 
amplitudes u and u f to the three-dimensional spinors w and w' which correspond to 
them in accordance with (23.9) and (23.11). A direct multiplication gives 

u'u = w'*{(e + m) - (e - m) cos 6 + i v • cr(e - m) sin 6} w, 

u'y°u = w'*{(e + m) + (e - m) cos 6 - i v • cr(e - m) sin 6} w, 

where v = nxn'/sin0, n = p/|p|, n' = p'/|p'|, cos 6 = n • n'. Then the amplitude 
(121.11) may be writtent 


Mf - 4t rw'*(A (2) + B (2) v *) w, 

A (2) = -r^Z 2 a 2 {[(6 + m) + (e - m) cos 6] e(J\ + J 2 ) + 

Lit 

+ [(s + m) - (e - m) cos 6] m(J i - J 2 )}, 

B (2) = Z 2 a 2 (e - m) sin 6[e(J\ + J 2 ) “ m(Ji - J 2 )L 

The first-approximation scattering amplitude is, in corresponding notation, 

- 4t rw'*(A (1) + B (1) i/ • cr) w, j 


( 121 . 12 ) 


A (1) = ^ [(e 4- m) 4- (e - m) cos fl], 
B (1) = - i —~*r (s - m) sin 6, 

q 


(121.13) 


where q = p' - p. 

The scattering cross-section and the polarization effects are expressed in terms 
of the quantities A = A (1) + A (2) and B = B (1) + B (2) by the formulae derived in QM, 


t The definition of A and B is as in §37 and in QM, §140, and differs by a factor from that in §80. 
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§140. For example, the scattering cross-section for unpolarized electrons is 

da = (|A| 2 + |B| 2 ) do' 

» da w + 2(A (,) re A (2) - iB a) im B (2) ) do’. 


Substitution of (121.12) and (121.13) and straightforward calculation gives 


dcr <2) = - do’ 


[0 - V 2 sin 2 id) re (J, + J 2 ) + (mV) re (J, - J 2 )], 

7T p Sin 2 V 


(121.14) 


where v= p/e is the electron velocity and 6 the scattering angle. The electrons are 
polarized by scattering, and the polarization vector of the final electrons is 

2 re (AB*) 

* ~ |A| 2 +|B| 2 v 

2(A (1) re B (2) - iB (1) im A (2) ) 

|A l, f + |B (,, | 4 * 

or, substituting (121.12) and (121.13), 

4Zamp 4 sin 3 5 0cosj0 . , T „„ , n 

c= ™ ~ J «> (12U5 > 

Let us now calculate the integrals J x and J 2 . This is more easily done by using 
the parametrization method (131.2). The integral J\ then becomes 


Ji 2 / / / / {[( P '-f)'+ 


3 /dg, dfcdfe8(l-6-fc-fc) 


8 2 Ui + [(p - f) 2 + S 2 ]6 + [f 2 - P 2 - i0]6} 


3 —zr 


The integration over d£ 3 eliminates the delta function, and reduction of the 
denominator then gives 


j| =- 2 i / / 


d 3 /d& d6 


{S 2 (£. + 6) + P 2 (2 £i + 26 - 1 ) - 2f • (6p' + 6 p) + f 2 - <0} 3 ‘ 


Using in place of f a new variable k = f - 6p'- 6p> we can reduce the integration 
over d 3 f to the form 


so that 

Ji 


f d 3 k . tt 2 

) (k’-a’-iO) s '??' 

— ii.’/ j’- 


1 1-fe 


{p 2 (W 2f, -26 + 1) + 2f 6p • P'- 8 2 ({i + &)- >0} : 


372- 
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Instead of £1 and £ 2 we use the symmetrical combinations x = £1 + y = & - £ 2 . 
The integration over dy from 0 to x is elementary, and gives 

i 

j _ t7T 2 f_ Xdx __ 

1 2 |pp J [bx 2 - 2x + 1 - ( 6 2 /p 2 )x - iO][(l - x ) 2 - ( 6 2 /p 2 )x - i 0 ] 1/2 ’ 
o 


where 


b = (p 2 + p • p')/2p 2 

= COS 2 

To calculate the integral over dx as 8-»0, we divide the range of integration 
into two parts: 


1 1 -8j 1 

j • • • dx = j • • • dx + J • • • dx, 1 > 6i > 5/|p|. 

0 0 1-8! 

In the first integral we can put 6=0; thent 

/ ■ dx = 2obj [ lo8 bx ! -2xfl - iol *' 

0 

= 2(1 - b) [ log 1 -b + l7r \ 

In the second integral we can put x = 1 everywhere except in the term (1 - x ) 2 and 
8 = 0 in the first bracket in the denominator. Theni 

1 8! 

/ " ' dx = - 1 - b I [x ,z - (S V) - i0] lh 

1-8! 0 

8 1 

= ~T^ [ / [x' 2 -(5 2 /p 2 )] ,,2 + 
s/IpI 

8 /|p| ' 

+ i I [(8V)-x' ! ]' ,! ] 



t The term iO arises from the rule for avoiding the singularity, which gives the change in the argument of 
the logarithm between 0 and 1 - 8i, namely from 0 to - tt as we pass below the branch point. 

t Here again the singularity avoidance rule gives the sign of the square root as we go from positive to 
negative values of the radicand. 
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On adding the two integrals, 8\ disappears, as it should, leaving 




ITT 1 

3 dia log 


1 2|p| 3 sin 2 i 0 

The integral J 2 is calculated similarly: 


j _ j 7t 3 (1 - sin \0) 

J 2 ~ J i “ ^OT —ZTTTZIZJ 




ITT 


4|p | 3 cos 2 20 sin 20 2|p | 3 cos 2 


T 77 log sin \ 6. 
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(121.16) 


(121.17) 


We now have only to substitute these expressions in (121.14) and (121.15), 
obtaining as the final results 


acr 


4|p | 3 sin 


, _ 2 Zam |p| sin 3 \ 6 log sin \6 
* ~ e 2 (1 - u 2 sin 2 2 ^ 


0 ) cos 


(121.18) 

(121.19) 


(W. A. McKinley and H. Feshbach, 1948; R. H. Dalitz, 1950). 

In the first Born approximation, the electron and positron scattering cross- 
sections are the same (in the same external field); in the second approximation, this 
symmetry does not occur. In the scattering of a positron (charge +\e\) the 
amplitude of the first approximation ( 121 . 6 ) has the opposite sign, but the sign of 
M\f is unchanged. The cross-section da (2 \ which is the interference term between 
and M} 2) , therefore changes sign. The same occurs for the expression (121.19) 
for the polarization vector. The formulae for electron scattering are all converted 
to those for positron scattering by the formal change Z - Z. 


§ 122. Radiative corrections to electron scattering in an 
external field 

Let us now calculate the radiative corrections to electron scattering in an 
external field (J. Schwinger, 1949). The corresponding part of the scattering 
amplitude is represented by the two diagrams (121.2). The contribution from the 
first of these to the amplitude is 

— (W y°M) D( — q 2 ) • cO(q), 

where ^(-q 2 ) is the polarization operator corresponding to the loop in the 
diagram. The contribution from the second diagram is 

-(fi , A 0 n)g$(q), 

where A 0 is the correction term in the vertex operator (T^ = y^ + A* 1 ); according to 
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(116.6), 

A 0 = y°[/( - q 2 ) - 1] - 2^ <**( - q 2 )- 

Adding the two contributions, we havet 

M l f ?=-(a'y 0 Q rad u)e<P(q), 

Qrad(q) = /(- q 2 ) - 1 - ^2 - q 2 ) + 2 ^- g( - q 2 )q • 7- 

Let us first consider the infra-red divergence in the form factor /(— q 2 ) and 
therefore in the scattering amplitude (122.1). It has already been mentioned in §98 
that the exact value of the purely elastic scattering amplitude is zero, i.e. it has no 
meaning. The only physically significant thing is the amplitude of scattering defined 
as a process in which any number of soft photons can be emitted, each having an 
energy less than a specified value w max satisfying the conditions for soft-photon 
emission theory to be valid. That is, only the sum 

w max w max w max 

da = dcr e i + dcr e i J dw w + da et -^ j dw ui j dw M2 + • • • ( 122 . 2 ) 

0 0 0 

is meaningful, where da e \ is the cross-section for scattering without emission of 
photons, and dvv w the differential probability for the emission by the electron of a 
photon with frequency a). Here it is assumed that dor e i itself is calculated as a 
perturbation-theory series, i.e. as an expansion in powers of a.i Then, on bringing 
together the terms of each order in a in ( 122 . 2 ), we obtain da as an expansion in 
powers of a in which each term is finite. 

In the first Born approximation, dor e i~a 2 . This term has, of course, an in¬ 
dependent significance. If, however, the next correction (~a 3 ) to dor e i is to be 
taken into account, we must also include the second term in the sum ( 122 . 2 ): since 
dWu ~ a , multiplication by da e \~ a 2 likewise gives a quantity ~a 3 . We shall show 
that the infra-red divergence disappears when these two quantities are added. 

The divergent term in the form factor f (117.17) is§ 

— 20LF(\q\l2m) log (m/A). 

The corresponding term in the amplitude (122.1) is 

2 <xF log (ml\)(u'y 0 u) ed>(q), 

t Note that q^ = (0, - q) if q* = (0, q), and therefore ct ° 1 q v = - y°q • y. 

t The need to take account of radiative corrections in the probability dw w is governed by the value 
of Wma X ; the limit o) -»0 corresponds to the classical case where the radiative corrections are zero, and so 
the latter can always be made small by taking a sufficiently small w ma x- 
§ This expression is easily verified by using the relation 

|q| lm =(l-£)/V£ 

between |q| and the variable £ in terms of which (117.17) is written. 


( 122 . 1 ) 


QE4 - JJ 
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and in the cross-section (121.5) 

dor mfra = - aF log (ml\)\u'y°u\ 2 \e<i>(q)\ 2 do'/ 167 r 2 . 
Comparing this with the Born cross-section 

dor (1) = |M'y°M| 2 |e<l>(q )| 2 do'/ 167 r 2 , 


we find that 


da m fra = -aF log (ml A) da (l) . (122.3) 

The second term in (122.2), with / dw w from (120.11), gives 

"max 

do-ei | dw w = aF log (2a» max /A) dcr il) . (122.4) 

0 

Finally, adding (122.3) and (122.4), we obtain 

- dcr ( 1 ) aF(|q|/2m) log (m/2ow). (122.5) 

We see that the divergent contribution from soft (|k| — A) virtual photons does 
in fact cancel with that from the emission of real photons of the same kind. A 
similar result occurs in any other scattering process. 

There is also a dependence of the scattering cross-section on co max , resulting 
from the fact that co max appears in the definition of scattering as a process in which 
any number of soft photons can be emitted. The cross-section for such a process 
will of course decrease with the upper frequency limit co max for photons whose 
emission we regard as belonging to the scattering process in question. 

Let us now determine the complete radiative correction to the scattering 
cross-section. Proceeding in accordance with the standard rules (see (65.7)), we find 
as the cross-section averaged over the polarizations of the initial electron and 
summed over the polarizations of the final electron 


dor = dc T (1) -h d(Jr a d 

= |e<D(q)| 2 tr{(yp' + m)(y°+ y°Q rad )(yp + m)(y°+ y°Q rad )} do732^. (122.6) 

According to (122.1), 


Q rad = a + b y • q, Q rad = y°Q r + ady 0 = a-b y • q, 

a=/(-q 2 )-l-^(-q 2 ), b=^g(-q 2 ). 

As far as the terms linear in a and b, the trace in (122.6) is given by 
Ur {• • •} = 2(e 2 - |q 2 )(l + 2a) - 2bmq 2 . 
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Hence 


da rad = 2{/*( - q 2 ) - 1 - ^9( - q 2 ) - g( - q 2 )} do w , (122.7) 

where dcr {l) is the Born cross-section (80.5) for the scattering of unpolarized 
electrons, and a subscript A is added to the form factor / in order to show explicitly 
that it is cut off at photon mass A. 

We now have only to add to (122.7) the cross-section for the emission of soft 
photons. If we write f x in the form 

M - q 2 ) = 1 - iaF(|q|/2m) log (m/A) + aF 2 , (122.8) 

then from (120.11) this addition simply means replacing f x in (122.7) by 

/ Umax = 1 - iaF(|q|/2m) log (m/2 Wmax ) + |aF, + aF 2 . (122.9) 


With this change, (122.7) gives the final answer. 
In the non-relativistic limit we havet 


f =1—SSL, 

3Trm 2 


( ,08 2fh + !j)' « 


2 <^ m 2 . 


( 122 . 10 ) 


The particular form of the external field appears in the radiative correction to 
the cross-section only through dcr (l) ; the factor in the braces in (122.7) is universal. 
In the non-relativistic approximation, 

da rad =-da w ~K (log+ q 2 <m 2 , (122.11) 

3 7T YYl \ 2o) max 30/ 


which includes contributions from all the terms in (122.7). In the opposite (ultra- 
relativistic) limit, the main contribution comes only from the term in / Wmax - 1: 


<io- ra d = - do- 0) ’ — log ^2 log 

7T TYl ^ max 


q 2 > m 2 . 


( 122 . 12 ) 


Finally, it may be noted that the radiative corrections considered here do not 
cause any additional polarization effects that are not present in the first Born 
approximation (unlike the corrections of the second Born approximation, discussed 
in §121). The reason is that the particular features of the first Born approximation 
are ultimately due to the fact that the S-matrix is Hermitian. This property is 
maintained even when the radiative corrections described above are taken into 


t This differs from the non-relativistic formula (117.20) by the change 

log k log 2w ma x 6« 
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account, since in this approximation there are no real intermediate states in the 
scattering channel (and so the right-hand side of the unitarity relation is zero).! 


§123. Radiative shift of atomic levels 

The radiative corrections cause a shift of the energy levels of bound states of an 
electron in an external field, called the Lamb shift. The most interesting case of this 
kind is that of a hydrogen atom (or hydrogen-like ion).1: 

A consistent method of finding the energy-level corrections is based on the use 
of the exact electron propagator in an external field (§109). But, if 

Za< 1, (123.1) 

it is possible to use a simpler procedure in which the external field is regarded as a 
perturbation. 

In the first approximation with respect to the external field, the radiative 
correction in the interaction between an electron and a constant electric field is 
described by the two diagrams (121.2) already used in connection with the problem 
of electron scattering in such a field; the change from one problem to the other 
needs no more than a simple reformulation (see below). 

However, it is easily seen that this treatment can give only the part of the level 
shift that is due to the interaction with virtual photons of sufficiently high 
frequency. Let us consider, for example, the next radiative correction (as regards 
order with respect to the external field) to the electron scattering amplitude: 

i i 

i i 

i , i 

(123.2) 


p 



(unlike (121.2b), this diagram contains two external-field vertices). In the range of 
integration over d 4 k where k 0 is sufficiently large, this correction involves an extra 
power of Za , and is therefore unimportant. But the addition of a second external- 
field vertex to the diagram also brings in a further electron propagator G(J ). When 

t The calculation of the radiative corrections for processes which appear only in the second 
approximation of perturbation theory is considerably more laborious, and will not be given here. We shall 
simply list some references: L. M. Brown and R. P. Feynman, Physical Review 85, 231, 1952 (radiative 
corrections to photon scattering by an electron); I. Harris and L. M. Brown, ibid, 105, 1656, 1957 (r.c. to a 
two-photon pair-annihilation); M. L. G. Redhead, Proceedings of the Royal Society A220, 219, 1953, and R. 
V. Polovin, Soviet Physics JETP 4, 385, 1957 (r.c. to electron scattering by an electron or a positron); P. I. 
Fomin, ibid. 8, 491, 1959 (r.c. to bremsstrahlung). 

$ The shift of the hydrogen levels was first calculated by H. A. Bethe (1947) with logarithmic accuracy, 
using a non-relativistic treatment; this work provided the initial stimulus for the whole subsequent 
development of quantum electrodynamics. The difference between the 2sm and 2p\n levels (in the first 
non-vanishing approximation of perturbation theory) was exactly calculated by N. M. Kroll and W. E. 
Lamb (1949); the complete formula for the level shift is due to V. F. Weisskopf and J. B. French (1949). 
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k is small, and the free ends p and p' are non-relativistic, the important values of 
the virtual-electron momenta / are those close to the pole of the propagator G(f). 
The small denominator which thus occurs cancels the extra small factor Za. The 
same evidently applies to the corrections of all orders with respect to the external 
field. Thus, at low frequencies of the virtual photons, the external field must be 
taken into account exactly. 

We can divide the required level shiftt 8E S into two parts: 


8E S = 8E<P+8E? I) , (123.3) 

which originate from the interaction with virtual photons having frequencies in the 
ranges (I) k 0 > k and (II) k 0 < k; k is chosen so that 

(Za) 2 m <K<m, (123.4) 

where Z 2 a 2 m is of the same order as the binding energy of the electron in the 
atom. Then, in region I, it is sufficient to take account of the nuclear field in the first 
approximation. In region II, the nuclear field must be treated exactly, but on the 
other hand, since k <m, we can solve the problem in the non-relativistic ap¬ 
proximation—not only as regards the electron itself, but for all the intermediate 
states. With the condition (123.4), the ranges of validity of the two methods of 
calculation overlap, and it is therefore possible to make an exact “joining” of the 
two parts of the level correction. 


The high-frequency part of the shift 

Let us first consider region I. Here it is possible to use the correction (122.1) to 
the scattering amplitude, after removing the contribution of the virtual photons 
which pertain to region II. These make only a small contribution to the form factor 
g, which therefore can be left unaltered. The low-frequency virtual photons make a 
large contribution to /, however, because of the infra-red divergence. Thus f in 
(122.1) must be taken as a function f K from which the region k 0 <K has been 
excluded. 

This could be done directly by subtracting from f the integral over the region 
fc 0 < k, but the required result can be obtained without fresh calculations by using 
the results of §122. To do so, we note that the exclusion of frequencies k 0 < k can 
be regarded as one possible type of infra-red cut-off. The result for the correction 
to the scattering cross-section must, of course, be independent of the cut-off used, 
provided that the real soft photon emission probability is cut off in the same way, 
i.e. the concept of “elastic” scattering includes the emission only of photons with 
frequencies from k to the specified co max . If we take co max - k, there is no need to 
take explicit account of the photon emission. Hence we see that f K is obtained from 
the / Wmax determined in §122 by simply replacing w max by k. In particular, in the 

t In this section, E s denotes the energy of an electron in an atom, not including its rest energy. The 
suffix s stands for all the quantum numbers which define the state of the atom. 
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non-relativistic case 


'-- , = -5i( l °8§ + s)- < 123 - 5 > 

Let us now transform the correction (122.1) to the scattering amplitude by 
representing it as the result of a corresponding correction to the elfective potential 
energy of the electron in the field. Comparing the amplitude (122.1) 

- e(w'*Q rad <l>M) 

with the Born scattering amplitude (121.6) 

- e(w'*<l>M), 

we see that the correction is given (in the momentum representation) by the 
function 


e8®(q) = eQUqWq). (123.6) 

In the non-relativistic case, taking 9 and g from (113.14) and (117.20), and 
substituting f K from (123.5) for /, we get 

~ {- S (“* £ • + M4) ■ + 4= ’ ■• <,23 J » 

The corresponding function 85>(r) in the coordinate representation ist 

- » (“* t ¥ T4 ~ s) A ®"-> - 11 < l23 8 > 

The level shift 8E { P is found by averaging e6d>(r) over the wave function of the 
unperturbed state of the electron in the atom, i.e. as the corresponding diagonal 
matrix element: t 

s£?> = 3^( |08 S + 53-5> s ' a ' 1, ' s >- 

_i 4^ <s|Y ‘ V<I)|s) - (123 ‘ 9) 

In the first term, the non-relativistic electron function suffices for the averaging. 

t Note that this correction to the potential is not the same as the one discussed in §114, which 
included only the effect of the vacuum polarization (diagram (121.2a)) on the Coulomb field as such. The 
correction (123.8) relates to the interaction of the field with the electron, and includes also the effect of a 
change in the motion of the electron (diagram (121.2b)). 

$ Strictly speaking, the form factors determined in §117 related to the vertex operator with two 
external electron lines (p 2 = p' 2 = m 2 ). For an electron in an atom, the energy E s is a level which is 
unrelated to p. The distinction may, however, be neglected in region I. 
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In the second term, this approximation is insufficient: the zero-order approximation 
with respect to the non-relativistic functions is zero on account of the absence of 
diagonal elements in the matrices y. Here, therefore, we must use the approximate 
relativistic function 


-o 

derived in §33, retaining the components x which are small (in the standard 
representation). We have 


= </>*cr* - x*cr</> 


and, substituting from (33.4) 


x = A: • p</> = -^r ■ v<#>. 


2m ~ ^ 2m 
we get, using the identity (33.5) and integrating by parts, 

(s|y • V$>|s) = -^ J ■ V<t>)(o- • V<t>) + (V<f>* ■ a)(a • V<D )</>} d 3 x 

= fm\ x v <£]} d ' x - 


Since O = <F(r), 


V<D - 


r dO 
r dr ’ 


and hence 


ia • [V$> x V] = - o’ • 1, 
r dr 


where 1 = - ir x V is the orbital angular momentum operator. Finally, bringing 
together the expressions obtained and substituting in (123.9), we have 


8E{'> = 


( l08 f + l) <s|A ' 1>|s> + 4^( i 


, 1 d® 

a ■ 1 -~r 

r dr 


(123-10) 


37 Tin 1 

in which the averaging is over the non-relativistic wave function in both terms. 


The low-frequency part of the shift 

In order to calculate the second part of the level shift, we use a technique based 
ultimately on the unitarity condition. 

Since a photon can be emitted, the excited state of the atom is not strictly 
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stationary, but only quasi-stationary. A complex energy value can be assigned to 
such a state, its imaginary part being - Jw if w is the decay probability of the state, 
in this case the total photon emission probability (see QM, §134). In the non- 
relativistic approximation there is dipole radiation, and from (45.7) 

im 8E S = - \w s = - \ ^ |d ss f(£ s - E y ) 3 , 

s' 

where the summation is over all the lower levels (E s < E s ), or, equivalently, 

im 8E S = -if dw • 2 |<U 2 (E S - E s ) 3 8(E s - E,-<o). (123.11) 

0 

In order to find the real part of 8E S , we must regard E s as a complex variable 
and use analytical continuation. This may be done by treating the delta functions as 
originating from poles. The rule for the avoidance of poles is, as usual, specified by 
adding a negative imaginary part to the masses of the virtual particles—in this case, 
to the masses m s > of the electron in the intermediate states of the atom. These are 
m s > = m + E S ’, and so we must put 


E S >-*E S '- i 0, 


whence 


S(E s 


co) = 


1 . 


- im 


E s — E s > co 4" i O’ 


(123.12) 


cf. (111.3). 

Thus, substituting (123.12) in (123.11), we find 


im 8E S = im J do • ^ |d s 


|2 ( E s - Erf 

E s — E S ' ~ o) + iO 


The required analytical continuation is now obtained by simply omitting the symbol 
im, but we must take from 8E S only the part due to the contribution from 
frequencies in region II (co < k). To do so, we need only replace the upper limit of 
integration by k. The result of the integration is 

( 123 . 13 ) 

because of the inequality (123.4), the difference E s - E s is neglected in comparison 
with k at the upper limit. We shall henceforward be concerned only with the real 
part of the level, which is obtained by using k/|E s -E s | as the argument of the 
logarithm in (123.13). 
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In the expression (123.13), the term in log k can be transformed by replacing the 
matrix elements of the dipole moment d = er by those of the momentum p = mv 
and its derivative p: 


2 |d „<| 2 (e, - E s y = - 4 2 Ip - e s ) 

s' m s ' 

ie 2 

“ 2^2 2 {(^ss' ’ Ps's “ Pss' * (P),J. 

Now replacing p in accordance with the operator equation of motion of 
the electron, p = - eVO, we get 

2 |d ss | 3 (E s . - E s y = - ^2 E • p - p ss • (v«p) s .j 
= ^i( S |p-V4)-V<t»-p| S ) 

= 2^( S |A<D|5>. (123.14) 

We can therefore write instead of (123.13) 

SE “’"3^P <s|A '’' |s > l06 m + 

+ E - E s ) 3 log 2 |^Z^|- 023.15) 


The total shift 

Finally, adding the two parts, we have the following formula for the level shift: 


5-E s =f^EM 2 (E s -^) 3 log 

19 


m 


; + 


+ ^-^(s|A4>| S ) = ^(5 


2|E S - E s 

3/1 1 d<p 


37rm 2 30 


a • 1 


r dr 


s); (123.16) 


as was to be expected, the auxiliary quantity k does not appear.! 

All the matrix elements in (123.16) are taken with respect to the non-relativistic 
wave functions of the electron in the atom. For a hydrogen atom or a hydrogen-like 
ion, these functions depend only on three quantum numbers: the principal quantum 
number n, the orbital angular momentum l and its component m, but not on the 


t The determination of the next-order corrections in the level shift involves very complicated 
calculations. The most complete tabulation and a systematic derivation of the corrections, together with 
further references, are given by G. W. Erickson and D. R. Yennie, Annals of Physics 35, 271, 447, 1965. 
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total angular momentum j; the corresponding energy levels depend on n only. We 
shall use the notation^ 

Lnl = 2m j z?f „? m , - E„) 3 • log < 123 - 17 > 

The energy levels are proportional to (Ze 2 ) 2 , and the characteristic dimension of the 
atom is proportional to Ze 2 , so that the L nl defined by (123.17) are independent of 
Z. They can be calculated numerically. 

We shall take separately the cases l = 0 and 0. When l = 0, the last term in 
(123.16) is zero. In the second term, we use the equation 

e AO = 47rZe 2 8(r), 

which is satisfied by the potential of the Coulomb field of the nucleus. Hence 

(nlm|AO|nlm) = 47rZc 2 |i// rl / m (0)| 2 

_ r4m 3 (Ze 2 )V 3 (1 = 0) 

to (1^0) 

(cf. (34.3)). In the first term, with the notation (123.17) and again using (123.14), 


2 |(nTm'|r|n00)| 2 (E„' - E„) 3 = ^- 2 (n00|A<l>|n00> 

n'l'm' LYXl 

= 2 m(Ze 2 ) 4 ln\ 


This gives the following expression for the shift of the s terms (in ordinary units): 


8E nl 


4 mc 2 Z l 


3irn 


« 5 r. 

- log 


(Zay 


+ E„ 0 + 


-1 

30 J 


The numerical values of some of the L n0 are: 

n 1 2 3 4 oo 

L„ o -2.984 -2.812 -2.768 -2.750 -2.721 


(123.18) 


The unperturbed levels are E„ = - mc 2 (Za) 2 l2n 2 , and so the relative magnitude of 
the radiative shift is 


|8E„o/E„o| ~ ZV log (1/Za). (123.19) 

When l ;/ 0, the second term in (123.16) is zero. The third term can be calculated 

$ The matrix elements of r are diagonal in j and independent of j; the summation over s in (123.16) 
therefore reduces to summation over n , l and m. Because of the isotropy of space, the sum (123.17) is also, of 
course, independent of m. 
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by means of the formulae in §34, and leads to a dependence of the level shift on the 
number j also. The result is 


$E n ij — 


4 mc 2 Z 4 
3im 3 


L n i + 


3 j(j + 1)-I(I + 1)- 
8 l(l + l)(2i + l) 




1 * 0 . 


(123.20) 


Thus the radiative shift removes the last degeneracy which remains after the 
spin-orbit interaction has been taken into account, namely the degeneracy of levels 
having the same n and j but different l = j ±\. For example, the numerical value of 
L 2 i is +0.030, and formulae (123.18)—(123.20) give as the difference of the 2 si /2 and 
2pi /2 levels of the hydrogen atom 


-E 20(1/2) -E 2 i(i/ 2 ) — 0 . 41 mc 2 a: 5 , 


corresponding to a frequency of 1050 MHz. 


§ 124. Radiative shift of mesic-atom levels 

At the end of §118 the electron vacuum polarization has been shown to play an 
important role in the (second-approximation) radiative correction to the magnetic 
moment of the muon. This still more true (and even in the first approximation) as 
regards the radiative level shift in i ±-mesic hydrogen, a hydrogen-like system 
consisting of a proton and a muon (A. D. Galanin and I. Ya. Pomeranchuk, 1952). 

In calculating the level shift for an ordinary atom in §123, we took account, in 
particular, of the electron vacuum polarization effect (the electron loop in the 
diagram (121.2a)). If the muon vacuum polarization effect is similarly treated in the 
mesic atom, the entire calculation can be applied to this case, simply replacing the 
electron mass m = m e by the muon mass m M . Since the relative shift (123.19) of the 
levels does not depend on the electron mass, the same result is obtained for mesic 
hydrogen. 

It is easily seen that the electron vacuum polarization has a much stronger 
effect on the level shift in the mesic atom, because the replacement of the muon 
loop in the diagram by an electron loop implies the replacement of the muon 
polarization operator by the electron polarization operator; and the polarization 
operator SP(q 2 ) is inversely proportional to the square of the particle mass for 
non-relativistic values of q 2 . Hence the change mentioned must increase the effect 
by a factor (mjm e ) 2 , and it is this contribution which determines the order of 
magnitude of the level shift: 


SEI\E \~ a\mjm e ) 2 , 

or four orders of magnitude greater than in ordinary hydrogen.t The origin of this 
effect can be more clearly seen by noting that the distortion of the Coulomb 

t For a similar reason, the contribution of the muon vacuum polarization to the level shift in the 
ordinary hydrogen atom is, conversely, negligible. 
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potential by the electron vacuum polarization extends to distances ~ 1 \m e (§114). 
In the ordinary hydrogen atom the electron is at distances from the nucleus that are 
of the order of 1 lm e a, i.e. outside the main region of field distortion, but in mesic 
hydrogen the muon is at distances ~ 1 Im^a which are in this region. 

To calculate precisely the level shift in the mesic atom, however, it is not 
possible to use the approximate non-relativistic expression for the polarization 
operator, as was done when using (123.7) to find the level shift in the ordinary 
atom. The reason is that the characteristic momenta of the muon in the mesic 
hydrogen atom are — For the muon these momenta are non-relativistic, 
but for the electron they are relativistic. 

We must therefore use the full relativistic formula (114.5) for the effective 
potential of the nuclear field as modified by the electron vacuum polarization. The 
level shift is found by averaging over the wave function of the muon in the atom: 

8E nl = - |e| J |t/>„i| 2 5<t>(r) d 3 x 

= - |e| J R 2 n i(r)8<P(r)r 2 dr, (124.1) 

0 

where R n i is the radial part of the (non-relativistic) Coulomb wave function. For a 
hydrogen-like ion with nuclear charge Z\e\, the functions R ni (r ) depend on r only 
through the dimensionless combination p = Zam^r (the distance in Coulomb units). 
Using this fact and substituting 8<&(r) from (114.5) (with the charge Z\e\ in place of 
Ci), we can bring the integral (124.1) to the form 

8E n i = - Za^m^QniimelZam^), (124.2) 

where 


QAx) = j P dp j R 2 ,(p)<T 2 ^( 1 + 2^) V( ^2 l) dC. 

0 1 

The first few levels of mesic hydrogen are shown by numerical evaluation to have 
the following relative shifts: 


8E\ol\E\o\ — — 6.4x 10 3 , 

8E 20 /|E 20 | = — 2.8x 10~ 4 , 

8E 21 /|E 21 | = - 2.0x lO 5 , 

§125. The relativistic equation for bound states 

The method used in the preceding sections to calculate the radiative shift of the 
atomic levels is not valid for solving a problem such as that of determining the 
corrections to the levels of positronium, a system consisting of two particles of 
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equal rank, neither of which can be regarded as the source of the external field 
acting on the other. 

The systematic procedure for solving this problem is based on the fact that the 
energy levels of the bound states are poles of the exact amplitude of mutual 
scattering of these two particles, as a function of their total energy in the 
centre-of-mass system. In any of its discrete states, positronium may be regarded 
as an “intermediate particle” having a definite mass, which can be formed as a 
stage in the electron-positron scattering process, and a pole of the scattering 
amplitude corresponds to each “one-particle” intermediate state; these poles of 
course lie in the non-physical region of 4-momenta of the particles undergoing 
scattering. 

According to (106.17), the exact scattering amplitude comprises the exact 
four-ended vertex part I\ /m and the polarization amplitudes u of the particles. The 
latter are clearly unconnected with the pole singularities, and it is therefore more 
convenient to ignore them, referring instead to the poles of the vertex part itself, 
i.e. of the function 


T /Um (pd,-p + ;p-, -pi), (125.1) 

where the notation for the 4-momenta of the external lines of the diagram (106.12) 
corresponds to the scattering of a positron by an electron. 

It should be stressed that the assertion that poles are present refers to the exact 
scattering amplitude or the exact vertex part; there is no pole in any separate term 
of the perturbation-theory series, as can be seen from the fact that the Feynman 
diagrams in each approximation include only electron (and photon) lines, not lines 
belonging to the composite particle positronium as a whole. Hence it follows in 
turn that the calculation of the scattering amplitude near its poles involves 
summation of an infinite series of diagrams. The diagrams concerned can be 
determined as follows. 

In the first non-vanishing approximation of perturbation theory (the first ap¬ 
proximation with respect to a), the vertex part (125.1) corresponds to two second- 
order diagrams: 



a b 


or, in analytical form, 

Tiium = ~ ^ytiyLD^iP-- P-) + e 2 y? m ykiD )1 . l ,(p- + p+). (125.3) 


In the next approximation (the second with respect to a) there are ten 
fourth-order diagrams: 
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and a further five diagrams obtained from (125.4) by interchanging p_ and -p|. All 
these include an extra power of e 2 = a in comparison with (125.2), but we shall 
show that in diagram (a) this extra order of smallness is cancelled by a denominator 
which is also small when the electron and positron momenta are small. 

All quantities will be taken in the centre-of-mass system, but, since the 
4-momenta of the external lines in the diagrams are not assumed to be physical (i.e. 
p 2 /- m 2 ), 8+/^ 8_ in this system, although p = -p_. Thus these 4-momenta are 

P- = (e-,p), P+ = (e+,-p), 

P- = (e-, P) pi = (ei,-pV (125.5) 

8 - + 8 + — £- + £+• 

The binding energy of the electron and the positron in positronium is ~ ma 2 . Thus, 
in the neighbourhood of the scattering-amplitude poles, with which we are con¬ 
cerned, 

|p| ~ |p'| ~ ma < m, 

|e_ - m | ~ |e + - m| ~ p 2 /m ~ ma 2 ,. . . (125.6) 

The contribution to the vertex part from the diagram (125.4a) is 

rffim = - ie 4 J (y k G(q)y^)n(y v G(q - p_ - p+)y p ) km x 

x D kp (q -p')D^(P- - q) d 4 ql( 2tt) 4 . (125.7) 


The important range of values of (q 0 , q) in the integral (125.7) is that which is 
close to poles of both functions G simultaneously. In this range, |q| and |q 0 ~ m \ are 
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small, and the electron propagators are 


n(a )- yqo-yq+m i, o ■ n _1_' 

W (<?o + m)(q 0 - m) - q 2 + /0 ^ ' q 0 - m - (q 2 /2m) + /O’ 


(125.8) 


G(q-p--p + )~kv°-l) 


q 0 ~ e- ~ e+ + m + (q 2 /2m) - /O' 


The poles of these two expressions are on opposite sides of the real axis of the 
complex variable q 0 ; closing the path of integration along this axis by a contour in the 
upper half-plane (say), we can calculate the integral over dq 0 from the residue at the 
corresponding pole.t The result is 


p(4fl) ^ 


(q ~P-) 2 (P- ~ q) 2 (2 m -£_-£+ + q 2 /m)’ 


and so, using (125.6), we have in order of magnitude 

r(4a) ^ 2 (ma) _ 1 

1 OL , .4 2 — 2 

(ma) ma m a 


The contribution to T from the second-order diagram (125.2a) (the first term in 
(125.3)) is of the same order, and this proves the statement made above about the 
order of smallness of the diagram (125.4a). A similar situation occurs in all higher 
approximations of perturbation theory. 

Thus the calculation of the relevant vertex part near its poles calls for the 
summation of an infinite succession of “anomalously large” diagrams with inter¬ 
mediate states resembling the internal lines of (125.4a). A typical property of these 
diagrams is that they can be cut between the ends p_, -p+ and pL,-pi into parts 
joined only by two electron lines.$ The set of all diagrams which do not satisfy this 
condition will be called a “compact” vertex part and denoted by since it does 
not include the anomalously large diagrams, such quantities can be calculated by 
ordinary perturbation theory. For example, in the first approximation f is given by 
the two second-order diagrams (125.2), and in the second approximation by the 
eight fourth-order diagrams in (125.4), excluding diagrams (a) and (b). 

If the non-compact vertex parts are classified according to the number of 
“double bonds”, we can represent the total T as an infinite series: 







(125.9) 


where the continuous thick internal lines are exact propagators < S; this is often 


t For the diagram (125.4c), which differs from (125.4a) only as regards the relative direction of the 
electron lines, both poles would be on the same side of the real axis, and so the integral would be zero in 
the approximation considered. 

t This definition includes all the anomalously large diagrams and also some “normal” diagrams such 
as (125.4b). 
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called a “ladder” series. To sum the series, we “multiply” it on the left by a further 

f:t 


+ ..., 


Comparison with the original series (125.9) shows that 



This graphical equation corresponds to the integral equation 

iT ikM (p-, - p + ; p_, - pi) = if iUm (p -, - p + ; p_, - p +) + 

+ |f jr , sm (pi, q -pl-p-, q,-pi)%,(q)%r(q-pi~pL) x 

x T ,k,h(q, -p+',p-,q-pl-pL) d 4 q/(2ir) 4 . (125.11) 

The functions f and ^ are calculated by perturbation theory, and equation (125.11) 
then allows, in principle, the determination of T with any desired accuracy. 

To find the energy levels, we need to know only the positions of the poles of T. 
Near the poles, T> f, and so the first term on the right of (125.11) (the second 
diagram from the right in (125.10)) may be neglected, the equation then becoming 
homogeneous in T. The variables p+, p_ and the indices k and l become parameters, 
the dependence on which is arbitrary and is not defined by the equation itself. 
Omitting these parameters and also the primes in the remaining variables pi, p_, we 
have 


il\ m (p_; - p+) = J f iMm (p_, q~P+~ p-; q, ~ p + )% t (q) x 

x % r (q - p + - P-)T t , n (q ;q-p+-p~) d 4 ql(27r) 4 (125.12) 

(E. E. Salpeter and H. A. Bethe, 1951). 

Equation (125.12), written in the centre-of-mass system (p+ + p_ = 0), has solu¬ 
tions only for certain values of e+ 4- e_, and these give the positronium energy 
levels. The function T ijn plays only an auxiliary role. Another function is more 
convenient in practice: 


Xsr(Pl, Pi) = %t(P\)T,,n(Pu Pl^nriPl). (125.13) 


t That is, we multiply each term in the series by f and two % and integrate appropriately over the 
4-momenta of the new internal bonds. 
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Then equation (125.12) becomes 

i[^~ l (P-)x(P-, ~ P+W\ - P+)]im 

= J f ir ,sm(P - 9 Q-p+- P-\ q, - P+)Xsr(q , Q ~ P + ~ P -) d A ql(2ir)\ (125.14) 

where f appears as the kernel of an integral operator. As already mentioned, f may 
be calculated by perturbation theory, and the same is of course true of ( S~ X . 

We shall show that, in the first approximation of perturbation theory (with 
respect to a), (125.14) reduces, as we should expect, to the non-relativistic 
Schrodinger’s equation for positronium. 

In the first non-relativistic approximation, f is determined by the diagram 
(125.2a) alone; the annihilation-type diagram (125.2b) is zero in this ap¬ 
proximation. t For a similar reason to that in §83, it is convenient to take the photon 
propagator in the Coulomb gauge (76.12), (76.13), and only Doo need be retained in 
it. Then 


f i,, sm (p-, q-p + - P-; q, -p+) = - e 2 yly 0 rm Doo(q - p_) 

= -l/(q- P -) 7 ° 7 ? m , 


where 


U(q) = — 47re 2 /q 2 

is the Fourier component of the potential energy of the Coulomb interaction 
between the positron and the electron. Equation (125.14) becomes 


iXim(P-,-p+) 

= G(p-)y° j U(q-p^x(q,q-p + -p-)0f-y o G(-p + )] m , (125.15) 

where we have also replaced the exact propagators <0 by the free-electron pro¬ 
pagators G. The latter are given by the approximate expression (cf. (125.8)) 

G(p-) « i(l + y°)g(p-), G( - p + ) - i(l - y°)g(p+), 

where the matrix factors have been separated, and g(p ) is the scalar function 


g(p) = 


i 


(125.16) 


e - m - (p 2 /2m) + iO' 

In substituting these expressions in (125.15), we note that all the non-zero matrix 


t The particle velocities in positronium are such that v/c ~ a. In this sense the expansions in powers 
of a and of 1/c are interrelated. 


QE4 - KK 
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elements 

[id + y Vxy 0 • id - y 0 )]- = [i(y° + \) x • i(y° - Dim 

are equal to the elements — xim- The matrix equation (125.15) is therefore equivalent 
to one for the scalar function 

i*(P-,-P+) = -g(P-)g(P+) J U(q-p-)x(q,q-p + -P-)d 4 ql(2ir) 4 . (125.17) 

We now replace p+ and p_ by the variables 

p =(e,p) = 2(p--p+), P=P- + P+; 

these are the 4-momentum of the relative motion of the particles and that of the 
positronium as a whole. In the centre-of-mass system, P = (E 4- 2m, 0), where 
E + 2m is the total energy, and E therefore the energy level relative to the rest 
mass. In terms of these variables, (125.17) becomes 

J>(p,P) = -g(p+|P)g(-p+|P) f U(q-p-)x(q-iP,P)d 4 q/(2ir) 4 

= -g(p + 1 2 P)g(-p+ i 2 P)f U(q' - p) X (q’, P) dY/(2 t7) 4 . 

In this equation, P occurs only as a parameter, and \ figures on the right-hand side 
only as the integral 


<Mq)= J x(q, p )dqo- 

— 00 

Integrating both sides of the equation over de , we get an equation for i// in a closed 
form: 


*(P) = ~2h f g(P+lP)g(~P+lP)de f U(q-p)4>(q)0p, 

— CO 

where 

g(±P+- 2 P)= ±£ + I E _( p 2/ 2m ) + iO' 

If the path of integration over de is closed by a contour in the upper half-plane 
(say) of the complex variable 8, we can evaluate the integral from the residue at the 
corresponding pole, obtaining 

(£-E),Mp) + J U( p-q)^(q)^3 = 0. (125.18) 


This is Schrodinger’s equation for positronium in the momentum representation; 
see QM, (130.4). 
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If only the diagrams (125.2) were used in f, but including in them (and in the 
next terms in the expansion in powers of 1/c, we should arrive at Breit’s equation 
(§83). The inclusion of the diagrams (125.4) (together with the further terms in the 
expansion in 1/c) gives the radiative corrections to the positronium levels, but the 
calculations become very complicated. 

The following is the difference between the ground levels of ortho- and 
para-positronium, including the above-mentioned corrections:! 

E( 3 S,) - E('S 0 ) = a 2 (y+ log 2) J —lia}; (125.19) 

the first term in the braces is the fine splitting (see §84, Problem 2). The second term 
is the radiative correction to the difference between the levels. The imaginary part 
of the difference arises from the parapositronium annihilation probability (see 
(89.4)), i.e. from the fact that the level ! S 0 is complex; for parapositronium, the 
level width is found to be of the same order as the radiative correction to the real 
part of the level. 


§126. The double dispersion relation 


After the vertex part with three external lines, the next in order of complexity is 
a section with four external lines. In quantum electrodynamics, three basic 
diagrams of this type are possible: 


\ y 

\ / 


/ -k 


\ 


a 


\ 



(126.1) 


The first describes the scattering of a photon by a photon; the others are individual 
terms in the radiative corrections to the scattering of (b) a photon and (c) an 
electron, by an electron. 

This §126 deals with some general properties of such diagrams, but to be simple 
and specific we shall refer only to (126.1a). 

The momenta of the lines in such a diagram will be denoted as follows: 


k^kj+k^-kj k 

\ ■ / 


q-k 4 


q-k 2 






H. 


(126.2) 


t R. Karplus and A. Klein, Physical Review 87, 848, 1952. 
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The 4-momenta k\, k 2 , k 3 , k 4 correspond to real photons, and their squares are 
therefore zero. 

If the dependence on the photon polarizations is written separately, the am¬ 
plitude Mfi which corresponds to the diagram (126.2) can be expressed in terms of 
various scalar functions of the photon 4-momenta. These are the invariant am¬ 
plitudes discussed in §70; they will be derived in §127 for the specific case of 
photon-photon scattering. Being scalars, they depend only on scalar variables, 
which may be taken as, for example, any two of the quantities 


s = (ki + k 2 ) 2 , t = (k\ — k 3 ) 2 , u = (k\ — k 4 ) 2 , s + t + u = 0; (126.3) 


in what follows we shall take s and t as independent variables. 

Each of the invariant amplitudes, which will be denoted here by the same letter 
M, can be written as an integral: 


M 


~/[q 2 - 


iB d 4 q 


[q 2 - m 2 ][(q - k 4 ) 2 - m 2 ][(q -k x - k 2 f - m 2 ][(q - k 2 f - m 2 ]’ 


m 


m 


£ 0 , 


(126.4) 


where B is some function of all the 4-momenta; the factors in the denominator 
arise from the propagators of the four virtual electrons. 

When s and t are sufficiently small, the amplitudes M are real (more precisely, 
they can be made real by a suitable choice of the phase factor), since if s is small 
the photons cannot generate real particles (an electron-positron pair) in the s 
channel, and if t is small the same applies to the t channel.t Thus neither channel 
has real intermediate states which could, according to the unitarity condition, lead 
to an imaginary part of the amplitude. 

Now let s increase while t remains at a fixed small value. When s sMm 2 , the 
amplitude M has an imaginary part due to the possibility of pair production by two 
photons in the s channel. We can therefore write for M a dispersion relation in the 
variable s : 


M(s, t) = - 

IT 


I 


4 m 2 


s - s - 10 


(126.5) 


where Ai s (s, t) denotes the imaginary part of M(s, t ). 
As in any diagram having the form 



the t channel, lines 1 and 3 are incoming, and so the 4-momenta of the initial photons are k i and - lc 3 - 
The physical regions for photon-photon scattering in the variables s, t, u are the shaded sectors in Fig. 8 
(§67). For example, the s channel corresponds to the region s > 0, t < 0, u < 0. 
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Ai s (s, t ) is calculated by the rule (115.9), replacing the pole factors in the integral 
(126.4) by delta functions: 


2iA| S (s, f) = (2-7ri) : 


I 


iBS(q 2 - m 2 )S[(q - k, - k 2 ) 2 -m 2 ] 
[(q-k 4 ) 2 -m 2 ][(q-k 2 ) 2 -m 2 ] 


’p; 


(126.6) 


the integration is taken over the half of q -space in which q° > 0. 

An important further step can be taken by noting that the integral (126.6) has a 
structure (of pole factors) similar to that of the amplitude for a reaction represen¬ 
ted by a diagram having the form 


k J( 


q-k 4 


■k 2 


k i ' q-k 2 x k 4 

The analytical properties of Ai s (s, t ) as a function of t are therefore similar to the 
analytical properties of this amplitude. In particular, the function Ai s (s, t ) can 
acquire an imaginary part (as t increases) only if both factors in the denominator 
become zero simultaneously. This will not, however, occur as soon as t reaches the 
value 4m 2 which is the threshold for pair production in the t channel. The reason is 
that the presence of the delta functions in the integrand restricts the region of 
integration in q -space, which may be incompatible with the value t=4m 2 . The 
extent of the region of integration depends on s (the arguments of the delta 
functions contain k\ and k 2 ), and therefore so does the limiting value t = t c (s ) 
beyond which Ai s (s, t ) becomes complex. 

In the same way as M(s, t) is expressed in terms of its imaginary part Ai s (s, t) 
by (126.5), the function A\ s (s,t) is in turn expressed in terms of A 2 (s, t) = im 
Ai s ( 5 , t ) by a dispersion relation in the variable t : 


Ais(s, t) = 


f 


t c (s) 


a 2 ( 5 , n 

t'-t-iO 


dt'. 


(126.7) 


If we now substitute (126.7) in (126.5), we get the double dispersion relation or 
Mandelstam representation for the amplitude M(s, t ): 

00 00 

4m 2 t c {s) 


(S. Mandelstam, 1958). 

The function A 2 (s, t ) is called the double spectral density of M(s, t). It can be 
obtained from the integral (126.6) by twice applying the substitution rule (115.9). 
Putting for brevity 


li = q, h=q-k 4 , l 3 = q ~ k 2 , l 4 =q~k l -k 2 . 


(126.9) 
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we have 


(2i ) 2 A 2 (s, t) = (2m) 4 J iB8(l 2 \ - m 2 )8(l 2 2 - m 2 )8(lj - m 2 )8(l 2 4 -m 2 ) d 4 q, 

(126.10) 


the integration being taken over the region q° > 0. 

It should be noted, however, that formula (126.10) is purely symbolic, since the 
region s > 0, t > 0 is non-physical, and accordingly l u l 2 ,... are in general complex 
in this region when q is real; and the delta function is not fully defined for a 
complex argument. It would be more accurate to refer immediately to the taking of 
residues at the corresponding poles of the original integral (126.4). In our case this 
is, however, of no importance. The condition for the four expressions in the 
denominator in (126.4), or the four arguments of the delta functions, to be zero, 
entirely determines the components of the 4-vector q. On changing to integration 
with respect to l 2 , l \,... (see below) and formally applying the usual rules to 
(126.10), we obtain (apart from the sign) the expression for A 2 . 

To continue the calculations, we use the centre-of-mass system (in the s 
channel). Then 


ki = (co, k), k 2 = (co,- k), k 3 = (co, k'), k 4 = (co,~ k'), (126.11) 

s = 4co 2 , t = - (k - k') 2 = - 4co 2 sin 2 2 0, 
u = - (k + k') 2 = - 4 co 2 cos 2 20 , 

where 6 is the angle between k and k' (the scattering angle). The x-axis of spatial 
Cartesian coordinates is taken along the vector k + k', and the y-axis along k-k'.t 
We shall now transform the integral (126.10) by taking f 2 , l \,... as new variables 
of integration in place of the four components of q. Then 

d(li)ldq» = 2l^..., 

and the Jacobian of the transformation is therefore 


(126.12) 


ddHUill) 
d(q\ q x , q y , q z ) 


= 16 D, 


where D is the determinant formed by the sixteen components of the four 
4-vectors l u l 2 ,.... The integration in (126.10) amounts simply to replacing the 
functions B and D in the integrand by their values^ when 

1 1 = l\ = l\ = \\ = m 2 . (126.13) 


t When t > 0, (k - k') 2 < 0, i.e. the vector k - k' is imaginary. This difficulty is, however, easily 
circumvented by expanding all vector expressions with t < 0 and using analytical continuation to t > 0. 

$ This method of integration automatically takes account of only one zero of each argument of the 
delta functions. 
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q° = co, q 2 = (o 2 ~m 2 . 

The other two conditions give 

( q - k 4 ) 2 - m 2 = - 2qk 4 = - 2a) 2 - 2q • k' = 0, 

(q - k 2 ) 2 - m 2 = - 2d) 2 - 2q • k = 0, 

and hence 

q * k = q • k' = — Js, 

or, in components, 

q°= (o, q x = ~ s/2(s + t), q y = 0, 
q z = ±V(io 2 -m 2 -q 2 x ) 

st -4m 2 (s + t) V n 

4(s + 0 J • 

Thus the integral (126.10) is 

A 2 (s,t) = ^'Z(-X), (126.16) 

where the summation is over the two values of q given by (126.15). 

The determinant D can be written in terms of the antisymmetric unit tensor: 

D = e^imw 

= ~ e^qVMk* 

= “ W(<? “ kin** - ki) v (k 2 - fciW, 

where the antisymmetry of e^ vpa has been used. Since only ki among the four 
factors has a time component, we deduce that 

D = — a>q • (k T k') x (k — k'). 

Expanding this expression with t < 0 and then continuing to t > 0, we find 

D = -<oq z V(s + f)V(- t)^>± J 4 i{st[st -4 m 2 (s T (126.17) 

The choice of sign needed here can be made as follows. For simplicity, let 
B = 1. Then A !s (s, t) < 0 in the physical region (s > 0, t < 0), since the two factors 
in the denominator in (126.6) have the same (negative) sign: 

(q - k 4 ) 2 — m 2 = - 2(o 2 - 2q • k' < - 2a>(a> - |q|) < 0, 

(q - k 2 ) 2 - m 2 = - 2d) 2 - 2q • k < - 2<o(<o - |q|) < 0 



(126.14) 


(126.15) 
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(here we use the results (126.14) which follow from the presence of the two delta 
functions in the numerator, and which show that |q| < <o).t From (126.7) it is then 
seen that A 2 (s, t ) also must be negative when s > 0 and t > 0 (since, as is evident 
from (126.16), A 2 (s, t) does not change sign). This means that the upper sign must 
be taken in (126.17), giving finally 


A 2 77 {st[st - 4 m 2 (s + t)]} 1/2 ’ 


(126.18) 


Since, from its significance, A 2 (s, t) must be real, there is a further condition: as 
well as s and t, the expression in brackets in the denominator must be positive: 

st - 4m 2 (s + t) ^ 0, ] 

s > 0, t > 0. 

These inequalities define the region (shaded in Fig. 23) over which the integration is 
to be taken in the double dispersion integral (126.8). The region is bounded by the 
curve 


(126.19) 


st - 4 m 2 (s + t) = 0, 

with asymptotes s = 4m 2 and t = 4m 2 . 

The dispersion relations in the form (126.5) and (126.8) do not yet take account 
of the renormalization conditions; if they were applied as they stand, the integrals 
would be divergent and would need to be regularized. The renormalization con¬ 
dition for the amplitudes M(s, t ) is 


Af(0,0) = 0: (126.20) 

the photon-photon scattering amplitude must be zero when k\ = k 2 = k 3 = k 4 = 0 
(and therefore s = t = 0), since k = 0 implies a potential constant in time and space, 
corresponding to no physical field; this condition will be further discussed in §127. 



t This is, of course, not fortuitous: A is is negative, in fact, because of the unitarity condition, as is 
especially clear when t = 0 and A ]s determines the total cross-section. 
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To include this condition automatically, we must write the dispersion relation 
“with subtraction” (as in deriving (111.13) from (111.8)). The required relation is 
obtained in a natural manner by first using an identical transformation: 


1 


st 


, + . t , i 


(s'-s)(t'-t) (s'- s)(t'- t)s't' (s'-s)s't' (t'-t)s't' s't r 

Substitution of this in the integrand (126.8) gives 

w, c M St f f A 2 (s',t')ds'dt' . s ( f (s') ds' t (g(t')dt' 
M(M)_ 7r 2 J J (s'-s)(t'-t)s't' + ttJ (s'-s)s' + ttJ (t'-t)t' + c ’ 


where 


m =±/M±n d ,,, M±o ds , 

IT J t IT J S 

> .yf/'-'.V"--*-- 


These equations would, however, be meaningful only if all the integrals con¬ 
verged. If not, the functions /(s), g(t) and the constant C must be assigned 
specified values in accordance with the renormalization condition, putting 

C = 0, f(s) = A u (s, 0), g(t) = A u ( 0,t), 


where A u is the imaginary part of M(s, t) which appears as t increases for a given 
small s (just as A }5 is the imaginary part which appears as s increases for a given 
small t). The first of these equations is obvious: C = M(0,0) = 0. The second (and 
similarly the third) follows on comparing the equation 


M(s, 0) = — f 
TT J 


f(s’) ds' 
(s'-s)s' 


with the single dispersion relation (126.5) written “with subtraction” according to 
(126.20): 


Thus the double dispersion relation “with subtraction” is finally 




A;(s', t') 


■ds'dt' + 


+ - 


- s)(t' - t) s't' 

f A u (s', 0) t f Au(0,n 

J (s'-s)s' 77 J (t'-t)t' 


(126.21) 


(126.22) 


If s and t are themselves within the region of integration, the integrals (126.21), 
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(126.22) must as usual be taken in the sense 

s —» s + iO, t —»f + iO. (126.23) 

§127. Photon-photon scattering 

The scattering of light by light (in a vacuum) is a specifically quantum- 
electrodynamic process; in classical electrodynamics it does not occur, owing to 
the fact that Maxwell’s equations are linear.t 

In quantum electrodynamics, photon-photon scattering is described as the 
result of the production of a virtual electron-positron pair by the two initial 
photons, followed by the annihilation of the pair into the final photons. The 
amplitude of this process (in the first non-vanishing approximation) is represented 
by six “square” diagrams with every possible relative position of the four external 
ends. These include the diagrams 


(127.1) 

and another three which differ from these only in that the internal electron loop is 
traversed in the opposite direction. The contribution of these three diagrams is the 
same as that of the diagrams (127.1), and the total scattering amplitude is therefore 

M fi = 2 (M ia) + M ib) + M (c) ), (127.2) 

where M (a) , M (b) and M (c) are the contributions of diagrams (a), (b) and (c). 
According to (64.19) the scattering cross-section is 

’(£?■ " 27 ' 3) 

where do' is the solid-angle element for the direction k' in the centre-of-mass 

system. The scattering angle in that system is denoted by 0. 

Invariant amplitudes 

Writing separately the polarization factors of the four photons, we have M fi in 
the form 

= eietepe!i*M Xllvp ; (127.4) 

t In the limit of low frequencies, this process was first discussed by H. Euler (1936), and in the 
ultra-relativistic case by A. I. Akhiezer (1937). The complete solution is due to R. Karplus and M. Neumann 
(1951). 
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the 4-tensor M XlLvp (called the photon-photon scattering tensor ) is a function of the 
4-momenta of all the photons. If the arguments of functions are written with the 
signs which correspond to like directions of the external lines in the diagram, it is 
evident from the symmetry of the group of diagrams (127.1) that 

M Xflvp (ki, k 2 , ~ k 3 , - k 4 ) 

is symmetrical with respect to any interchange of the four arguments together with 
a simultaneous corresponding interchange of the four suffixes. Because of the 
gauge invariance, the amplitude (127.4) is unchanged when e is replaced by 
e + constant • k. Thus we must have 


k\M Xppa = k$M Xlipo . = • • • = 0. (127.5) 

It is easily deduced from this that, in particular, the expansion of the scattering 
tensor in powers of the 4-momenta k i, k 2 ,... must begin with terms containing 
quaternary products of the components, and certainly 

AW 0,0,0,0) = 0. (127.6) 

To determine the actual invariant amplitudes, however, it is desirable to take 
from the start a particular gauge of the polarization 4-vectors e, in which 

ef = ( 0,e,), = (0, e 2 ),.... (127.7) 

Then 

M fi = M iklrn e u e 2 ke1ie^ m , (127.8) 


where is a three-dimensional tensor. 

We take as the two independent polarizations for each photon the circular 
polarizations with opposite directions of rotation, i.e. two helical states with 
helicities A = ± 1. 

The tensor M ik i m can then be written 

M iklm = 2 (127.9) 

AiA2A3A4 

the sixteen quantities M AlA2A3A4 are functions of s, t and w, and act as invariant 
amplitudes, but they are not all independent. 

The quantities M A , A2A3 a 4 are three-dimensional scalars. Spatial inversion changes 
the sign of the helicities, while the invariant quantities s , t and u remain unaltered. 
The condition of P invariance therefore gives the relations 

M AlA2A3 A 4 (5, t, u) = M_ Al - A2 ,- A3 ,- A4 (5, t , u). (127.10) 

Time reversal interchanges the initial and final photons without affecting their 



568 


Radiative Corrections 


§127 


helicities; s , t and w again remain unaltered. The condition of T invariance 
therefore gives the equation 


M W3A4 (s, t , m) = M A 3 W2 (s, t , m). (127.11) 

Lastly, one further relation follows from the invariance of the amplitude Af/* under 
the interchange of the two initial or the two final photons. If both interchanges are 
made (ki <h> k 2 , k 3 <h> k 4 ), the variables s, t , u are unaltered, and the interchange in 
the polarization indices leads to 

M k]hhk4 (s, t, u) = M A2W3 (s, f, m). (127.12) 

It is easy to see that, because of the symmetry properties (127.10)—(127.12), the 
number of independent invariant amplitudes is only five, which may be chosen, for 
example, as 


M++++, M++ —, M+-+-, M+ —+, M+++- 


(the suffixes + and - denoting, for brevity, helicity values + 1 and - 1). 

If one of the amplitudes M A)A2A3A4 is substituted for M fi in (127.3), the result is the 
cross-section for scattering with specified polarizations of the initial and final 
photons. The cross-section summed over the final polarizations and averaged over 
the initial polarizations is obtained by the substitution 

| M fi | 2 -> 1{2|M ++++ | 2 + 2|M++—| 2 + 2|M+-+-| 2 + 

+ 2jM+—+| 2 + 8|M +++ -| 2 }. (127.13) 

The symmetry relations (127.10)—(127.12) connect different invariant amplitudes 
as functions of the same variables. Further functional relations are obtained from 
crossing invariance (§78), since the amplitude M fi describes the same reaction 
(photon-photon scattering) in every channel, and therefore must be the same for 
every channel. 

The s channel (corresponding to the arrow directions as shown in the diagrams 
(127.1)) is converted to the t channel by interchanging the 4-momenta k 2 and - k 3 
(i.e. by changing the variables s +* t) and interchanging the helicity suffixes 
A 2 <h>-A 3 . Similarly, it is converted to the u channel by interchanging k 2 and - k 4 
(s <h> u) and A 2 *-> - A 4 . This leads to the relations 


M + -+_(s, t , u ) = M ++++ (w, f, 5), 

M+—+(s, t, w) = M ++++ (f, s, w), 
M ++++ (5, t,u) = M ++++ (s, u, t); 


(127.14) 


M++— and M+++- are completely symmetrical in s, t and u.t It is therefore sufficient 


t Here we have also used the symmetry with respect to the two final photons. Since the three 
variables s, t and u are not independent, it would be sufficient to write two arguments (for example, the 
first two), but we have retained all three, simply in order to clarify the symmetry of the interchanges. 



§127 


Photon-Photon Scattering 


569 


to calculate only three of the sixteen amplitudes, for instance M ++++, M++— and 

M+++-. 

The relations (127.10)—(127.12) and (127.14) apply to the total amplitudes, i.e. the 
sums of the contributions of all three diagrams (127.1). But these contributions 
themselves are related in a manner which is obvious on comparing the diagrams. 
For example, diagram (b) is obtained from diagram (a) by the substitutions 
k 2 <->-k 4 , e 2 ^e%, and so their contributions to the invariant amplitudes are 
obtained from each other by interchanging the variables s u and the suffixes 
\ 2 <r+ - A 4 ; similarly, the contribution of diagram (c) is obtained from that of 
diagram (a) by the changes t <h> w, A 3 <h> - A 4 . 


Calculation of the amplitudes 

The integral corresponding to the diagram (127.1a) has the form (126.4), 
with 

4 

B (a> = -2 tr {ye,(yq - yk 2 + m)(ye 2 ) x 

7 T 

x (yq + mXyefXyq ~ yk 4 + m)(ye%){yq - yk x - yk 2 + m)}. (127.15) 

The integrals (126.4) are logarithmically divergent. In accordance with the 
condition (127.6), they are regularized by subtracting the value when k x = k 2 = • • • = 
O.t The calculation of the regularized integrals is, however, exceedingly laborious. 

The most straightforward way to calculate the photon-photon scattering am¬ 
plitudes is based on the use of the double dispersion relation (B. De Tollis, 1964). 
This method makes the most complete allowance for the symmetry of the 
diagrams, and almost entirely eliminates the difficulties of the integrations. 

The function A^ } (s, t ) (and similarly Aft } ) for any given set of helicities Aj, A 2 , 
A 3 , A 4 is calculated in accordance with (126.6); owing to the presence of two delta 
functions in the integrand, the value of B (a) is needed only for 

l] = q 2 = m 2 , l 2 4 = (q ~ k\ - k 2 ) 2 = m 2 . (127.16) 

These equations can be utilized in calculating the trace (127.15). For substitution in 

t In the summation of the contributions from all the diagrams, the divergent parts of the integrals cancel, 
as is easily seen by noting the asymptotic form of the integral as q 

Mit P a J tr{y k (yq)y^(yq)y p (yq)y,(yq)} d 4 ql(q 2 )\ 

After averaging over the directions of q (cf. (131.10)), the trace is easily calculated, giving 

Af a p.vp a "b §\v§p.p ~ 2g\ p gp,v) J d ql(q ) . 

The summation over the diagrams is equivalent to symmetrizing this expression with respect to the suffixes 
A, ix, v and p, the result of which is zero. However, this is in a certain sense fortuitous, and does not remove 
the need for regularization, even though the latter amounts only to the subtraction of a finite quantity. 
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(126.22) we need the value of Aft* only for t = 0. This implies that k = k' and k 2 = k 4 . 
Then the integral (126.6) becomes 


An'(s, 0) ; 


■V 1 


i 2 ls~4m 
■ 4 ^ ' 


f B ia) do Q 

J [(q — k 2 ) 2 — m 2 ] 2 ’ 


(127.17) 


cf. the derivation of (115.10). With the angle # between q and k, we have 

(q ~ k 2 ) 2 ~ m 2 = - 2co(l - |q| cos ) 

= - Vs[l - 2 V(s - 4m 2 ) cos #]. 


The integrals (127.17) can in fact be expressed in terms of elementary functions. 
The calculation of A[ a \s, t) from its definition (126.18) involves no integration; here 
the expression for B (a) is to be taken for the values of q given by (126.15), which 
satisfy not only (127.16) but also the conditions (q - k 2 ) 2 = m 2 , (q - k 4 ) 2 = m 2 . 

When the functions A u , A u and A 2 have been calculated, the dispersion relation 
(126.22) gives the amplitude directly as single and double definite integrals. We 
shall give the final result for the three invariant amplitudes which, according to the 
preceding discussion, are sufficient to determine all the other amplitudes:! 


8a 


~ 2 M ++++ = - 1 - (2 + y)fl(0- (2 + y)b(u)- 

-p 7 ! 5 -']i r « ti . 


+ -(l--)I(s. 
u V s' 


,,[2(t z +u 2 ) 16 4 4 8 1 r „ , 

, u)+ — —j—---— I(t,u), 

’ L S s tutuj 


g^M +++ -= 1 + 4(^ + 7 + ^)[T(s)+T(0 + T(«)]- 

- 4 (l + s) ,(s - - 4 (t + "> - 4 (f + “>• 

8? M " - - 1 “ I f(s - » - £ j(s, ») - £ J«, «). 


(127.18) 


Here, B(s), T(s ) and I(s, t) denote the functions 

B(s) = V(1 - 4/s) sinh -1 2 V - s - 1, s<0, 
T(s) = (sinh“4V- s) 2 , s<0, 


= y Q—y)Z?{s + t) i st 0°8 (1 - i0- sy(1 - y)] + log [1 - iO- ty(1 - y)]}, 

0 


(127.19) 


t Some further details of the transformations of the integrals, various representations of the 
transcendental functions B, T and I, and some limiting forms are given by B. De Tollis, Nuovo Cimento [10] 
32, 757, 1964; 35, 1182, 1965; V. Costantini, B. De Tollis and G. Pistoni, ibid. [11] 2A, 733, 1971. 
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and the expressions in the ranges 0 < s < 4 and s > 4 are obtained from (127.19) by 
analytical continuation with the rule s s + iO, i.e. through the upper half-plane of 
these variables. To simplify the notation, s and t denote s/m 2 and f/m 2 , in (127.18) 
and (127.19) only. 


Scattering cross-section 

The limiting case of low frequencies (co m) corresponds to small values of the 
variables s, t and u. The first terms in the expansion of the invariant amplitudes in 
powers of these variables are 


M++++— lle 4 s 2 /45m 4 , M+—+ ~ lle 4 f 2 /45m 4 , 
M+-+- - lleV/45m 4 , M ++ __ - - e 4 (s 2 + t 2 + u 2 )/15m 4 , 

M+++- ~ 0. 


(127.20) 


Substituting these values in (127.3), we find the cross-sections for the scattering of 
polarized photons. The differential scattering cross-section for unpolarized pho¬ 
tons, calculated from (127.13), is (in ordinary units) 


dcr = ° + C ° S2 6) d °' 


fh<a 


4i7 2 (90) 2 
and the total cross-section ist 

973 


10125 


2 2 / ^6* \ 

» ar ‘U i ) 


0.031a 2 r 2 (^j , ha> < 


me 2 . 


(127.21) 


(127.22) 


In the opposite (ultra-relativistic) case, the total scattering cross-section for 
unpolarized. photons is$ 


a = 4.1a\cl(o ) 2 , ftco > me 2 . (127.23) 

Finally, the differential cross-section for small-angle scattering in the ultra- 
relativistic case is 


da = a ^ 2 log 4 4 do , mc 2 lh(o<Q< 1. (127.24) 

77 CO u 

This expression is valid with logarithmic accuracy (the next term in the expansion 
contains a power of the large logarithm lower by one unit). In the limit 0=0 

t In going from dcr to a , a factor \ has to be included to take account of the identity of the two final 
photons. 

t The origin of this dependence of ir on w will be further discussed at the end of §134. 
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(forward scattering), (127.24) is invalid, and is replaced by 

4 2 *■ 

da = 2 log 4 ~~2 do, d<mc 2 lhco. (127.25) 

77 co me 

This expression is easily derived from the general formulae (127.18), putting t =0 

and noting that, for s 2 > 1, the highest power (the square) of the large logarithm is 
present only in the function 

T(s/m 2 ) ~ i log 2 (s/m 2 ) ~ log 2 (co/m). 

To this accuracy, the only non-zero amplitudes are 

M++++ = M-- M+-+- = - 16c 4 log 2 (co/m). 

In particular, therefore, the photon polarization is in this case unchanged on 
scattering. 

Figure 24 shows the total scattering cross-section as a function of the 
frequency, plotted on a double logarithmic scale. The cross-section decreases 
towards both low and high frequencies, reaching a maximum when ftco ~ 1.5mc 2 . 
The break in the curve at ftco = me 2 corresponds to the change in the nature of the 
process when the production of a real electron-positron pair becomes possible. 


Low FREQUENCIES 

For low frequencies (co m), the photon-photon scattering amplitude can also 
be derived by a totally different method, based on the correction terms in the 
Lagrangian of a weak electromagnetic field (§129). 

The small correction V' to the interaction Hamiltonian differs only in sign from 
that to the Lagrangian. From (129.21), 


V' = — 


45 x Sir m 


i f {(E 2 


• H 2 ) 2 + 7(E • H) 2 } d 3 x. 


(127.26) 
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Since this operator is of the fourth order in the field, it has matrix elements for the 
relevant transition, even in the first approximation. 

For the calculation, we substitute in (127.26) 

E=-dA Idt, H = curl A, 

A = V(4'ir) 2 (4. e kA e~ ikx + 4a e£ A e to ), (127.27) 

k,A 

where A numbers the polarization; the S-matrix element is then given by 

Sfl = ~i<flJ V'dt\i) 

= - i<0|c Mj c M4 f V' dt c k|A , 4J0) (127.28) 

(cf. §§72 and 77). When A is normalized as in (127.27), the scattering amplitude M fi 
is found immediately from S/,-: 

S fi = i(27r) 4 8 (4) (k 3 + k 4 ~ ki ~ k 2 )M fi (127.29) 

(cf. §64). The mean value in (127.28) is calculated by means of Wick’s theorem, 
using (77.3), with contraction of only the “external” operators c kA , c£ A with the 
internal operators A. 

§ 128. Coherent scattering of a photon in the field of a 
nucleus 

Other effects which are non-linear, like photon-photon scattering, and are 
described by square diagrams of the form (127.1), are the disintegration of one 
photon into two in an external field (and the reverse process of combination of two 
photons into one), and photon scattering in an external field. The former cor¬ 
responds to diagrams in which one of the four external photon lines is replaced by 
an external field line; the latter process corresponds to diagrams with two external 
lines of real photons and two of virtual photons. 

This class includes, in particular, coherent (elastic) scattering of a photon in the 
constant electric field of a stationary nucleus. In general, the calculations lead to 
very lengthy formulae involving multiple quadratures.t Here, only some estimates 
will be given. 

Because of the requirements of gauge invariance, the scattering amplitude as 
o) 0 must contain products of the components of the 4-momenta of the initial 
photon ( k ) and the final photon (k')> just as the expansion of the photon-photon 
scattering amplitude begins with the quaternary products of the components of the 
4-momenta of all the photons. Thus the scattering amplitude for a low-frequency 
photon is proportional to co 2 . Since also this amplitude involves the external field 

t See V. Costantini, B. De Tollis and G. Pistoni, Nuovo Cimento [11] 2A, 733, 1971; B. De Tollis, M. 
Lusignoli and G. Pistoni, ibid. 32A, 227, 1976. 
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(the field of the nucleus with charge Ze ) in the second order, we conclude that the 
scattering cross-section is 

da ~ Z 4 a 4 r 2 e ((olm) 4 do (<o < m). (128.1) 

The frequency dependence is, of course, in agreement with the general results of 
§59. 

The coefficient in (128.1) cannot be calculated from the Lagrangian for a 
uniform electromagnetic field (as was done for photon-photon scattering). The 
reason is that, in the process here considered, distances from the nucleus 1/m 
at which its field cannot be regarded as uniform are important. 

The result of the exact calculation is 

da ++ = da __ = 1.004 x l(T 3 (Za) 4 r 2 (co/m) 4 cos 4 \d do , 

(128.2) 

da+~ = da-+ = 3.81 x 10 ~\Za) 4 r 2 e (o)lm) 4 sin 4 ^ do. 

Here, as in §127, the suffixes + and - denote the helicities + 1 and - 1 of the final 
and initial photons; 0 is the scattering angle in the rest frame of the nucleus (V. 
Costantini, B. De Tollis and G. Pistoni, 1971). 

To estimate the cross-section at high frequencies, we use the optical theorem 
(§71). The intermediate state which appears on the right-hand side of the unitarity 
relation is here a state of the electron-positron pair (corresponding to the division 
of the diagrams at two internal electron lines between external photon lines). The 
optical theorem therefore relates the amplitude for elastic scattering of a photon 
through an angle of zero and the total cross-section cr pair for photon pair production 
in the field of the nucleus. If the amplitude /(&>, 0) for scattering through an angle 0 
is so defined that the scattering cross-section is da = |/| 2 do (cf. (71.5)), we have 


im /(co, 0) = cocr pair /47r. 


The cross-section cr pair is, of course, zero unless o) > 2m. In the ultra-relativistic 
case, taking cr pair from (94.6), we get 

/V)-im/(o),0) = ^(Za) 2 r^[log^-^] (a> §> m). (128.3) 


The real part of the scattering amplitude is determined by the imaginary part, 
through the dispersion relation. The latter must here be written “with one subtrac¬ 
tion”, i.e. for the function fit (where t = co 2 ), since as co ->0 the amplitude / co 2 ; 
compare the dispersion relation “with two subtractions” (111.13). Separating the 
real part of the dispersion integral (for which it is sufficient to take the integral as a 
principal value), and changing from integration with respect to t' = co' 2 to that with 
respect to co', we have 


f'(.<*>) = re f(o>, 0) = P f 

2m 


/"(*>') dco' 

cow 2 - «> 2 y 


(128.4) 
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When (o 2 > m, the important values in the integral are co' ~ co 2 > m, so that we can 
use the expression (128.3) for f"(co'); the lower limit of integration may then be 
replaced by zero. The principal value of the integral can be represented as half the 
sum of the integrals along paths on the upper and lower edges of the positive real 
axis in the complex a) '-plane; these paths may then in turn be rotated in the 
co'-plane to lie along the positive and negative imaginary axes respectively. Then 




•(iO+n-ift 

£(£ 2 +o> 2 ) 


= -J— (Za) 2 — a) 2 [ 
9i t m J 


dt 


^+co 2 


and the final result is 


re /(co, 0) = -— (Za) 2 r e o)lm. (128.5) 

Note that the real part of the amplitude, unlike the imaginary part, does not contain 
a large logarithm. 

The sum of the squares of (128.3) and (128.5) gives the cross-section for 
scattering through an angle of zero as 

d( re=o = ~2 (Zaf r 2 g-) 2 {log 2 (^) + V} do (128.6) 

(F. Rohrlich and R. L. Gluckstern, 1952). 

The result (128.6) derived for scattering exactly forwards is valid also over a 
certain range of small angles. The condition for its validity can be shown to be 
6 < (m/co) 2 . This range, however, makes only a small contribution to the total 
scattering cross-section. The main contribution to the latter comes from angles 
6 ^ m/co, as is easily seen from the general (not only for angle zero) unitarity 
relation between the amplitudes for photon-photon scattering and photon pair 
production. In that range, however, the logarithmic term is absent, and the total 
scattering cross-section is thus 

a - (Za) 4 r 2 ((o/m) 2 0 2 ~ (Za) 4 r 2 (128.7) 

(H. A. Bethe and F. Rohrlich, 1952). For large co, therefore, the coherent scattering 
cross-section tends to a constant limit. 

§ 129. Radiative corrections to the electromagnetic field 
equations 

In the quantization of the electron-positron field (§25) it has been shown that 
the expression for the vacuum energy contains an infinite constant, which may be 
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writtenf 

*o=-2e£. (129.1) 

p,fT 

where - e ( p J are the negative frequencies of the solutions of Dirac’s equation. This 
constant itself has no physical meaning, since the vacuum energy is, by definition, 
zero. When an electromagnetic field is present, however, the energy levels e ( p “ } will 
change. The changes are finite and are physically significant. They describe the field 
dependence of the properties of space, and alter the equations of the electromag¬ 
netic field in a vacuum. 

The changes in the field equations correspond to the change in the field 
Lagrangian. The density L of the Lagrangian is a relativistic invariant, and 
therefore can depend only on the invariants E 2 - H 2 and E • H. The usual expression 

Lo = (E 2 -H 2 )/8tt (129.2) 

is the first term in the expansion of the general expression in powers of the 
invariants. 

Let us derive the Lagrangian for the case where the fields E and H vary so 
slowly in space and time that they can be regarded as uniform and constant. Then 
L may be assumed not to involve the derivatives of the fields. The necessary 
conditions for this will be discussed at the end of the section. 

However, if the problem stated is to be meaningful, we must also assume the 
electric field to be sufficiently weak. The reason is that a uniform electric field can 
generate pairs from the vacuum. The field itself can be treated as a closed system 
only if the pair production probability is sufficiently small: 

|E|<^m 2 /|e| ( = m 2 c 3 l\e\h), (129.3) 

i.e. the change in the energy of a charge e over a distance hi me must be small in 
comparison with me 2 . We shall see below (cf. also Problem 2) that the pair 
production probability is then exponentially small. 

If there is a magnetic field as well as an electric field, it is in general possible to 
choose a frame of reference in which E and H are parallel. Then the magnetic field 
does not influence the motion of the charge in the direction of E. The condition 
(129.3) is to be satisfied in this frame, which will be the one used in the subsequent 
calculations. 

The calculation of the Lagrangian begins with that of the change W' in the 
vacuum energy. This is given by the change in the “zero energy” (129.1) due to the 
field. From this, however, we must subtract the mean values of the potential energy 
of the electrons in the “states” of negative energy. The subtraction simply makes 
the total charge of the vacuum zero by definition. 

The zero energy in the presence of the field is 

?o=-E = 2 f K'* ■ i £ (129.4) 

p ,a p,cr J 01 


t Here we shall write % in place of E, to avoid confusion with the electric field. 
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where ip ( v J are the negative-frequency solutions of Dirac’s equation in the field 
concerned. We shall assume that the integration is over a unit volume, and that the 
wave functions are normalized to unity in that volume; then <£ 0 is the energy per 
unit volume. According to the preceding discussion, we have to subtract from <£ 0 
the quantity 


Uo = 2 f 4> ( pJ* etfr'I'U d 3 x, 

p,cr J 

where </> = - E • r is the potential of the uniform field. According to the theorem on 
the differentiation of an operator with respect to a parameter (see QM, (11.16)), 

p ,or U 

= -E-2de ( iJldE 

p,cr 

= E • d(9 0 /dE. 

Thus the total change in the vacuum energy density is 

W’ = (« 0 - E • d% 0 ldE) - (« 0 - E • d%oldE) E = H = 0 - (129.5) 

We can relate W’ to the change L' in the Lagrangian density (L = L 0 + L') by 
using the general formula 


W = 2 qflL/flq-L, 


where q represents the “generalized coordinates” of the field (see Fields , §32). For 
an electromagnetic field, the quantities q are the potentials A and (/>. Since 

E = — A — V(/>, H = curl A, (129.6) 

A is the only “velocity” q which appears in L, and the differentiation with respect 
to A is equivalent to one with respect to E; hence 

W' = E- dL’IdE-L'. (129.7) 

Comparison of (129.5) and (129.7) gives 

L' = -[« 0 -(«o)e=h=o]. (129.8) 

Thus L' can be calculated by means of the sum (129.1). 

Let us first take the case where there is only a magnetic field. The “negative” 
energy levels of the electron (charge e = — \e\) in a constant uniform field H z = H 
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are 


- = - V[m 2 + \e\H(2n - 1 + <r) + pi], (129.9) 

n = 0, 1,2,... ; a = ± 1 

(see §32, Problem). To find the sum, we note that the number of states in the 
interval dp z is 


\e\H dp z 
2 IT 2 IT 

(see QM, §112); the first factor is the number of states with various values of p x , 
which do not affect the energy. Moreover, all the levels except n = 0, cr = - 1 are 
doubly degenerate, the levels n, a = + 1 and n + 1, cr = - 1 coinciding. Hence 

-W° = M" j j\/(m 2 + pi) + 2 2 V(m 2 + 2\e\Hn + p 2 )J dp z . (129.10) 


The divergence of the integrals in (129.10) is eliminated in the calculation of L' 
(129.8) by subtracting the value of the sum when H= 0. To carry out this 
“renormalization”, it is convenient to calculate first the convergent expression 


d 2 % 

(dm 2 ) 


= - j(2n) 2 j {( m2 + P ;) 3/2 + 2 2 (m 2 + 2\e\Hn + p 2 ) 3,2 | dp 2 
0 

= _l£l«U_ + 2 y_J_] 

87t 2 im 2 n = i m 2 + 2|e|Hn. 


The sum in the braces can be reduced to that of a geometrical progression, as 
follows: 


= e~ mhl ^2 J) e -2l« | Hi.t l _iJ d ^ 

0 

o 

= -^Je“ ra2 ’> coth (|e|HT,)dT,. (129.11) 


To find L', we must now integrate <f> twice with respect to m 2 and then subtract the 
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value of the resulting quantity when H = 0. This gives 

i r -m2 t, 

L' = ~g ^2 I — r~{v\ e \H coth (j)\e\H)- 1} dr] + c x + c 2 ra 2 , (129.12) 
o 

where c { and c 2 depend on H but not on m 2 . 

From considerations of dimensions and of parity with respect to H, it is evident 
that L' as a function of H and m must have the form 

L' = m 4 f(H 2 lm 4 ). 

Hence there can be no terms in L' which are odd in ra 2 , and so c 2 = 0. The 
coefficient C\ is given by the condition that the expansion of L' in powers of H 2 
begins with a term in H 4 : a term in H 2 would simply alter the coefficient in the 
original Lagrangian L 0 = - H 2 l$rr, and this would essentially signify a changed 
definition of the field and therefore of the charge. The elimination of the H 2 terms 
thus corresponds to a renormalization of charge. It is easily verified that this is 
achieved by putting 


c i = 


H 2 e 2 


1 3x87t 2 J tj 

0 


/t*- 


Finally, making the change of variable m 2 r\ -» tj in (129.12), we have 


L'(H;E = 0) = fp J{-T)&cothbT, + l + lby}f--’>^4, (129.13)' 


where h = |e|H/m 2 . 

Let us now go to the general case where there is not only a magnetic field but 
also an electric field E parallel to it, satisfying the condition (129.3). 

To find L' in this case it is not necessary to determine afresh the energy levels 
£ ( p -) of the electron in the field; we need only note that, if the wave function (the 
solution of the second-order equation (32.7)) is sought as a product 

l// = e iPxX Xna(y), 

where XnAy) is the wave function in the magnetic field when E = 0 and p z = 0, then 
the mass m and the field H appear in the equation for i//e(z) only in the 
combination 


m 2 + |e|H(2n + 1 + cr). 

If now the factor |e|H/27r is again taken from the summation over p x (the energy 
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levels being independent of p x ), the dimensional argument shows that 


0(H,F)^d 2 L'/(dm 2 ) 2 

= y F([m 2 + \e\H(2n + 1 + a)]/\e\H) 

877- 2 o=± i m 2 + |e|H( 2 n + 1 + cr) 


b 


Sit 2 



F( 1 + 2 bn/a)l 
1 + 2 bn V 


a = |e|F/ra 2 ; 


(129.14) 


each term in the sum is - d 2 e i y ) l(dm 2 ) 2 summed over all the quantum numbers 
except n. Here F is a function as yet unknown, which will be derived from 
considerations of relativistic invariance. 

must be a function of the scalars H 2 - E 2 and (EH) 2 = (E • H) 2 : 


®(ff, F) = f(H 2 - F 2 , (EH) 2 ). 


Hence 


<D(0, E) = f( - F 2 ,0) = 3>(iE, 0). 

The function <E>(iE, 0) is obtained from (129.11) by putting H -*iE; after a change of 
notation for the variable of integration, this gives 

GO 

<P(iE, 0) = j e vla cot v dr). (129.15) 

0 

The function F can be found by comparing this expression with the limit <£>(H -> 
0, F) given by (129.14). The passage to the limit H -> 0 in (129.14) can be effected 
by replacing the summation over n by integration over dn = dx/2b: 


<D(0, F) = 



(129.16) 


Equating the expressions (129.15) and (129.16) and differentiating with respect to 
1/a = z, we find 


F(z)/z = - J 
0 


e VZ 7] cot 7} d7). 


The summation in (129.14) then reduces again to the summation of a geometric 
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progression, and the subsequent calculations are similar to those given previously: 
we express in terms of m 2 , E and H, integrate twice with respect to m 2 , subtract 
the value for E = H = 0, and determine the constants of integration as in the 
derivation of (129.13). The final result ist 


yyi ^ r e 71 

L = 8 tt 2 J { _ ^ va cot coth vb) + 1 - 317 2 (a 2 - b 2 )} d% 

0 

a = \e\Elm 2 (= \e\HE/ mV), b = \e\Him 2 (= \e\hHlm 2 c 3 ). 

The parameters a and b may be written in the invariant form 


(129.17) 


a = —; 


te 


7 {(^ + i«) l/ 2 -(^-i«) 1/2 }, 


V2 m 

b = {(9 + i«) ,/2 + (&- i<S) m }, 


(129.18) 


where 8F and denote the invariants 

^ = l(H 2 -E 2 ), « = E-H, 9 ± i<g = j(H ± i'E) 2 . (129.19) 

When (129.17) is expressed in terms of the invariants 5 F and % it becomes 
applicable in any frame of reference (not only in that where E||H). 

The formula (129.17) is written in a somewhat arbitrary manner. It is valid only 
if the electric field is small: a < 1 (129.3); this condition is not shown explicitly in 
(129.17), but can be seen from the fact that the integrand in (129.17) has poles at 
7} = nrrla (n = 1 , 2 ,...), and the integral as written above has, strictly speaking, no 
meaning. Hence (129.17) can essentially be used only to derive the terms of the 
asymptotic series (see below) in powers of a by a formal expansion of cot a. 

The integral (129.17) can be given a mathematical meaning by passing round the 
poles in the complex 17 -plane. Then L', and therefore the energy density W', have 
an imaginary part. Since the energy is complex, there are quasi-stationary states .t 
In the present case, the stationarity condition is violated by pair production, and 
- 2 im W' is the probability w of pair production per unit volume and time; since 
the small increments of W and L differ only in sign, the probability w, expressed in 
terms of E and H, is simply 


w = 2imL'. (129.20) 

This is clearly proportional to e -ir/a (see (129.22) below). Because im W' is 
exponentially small when a < 1 , an asymptotic series in powers of a, retaining any 
finite number of terms, is meaningful. 

t This was first derived by W. Heisenberg and H. Euler (1935). The analysis given above makes use 
also of the principles of a proof suggested by V. F. Weisskopf (1936). 

$ The direction of passage round the poles must be chosen so that im W’ <0; this corresponds to 
the usual rule m 2 -^ m 2 - iO (i.e. here a a + iO). 
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Let us consider the limiting cases of formula (129.17). In weak fields (a<^l, 
b < 1 ), the leading terms of the expansion are 


L' = 


m 4 (a 2 - b 2 ) 2 + 7(ab ) 2 _ 
8tt 2 45 ^ 


45 x 877 m" 


(4 ^ 2 + 7 < S 2 ). 


(129.21) 


In particular, when b = 0 the relative correction is 

L'ILq = aa 2 l45rr. 

The imaginary part of L' for a< 1 is obtained from the integral (129.17) by 
taking half the residue at the pole of the cotangent nearest to the origin, i.e. at 
17 a = 77 - iO. From (129.20), this gives the probability of pair production by a weak 
electric field: 


w = 



a 2 e 


— rrla 


or, in ordinary units, 


w 


- 1 / eEh \ 2 me 2 (mc\ 3 


4 t7 3 \m 2 c 3 


h \ ft / 


exp 


(- 


umc \ 
\e\hE )' 


(129.22) 


In a strong magnetic field (a = 0, b > 1), we start from (129.13), written (with 
brj -> rj) as 


L' = 


m 4 b 2 f e- v,b [1 

8 77 2 J 7 ] _3 


7] COth 7] — l 

v 2 



When b > 1, the important range in this integral is 1 < 7] b, in which e~ llb ~ 1 and 
we can neglect the second term in the brackets, terminating the range of integration 
(with logarithmic accuracy) at 17 ~ 1 and 17 ~ b. Then 

L' = (m V/24 tt 2 ) log b ; (129.23) 


in a more exact result, log b becomes log b - 2.29. The ratio L'/L 0 is here 

L'/Lo-( o/ 3 t 7 ) log b, 

from which we see that the radiative corrections to the field equations may become 
of relative order unity only in exponentially strong fields: 

H ~ (m 2 /|e|)e 3ir/a . (129.24) 

The corrections calculated above are, nevertheless, meaningful: they remove 
the linearity of Maxwell’s equations, and thus lead to effects which are in principle 
observable (e.g. scattering of light by light or in an external field). 
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The relation between the fields E and H and the potentials A and (/> remains, by 
definition, as before (129.6), and there is therefore also no change in the first pair of 
Maxwell’s equations: 


div H = 0, curl E = - (129.25) 

at 

The second pair of equations are obtained by varying the action 

S = j (L 0 + L')d 4 x 

with respect to A and (/>, and can be written 


curl(H-4i7M) = |-(E + 47rP), (129.26) 

ot 

div (E + 4 ttP) = 0, (129.27) 

with the notation 

P - dL'/dE, M = 3L73H. (129.28) 

Equations (129.25)—(129.27) agree in form with the macroscopic Maxwell’s equa¬ 
tions for a field in matter.! Hence we see that P and M signify the electric and 
magnetic polarization vectors of the vacuum. 

Note that P and M are zero for the field of a plane wave, where both invariants 
E 2 - H 2 and E • H are zero. For a plane wave, therefore, the non-linear corrections 
are zero in a vacuum. 

Lastly, let us consider the conditions for the above formulae to be valid. If the 
fields are to be regarded as constant, their relative changes over distances or times 
of the order of 1/m must be small; this ensures that the corrections to L 0 arising 
from the derivatives are small in comparison with L 0 itself. For instance, if the field 
is only time-dependent, this gives the obvious condition 

c o<m. (129.29) 

For a weak field, however, there is also a more stringent condition. This occurs 
because the fourth-order term (129.21) must be much larger than the correction to 
L 0 quadratic in the derivatives; otherwise, the fourth-order term would have no 
meaning. For example, in an electric field depending only on the time, this leads to 
the condition 


a) m|e|E/m 2 , (129.30) 

which is more stringent than (129.29). 

t In making the comparison, it must be remembered that in macroscopic electrodynamics the mean 
value of the magnetic field is denoted by B, not by H as here. 
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The condition (129.30) does not arise, however, in the problem of photon- 
photon scattering considered in the last part of §128. There, we are concerned from 
the start with a four-photon process only, described by the fourth-order terms in 
the Lagrangian, and the relative magnitude of the other terms in L' is irrelevant. It 
is therefore sufficient if the condition (129.29) is satisfied. 


PROBLEMS 

Problem 1. Determine the correction to the field of a small stationary charge e\ due to the non-linearity 
of Maxwell’s equations. 

Solution. For H = 0, (129.21) gives 


P= dL'IdE 

= (c* 2 /907r 2 m 4 ) E 2 E. (1) 

In the case of central symmetry, (129.27) gives 

(E + 47rP)r 2 = constant = ei, (2) 

the value of the constant being obtained from the condition that as r-^>oo the field is the Coulomb field of 
the charge e\. An approximate solution of (2) is 

E = (e,/r 2 )(l - la 2 e\!45irm A r A ), 
or 

<t> = (e,/r)(l - 2a 2 e?/2257rm V). (3) 

The correction in (3) that is non-linear in e\ is to be distinguished from the linear correction in 
(114.6), due ultimately to the non-uniformity of the Coulomb field. The correction (3) is of a higher order 
in a, but decreases more slowly with increasing distance and increases more rapidly with e\. 

Problem 2. Estimate directly the probability of pair production in a weak uniform constant electric 
field in the quasi-classical approximation, to exponential accuracy (F. Sauter, 1931). 

Solution. The motion is quasi-classical in a weak field E (which has a slowly varying potential 
4> = - E • r = - Ez ). Since the reaction amplitude contains the wave function of the final positron as the 
initial “negative-frequency” function, pair production may be regarded as a transition of an electron 
from a “negative-frequency” to a “positive-frequency” state. In the former state, with the field present, 
the quasi-classical momentum is determined by the equation 

e = ~V[p 2 (z) + m 2 ] + \e\Ez, (1) 

and in the latter state by 

e = + V[p 2 (z) + m 2 ] + |e| Ez. (2) 

The change from the first to the second state implies a passage through a potential barrier (the region of 
imaginary p(z)), which separates the regions where the functions (1) and (2) apply with real p(z) for a 
given e. The boundaries z\ and zi of this barrier occur at p(z) = 0, i.e. 

e = — m + \e\ Ez i, e = + m T \e\ Ezi. 

The probability of passage through a quasi-classical barrier is 

Zl 

w oc exp ^ - 2 J |p(z)| dz'j 

*2 

1 

= exp(-4^ J V(l-| 2 ) d^), 

0 
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whence 


w oc exp (- Trm 2 l\e\ E), 


in agreement with (129.22). 


§ 130. Photon splitting in a magnetic field 

The non-linear corrections in the electromagnetic field equations give rise to a 
number of specific effects in photon propagation in external fields. 

In order to put these equations in a more familiar form (cf. the last footnote), 
we shall denote the electric and magnetic fields in this section by E and B; D and H 
will denote the quantities 

D = E + 4ttP, H = B-4ttM, P=dL'/dE, M = dL'/dB. 

Equations (129.25)—(129.27) then become 

div B = 0, curl E = - dB/df, 
divD = 0, curl H = dD/df. 

Let us consider photon propagation in a constant uniform magnetic field Bo. 
Denoting by a prime the quantities which relate to the weak field of the elec¬ 
tromagnetic wave, we have for these the equations 


(130.1) 


k x H' = - wD', kxE' = wB', 
k • B' = 0, k-D' = 0, 


(130.2) 


with 


D' i =e ik E' k , B f i = fi ik Hi; (130.3) 

the vacuum permittivity and permeability tensors are functions of the external field 
B 0 . Assuming this field to be so weak that |e|B 0 /m 2 <^ 1, we find from the Lagrangian 
(129.21) 


/y 4 

£ik = $ik + 4^4 Bl(~ $ik + 2 bM, 

/y 4 

jLtjk = Stk + 45^—4 Bo(Sik + 2 bib k ), 


(130.4) 


where b = B 0 /B 0 . 

The photon frequency is assumed so small that (o <m (129.29). However, the 
structure of the tensors s ik and fi ik does not depend on this assumption; it follows 
from the invariance of quantum electrodynamics under spatial inversion and charge 
conjugation. The first of these prevents the occurrence in D' of terms having the 
form constant x B' or constant x B 0 (B 0 • B') (since inversion changes the sign of E 
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and D but leaves H and B unchanged); the second prevents the occurrence in e ik 
and fi ik of terms antisymmetric and odd in Bo, of the form e ik iB 0 i (since charge 
conjugation changes the sign of all fields). 

Since the problem under consideration has a distinctive plane, namely the 
kb-plane, it is reasonable to take the linear polarizations in and normal to this plane 
as the two independent polarizations of the photon. The subscripts ± and || will 
denote polarizations in which the vector B' is respectively perpendicular to the 
kb-plane and in that plane. 

For perpendicular polarization, the vector H' is, like B', at right angles to the 
kb-plane: 

B "( 1+ 4^ B *) H ' 

The vectors E' and D' are in that plane. Then, from equations (130.2), we obtain the 
photon dispersion relation k = n ± cj , with the “refractive index” (in ordinary units) 

n ± = l + ^y Bosin 2 ^ (130.5) 

where 6 is the angle between k and B 0 .t 

In the second case, B' and H' are in the kb-plane, E' and D' perpendicular to it. 
The refractive index is found to be 


«I 1 = 1 + 45 ^y Bo sin 2 9. (130.6) 

Note that n ± ^ n\\. The equality occurs when 6 = 0, n ± = n\\ = 1. 

The most interesting manifestation of the non-linearity of Maxwell’s equations 
with radiative corrections is the splitting of a photon into two in an external 
magnetic field (S. L. Adler, J. N. Bahcall, C. G. Callan and M. N. Rosenbluth, 
1970). 

In a constant uniform field, this process occurs with conservation of energy and 
momentum .t In the decay of a photon k into photons ki and k 2 , we have 

co(k) = o)(ki) + co(k 2 ), ki + k 2 = k. (130.7) 

For photons in a vacuum, in the absence of external fields, co = k and the equations 
(130.7) can be satisfied only for three photons moving in the same direction. In that 
case, however, the decay is rigorously forbidden by the invariance under charge 
conjugation: Furry’s theorem (§79) shows that the sum of diagrams with three 
photon free ends is zero. 

t Expressing B' in terms of H' in the second equation (130.2), we substitute H' from there in the first 
equation, and then take the projection of the latter on the direction of b. The product k • E' is expressed 
in terms of b • E' by means of the equation k • D' = 0. 

$ The conservation of momentum is due to the spatial uniformity of the field, but of course occurs 
only for processes involving uncharged particles. The Lagrangian for charged particles contains not only 
the fields but also the field potentials, which depend on the coordinates even in a uniform field. 
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The presence of an external field makes the decay of the photon possible; this 
decay is represented by diagrams with three photon ends and one or more 
external-field lines. The possibility is, however, dependent on the nature of the 
photon polarization. The dependence may be deduced from the conservation laws 
(130.7) and the change in the photon dispersion relation in a magnetic field. 

The dispersion relation may be written 

co = k + 0(k), (130.8) 

where j3(k) is an increment that is small (in a weak field). Its presence makes 
possible, in principle, the fulfilment of equations (130.7) for momenta ki and k 2 lying 
in a certain narrow cone near the direction of k. Since the directions of all three 
vectors k, ki, k 2 are close together, they can all be regarded as parallel to k in the 
small terms j3(k), and we can take ki + k 2 = k. The law of conservation of energy 
then becomes 


P(k k) - fh(Kki) - /3 2 (k k - k/ci) = ki + |k - k t | - k 

(where K = k/k); since the dispersion relation depends on the polarization of the 
photon, the functions j3, j3i, j3 2 may be different. Since 

|k-k,| = [(k - k,) 2 + 2kk|(l - cos fl)] 1 ' 2 = k - k, + ^ 

where d is the small angle between k and ki, we have 

0(k k) - j3i(KkO - 0 2 (icki) = kkid 2 /2(k - k x ) > 0. (130.9) 

This inequality specifies the properties of the dispersion relation that are necessary 
for decay. 

For frequencies co the dispersion relation is given by (130.5) and (130.6), so 
that j3(k) ~ - k[n(K) - 1], where the function m(k) depends on the direction of the 
vector k but not on its magnitude. Then we must have 

ki/ii(K) + (k - ki)n 2 (K) - kn( k) > 0. (130.10) 

Since n ± > n\\, this condition immediately excludes the decays 

71-^711+711, 7±-*7|+ 7±> 

where y denotes a photon, and _L and || correspond to the two polarizations defined 
above.! 

For the decays 


7i” > 7±+ 7±> 711-^711+71* 

t Numerical calculations show that n± > ny is true not only when oj <§ m and (130.5) and (130.6) are 
valid, but for all co < 2m, the threshold for pair production by the photon. 
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the left-hand side of (130.10) is zero, since the functions n, n i, n 2 are the same. To 
solve the problem in this case, we have to take into account the dependence of the 
refractive index on k which appears as co increases. The required inequality is 

kin(K, ki ) + (k - ki)n(K, k - ki) - kn( k, k ) > 0. 

It can be shown by general arguments that m(k, k) is an increasing function of k, 
and so this inequality cannot be satisfied, so that the above decays also are 
impossible: replacing n(k - k 0 and n(k 0 by n(k ) will certainly increase the sum, 
and the result of these changes is a sum equal to zero. This conclusion applies to 
any transparent media, and follows from Kramers and Kronig’s formula for the 
refractive index (see ECM, §64). In the present case, the external field is a 
“transparent medium” for photons of all frequencies co <2m, up to the pair 
production threshold, i.e. the photon absorption threshold. 

Thus the only decay processes allowed are 

7||-*7± + 7±, (130.11) 

7!"* 7||+ 7±- (130.12) 

It has already been noted that the momenta ki and k 2 are at small angles d to 
the initial photon momentum k. If these angles are neglected, i.e. if the momenta of 
all the photons are assumed to be parallel (the collinear approximation), then the 
decay (130.12) is impossible, as may be shown in the following way. 

Similarly to (127.4), we express the decay amplitude as 

M fi = M ktlv e k e*t*e2*, 

where e , e\, e 2 are the photon polarization 4-vectors, defined as usual by their 
4-potentials A. With the three-dimensional potential gauge, e = (0, e), we can 
rewrite this as 


M fi = MiueieUe^i. 


Two independent polarizations are defined by the unit vectorst 

e||||kxb, ejkx(kxb). (130.13) 


It is easy to see that, in the expansion 


M ikl = 2 

A,A j ,A2 

where A, Ai, k 2 take the values _L and || (cf. (127.9)), the vectors e ± must occur an 

t The suffixes || and 1 refer to the polarizations defined above. It must be remembered that the unit 
vectors e determine the direction of the vector potential A (and therefore of the field E') and are 
perpendicular to B\ 
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even number of times (0 or 2) in each term. The amplitude M fi is invariant under 
the CP transformation, and since the potentials A (and therefore e) are CP- 
invariant, so must be the tensor M m . Under the CP transformation ey —> ey, e ± -> - e ± ; 
charge conjugation changes the sign of b, inversion changes that of k while leaving 
the axial vector b unaltered. Hence, if the vector occurs once in any term of the 
expansion, the corresponding scalar M AA , A2 must be CP -odd. But it is impossible to 
construct a CP -odd scalar from only two vectors (in the collinear approximation) 
k = ki = k 2 and b, both of which change sign under the CP transformation. This 
proves the above statement. 

The decay (130.12) is therefore forbidden in the collinear approximation. A 
more detailed analysis shows that the ratio of the amplitude of this process to that 
of the decay (130.11) allowed in the collinear approximation, 

|^~# 2 ~a(Bo/B cr ) 2 , (130.14) 

M ±±,\\ 


where 


Per - m 2 / \e\ ( = m 2 c 3 l\e\h = 4.4 x 10 13 G); 

the angles if are estimated from (130.9) as if 2 — n L — n\\. 

The fact that the only possible decay (in the principal approximation) is 
7||-*7.l + 7i implies that 1 polarization is eventually established in an unpolarized 
photon beam propagating in a magnetic field. 

Let us now calculate the decay amplitude M fi = M n j by perturbation theory, 
assuming that B 0 B cr . 

The first non-vanishing Feynman diagrams (with respect to a, and with respect 
to the external field) are of the form 



with all possible permutations of the ends, three ends corresponding to photons and 
one to the external field. In the collinear approximation, however, the amplitude 
corresponding to these diagrams is zero. For, as a result of gauge invariance, the 
external field can appear in the amplitude of the process only as a 4-tensor of its 
field strengths F^, and the photon polarization 4-vectors only in the antisymmetric 
combinations 


Jilv k^e„ k v e^ 

with the wave 4-vectors. The final expression for the amplitude is constructed from 
the external field tensor F^, the tensors and / 2/x „ of the three photons and 

their wave 4-vectors k ^ k i^, k 2ft ; it must be linear in each of the tensors f^ v , and for 
the diagrams (130.15) it must be linear in F^ also. In the collinear approximation 
the 4-vectors k i and k 2 reduce to k: k i = kcoi/co, k 2 = kto 2 /to. Under these conditions, 


QE4 - MM 
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any scalar product formed as stated above is identically zero: we can easily show 
that such a product will contain at least one zero factor k 2 or ke. 

In the collinear approximation, therefore, the first non-zero contribution to the 
decay amplitude comes from hexagonal diagrams of the form 

‘‘ L r:Q*Y 

with three external-field lines.t The amplitude corresponding to such diagrams 
involves three factors F^. Scalar products of this kind need not be zero, but all 
non-zero products contain the photon wave vectors only through the tensors it 
is easy to see that the addition of further factors k will lead to the presence of zero 
factors k 2 or ke in the products. The components of the tensor f^ v are the same as 
those of the photon fields E' and B'. This means that, if the decay amplitude 
corresponding to the diagrams (130.16) is represented as the matrix element of an 
operator, then that operator, expressed in terms of the photon field operators, is 
independent of the photon frequencies. Hence it follows in turn that the calculation 
of the scattering amplitude corresponding to the diagram (130.16), by means of the 
Lagrangian (129.17), gives the correct answer without restriction to the case o) <m. 

It has been shown at the end of §127 how the interaction Hamiltonian is 
obtained from the Lagrangian L found in §129. We now have a process involving 
three photons, and the corresponding interaction operator is found from the terms 
in the expansion of L which contain products of three photon fields E' and B'. Here 
we need consider only the term 


(B' • B 0 )(E' • Bo) 2 , 


(130.17) 


in which each of the vectors B' and E' appears as a scalar product with B 0 : the 
products E' 2 , B ' 2 and E' • B' arise, in the four-dimensional notation, from scalars of 
the form which in the collinear approximation are identically zero. The 

selection of the term containing one factor B' and two factors E' is made because 
the process under consideration involves one || photon and two 1 photons; for the 
former, the field B' has a component along B 0 , and for the latter the field E' has such 
a component. 

The Lagrangian L is expressed in terms of the invariants ^ = i(B 2 -E 2 ) and 
= E • B. The required term in the expansion comes from a term proportional to 
9' ( S 2 . A calculation using (129.17) gives for this term 


13e 6 

630ir 2 m 8 


2 . 


Putting B = B 0 + B', E = E', and taking the term B 0 • B' from SP and B 0 • E' from % 
we get the required expansion term having the form (130.17). Thus the three-photon 


t The corrections arising from the inclusion of non-collinearity in the diagrams (130.15) would give a 
contribution to the amplitude that is of the next higher order in a relative to that from (130.16). 
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interaction operator for the decay 711^711 + 721 is 

V (3) = ( (Bo • Ei)(B 0 • ES)(B 0 • B) d 3 x, (130.18) 


where 


B' = iV(47r)kxe| l e i(k - r ^ ,) 4n, 

Ei = -iV(4i7) W| eie i< ’“- r -“ , ' ,, c i r, 1 , 

and similarly for EX cf. (127.26), (127.27).t 

According to the rules given in §64, the decay amplitude M fi is calculated from 
the definition 

S/i = (/I j V (3) dt|i) = - i(2w) 4 S (4> (k - k, - k 2 )M fi , 

and is 

M fl = - i * 3 f g (4tt) 3/2 co(o,(o 2 B 3 o sin 3 0 , 

31 j 77 m 

0 being the angle between k and B 0 . The decay probability per unit time is (see 
(64.11)) 


dw - (2„)‘S(k - k, - k,)S(«> - ,.^.^'^.(2^ 

the extra factor \ takes account of the decrease in the phase volume due to the 
identity of the two final photons. The first delta function is eliminated by in¬ 
tegration over d 3 k 2 . To eliminate the second we note that, if dispersion is neglected, 

(o ~ o)\ ~ o)2 — k ~ k\ ~ |k k11 


and therefore^ 


O) 1 


II 

o o 


cocoi( 1)26 (co coi CO 2 ) d cos • 27 tcoi do) 1 


= 277 



— COi) 2 dcOi = 77C0 5 /15. 


t The coefficient in (130.18) is doubled because E\ and E 2 can be taken from either of the two factors 
E' in L. 

t Here it is assumed that, with dispersion taken into account, the argument of the delta function in 
fact has a zero at some cos di < 1. Thus a dispersion of this type is necessary for decay to be possible, 
but the decay probability itself does not depend on the amount of the small dispersion. 
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We finally have for the total photon decay probability per unit time (in ordinary 
units) 


w = 



(130.19) 


As already mentioned, the condition co <1 m is not necessary for this formula to 
be valid. Its validity is restricted only by the condition that the terms corresponding 
to eighth-order diagrams be small. To obtain an estimate, we note that the 
eighth-order matrix element may contain, for example, a term differing from the 
sixth-order terms by a dimensionless invariant factor of the form (eF^kJm 3 ) 2 . The 
condition for this to be small is a very weak one: 

o) < m(m 2 l\e\B 0 ). 


§131. Calculation of integrals over four-dimensional regions 

We shall now give some rules and formulae that are useful in the calculation of 
integrals arising in the theory of radiative corrections. 

The typical form of integral corresponding to a Feynman diagram is 


f(k)d 4 k 
a\a 2 ... a n ’ 


(131.1) 


where a h a 2 ,... are second-degree polynomials in the 4-vector k, f(k ) is a 
polynomial of some degree n', and the integration is over the whole of four¬ 
dimensional k-space. 

A convenient method for calculating such integrals, due to Feynman (1949), is 
based on an initial transformation or parametrization of the integrand by the use of 
further integrations with respect to auxiliary variables £ 1 , £ 2 , •.. : 


1 1 


1 

a 1 U 2 . • • a n 


= (n- 



f At 5(gi + £2 + • • • + j n ~ 1) 

J (aif 1 + U2^2 + • • • + a n £n) n 


(131.2) 


This transformation replaces the n different quadratics in the denominator by the 
nth power of a single quadratic polynomial. 

Eliminating the delta function by integrating over d£ n and using new variables 
defined by 


£l = X n -i, 


^2 %n— 2 ^n-l> • • • > ^n-1 ^1 ^2? 

£l + & + ‘ + in -1 = Xl, 
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we get as an equivalent form of (131.2) 


--- = (n - 1)1 [ dx i f dx 2 ... [ 

a x a 2 ... a n J J J 


1 X, x n-2 

dx 2 ... [ dx n -1 x 
0 0 0 

1 


[a 1 x n _ 1 + a 2 (x n - 2 -x n -i)+- • - + a n (l-xi)] n * 


When n = 2, this formula becomes 

1 _ f_ dx _ 

a { a 2 J [a x x + a 2 (l - x)] 2 ’ 
o 


(131.3) 


(131.4) 


as can be easily verified. For any value of n, the formula can be proved by 
induction: on carrying out the integration over dx n ~i in (131.3), we get on the 
right-hand side the difference of two (n - 2)-fold integrals of the same form. If the 
formula is assumed valid for these, we have 


l r l 

a i — a 2 _a 2 a 3 ... a n 


1 

a x a 3 ... a n y 


which is equal to the left-hand side of (131.3). 

By differentiating (131.3) with respect to a\, a 2 , etc., we can derive similar 
formulae which can be used for the parametrization of integrals whose denomina¬ 
tors contain any of the polynomials in powers above the first. 

The divergent integrals are regularized by subtracting from them other integrals 
of similar form. To determine the difference, it may be convenient first to 
transform the difference of the integrands (each of which is already transformed by 
means of (131.2)) as follows: 


J_1_ 

a n b n 


1 


/ 


n(a - b) dz 
[(a-b)z + b]" +1 - 


(131.5) 


After the application of (131.3), the four-dimensional integration in (131.1) becomes 


[ m d 4 k 

J [(k — l ) 2 — a 2 ] 


(131.6) 


where / is a 4-vector and a 2 is a scalar, both of these depending on the parameters 
x n -\\ the scalar a 2 will be assumed positive. 

If the integral (131.6) converges, we can make the change of variables k - l->k 
(a shift of the origin), which gives (with a different function f(k )) 


f(k) d 4 k 
(k i -a i r 


(131.7) 
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the denominator now involving only the square k 2 . In the numerator we need only 
consider scalar functions f = F(k 2 ): for integrals having numerators of any other 
form, 


/ 


k»F(k 2 ) d 4 k 


— = 0 , 


(k 2 — a 2 )" 

2 ' ^ 1 ' k 2 F(k 2 ) d 4 k 

(k 2 -a 2 r ’ 

kVkVFik 2 ) d 4 k 


j*=£^p-w 
j 


(k 2 — a 2 )" 

= Ya (S'"’*'"' + SV + g pjr g‘ v ) f 


d k 


(131.8) 

(131.9) 

(131.10) 


and so on, as is evident from symmetry on integration over all directions of k. 

In the original integral (131.1), each of the factors a i, a 2 ,... in the denominator 
has (as a function of k 0 ) two zeros, which are avoided in the integration over dk 0 
according to the general rule (§75). After the transformation to the form (131.7), the 
2 n simple poles of the integrand are replaced by two poles of order n, which are 
avoided according to the same rule (path C in Fig. 25). By moving the contour of 
integration as shown by the arrows, it can be converted to the imaginary axis in the 
ko plane (path C'). Thus the variable k 0 is replaced by ik o with kb real. Then, writing 
also k' for k, we have 


k 2 = ko - k 2 -> - (fco 2 + k' 2 ) = - k' 2 , (131.11) 

where k' is a 4-vector in the Euclidean metric; and 

d 4 k -» id 4 k’ = ik ,2 d(ik' 2 ) dfl, 

where dfl is an element of four-dimensional solid angle. The integration over dfl 
gives 2 it 2 (see Fields, §111), and so 

d 4 k^hr 2 k’ 2 d(k’ 2 ). (131.12) 



Fig. 25. 



§131 Calculation of Integrals over Four-dimensional Regions 

Putting k' 2 = z, we have finally 


5Y5 


f F(k 2 ) d 4 k 2 f 

J(k 2 -a 2 r~ ( 1)177 J 


F(- z)z dz 
(z + a 2 ) n • 


In particular, 


f d 4 k ^ (-l) n iV 
J (k 2 — a 2 ) n a 2(n ~ 2 \n — l)(n — 2)' 


( 131 . 13 ) 


(131.14) 


The logarithmically divergent part of the integrals (131.7) can be separated as 

d 4 k 


J 


[(k-l) 2 -a 2 f 


(131.15) 


It is easily seen that in an integral of this type we can replace k by k + Z: the 
difference is 


/{[(k-l ) 2 -« 2 ] 2 (k 2 -a 2 ) 2 } d4k 

and is a convergent integral, so that the change k k +1 is certainly permissible in 
this integral. On doing so and also changing the sign of k, we get the same quantity 
with the opposite sign, and it must therefore be zero. 

A linearly divergent integral would have to have the form 

f k^d 4 k 

J [(k — 1) — a 2 ] 2 ’ (13M6) 


but in fact such an integral is only logarithmically divergent: the integrand tends 
asymptotically to k^/(k 2 ) 2 as k and gives zero on averaging over directions. The 
change of origin, however, adds a constant to the integral (131.16). This can be 
shown for the infinitesimal change k -»k + 81, by calculating the difference 


= 


f k * 

. l[(k — 8l) 2 — a 2 ] 2 


k^ + sr i 
(k 2 -« 2 ) 2 J 


d 4 k. 


(131.17) 


As far as the first order in 81, 


= 


f f4k fi (k SI) 

J i(k 2 — a 2 ) 3 


81" 


(k 2 — a 2 ) 


d k. 


In the first term, averaging over directions replaces the numerator by k 2 81" (cf. 
(131.9)), and hencet 




8V 


/(k 2 -a 2 ) 3_ 2 ' 7r28P ‘ 


(131.18) 


t The corresponding result for finite l can be obtained by more laborious calculations. 
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In the final expressions for the radiative corrections there is frequently a 
transcendental function defined by the integral 

F( ^) = |log(l+x) dx (131.19) 

0 

sometimes called Spence’s function. Some of its properties (given here for 
reference) are 

F(£) + F(l/£) = in 2 + 5 log 2 (131.20) 

F(-£) + F(-l + £) = -U 2 + log£log(l-a (131.21) 

F(1) = tW 2 , F(-l) = -U 2 . (131.22) 

The expansion for small £ is 

F(0 = t-k 2 + k 3 -U 4 +---- (131.23) 



CHAPTER XIII 


ASYMPTOTIC FORMULAE OF QUANTUM 
ELECTRODYNAMICS 


§ 132. Asymptotic form of the photon propagator for large momenta 

The first-order term (with respect to a) in the expansion of the polarization 
operator SP(k 2 ) has been calculated in §113, and it was found that for |k 2 | > m 2 this 
term is, with logarithmic accuracy, 

9{k 2 ) = f^k 2 log^L (132.1) 

It was also mentioned that the derivation of this formula (as a first-approximation 
correction to the propagator 4ttD~ 1 = k 2 ) assumed the condition 

^'ogEUl, <132.2) 

which placed an upper limit on the permissible values of |k 2 |. We shall now show 
that the expression (132.1) is in fact valid also with the much weaker condition 



The proof is as follows.! We first note that, although in principle the condition 
(132.3) allows contributions to 3?(k 2 ) from the terms of all orders (in a) in the 
perturbation-theory series, in every order n only the terms ~a n log n (|k| 2 /m 2 ) need 
be considered, which contain the large logarithm in the same power as a ; the terms 
containing lower powers of the logarithm are certainly small, since a < 1. 

The analysis of the perturbation-theory series for SP can be reduced to that of 
the series ^ and T^, using Dyson’s equation 

®(k 2 ) = i • tr f y^(p + k)r»(p + k, p ; k)<S(p) (132.4) 

see (107.4). Since the function 3?(k 2 ) is gauge-invariant, it can be calculated with 
any gauge for ^ and T. The most convenient here is the Landau gauge, in which the 

t This formulation and conclusions are due to L. D. Landau, A. A. Abrikosov and I. M. Khalatnikov 
(1954). 


597 



598 


Asymptotic Formulae of Quantum Electrodynamics 


§132 


free-photon propagator has the form (76.11): 

= (132.5) 

(D ({) = 0 in (103.17)). It is found that in this gauge the perturbation-theory series for 
^ and P 1 do not contain any terms with zero power of the logarithms. In (132.4) it 
is therefore sufficient to substitute the zero-order approximations ^ = G, F" = y* 1 , 
obtaining 

9(k 2 ) = i ~ tr | yMP + k)y^G(p) 0. (132.6) 


This is the Feynman integral corresponding to the diagram (113.1) of the first 
approximation (with respect to a), and leads (after appropriate renormalization) to 
(132.1). 

In order to prove the foregoing statements, let us first examine the origin of the 
logarithm in the integral (132.6). It is easily seen that the logarithmic term comes 
from the range of integration 

p 2 >\k 2 \ when \k 2 \>m 2 : (132.7) 


formally expanding G in powers of 1 /yp, we, have 


G(p) ~ llyp = yplp 2 , 

G(p -k)~ 1 l(yp - yk) 

1 , 1 , 1.1 .1 .1 

~- 1 - yk - 1 - yk — yk — 

yp yp yp yp yp yp 


yp . (yp)(yk)(yp) 


^2 


(P 2 ) 


+ 


, (yp)(yk)(yp)(yk)(yp) 

+ ip? - 


On substitution in (132.6) the first term, which is independent of k , is removed by 
regularization (in accordance with the condition S^/fc 2 —>0 when k 2 ->0); the second 
term gives zero on integration over the directions of p; the third integral is 
logarithmically divergent with respect to p 2 , and on taking it from p 2 — |k 2 | (the 
lower limit of the range (132.7)) to some “cut-off parameter” A 2 we get 

(132.8, 


In regularizing, we have to subtract from SP/k 2 its value for k 2 = 0. But, since 
logarithmic accuracy presupposes the condition |k 2 |>m 2 , in calculation to this 
accuracy the regularization is achieved by subtracting the value for |k 2 | ~ m 2 , and 
A 2 in the argument of the logarithm is replaced by m 2 , giving (132.1). 
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Since the desired corrections to ^ and T* are logarithmic, their inclusion makes 
these quantities differ from G and y* by slowly varying logarithmic factors. In the 
exact integral (132.4), therefore, the important range will be the same one (132.7) as 
in the approximate integral (132.6). However, we cannot simply put k = 0 in 
P(p + k,p;k): since the integral is quadratically divergent, its regularization in¬ 
volves also the next two terms in the expansion of F^(p + k, p; k ) in powers of k. 
Here we shall consider only the corrections to P*(p, p;0), which show sufficiently 
clearly the importance of the choice of gauge and the difference in the nature of the 
integrals arising from diagrams of different types. It may also be noted that a 
similar analysis of is not needed, since the corrections fo F and are related by 
Ward’s identity (108.8). 

The first-order correction (with respect to a) to F(p, p;0) corresponds to the 
diagram 


l]c=0 



and hence to the integral! 

= -ia f y x G(p l )y tt G(p l )y P DUp - p,)d 4 p,/( 2n) 4 . (132.9) 

In the ordinary gauge, 


D Xv (P -Pi) = gkv- 4ir/(p - Pi) 2 , 


and the important range in the integral is p]>p 2 , where it is logarithmically 
divergent. On calculating the integral 


p- (,) = -4 irai 


J 


/(ypib^YPibA d 4 p i 
(P?) 3 (2tt) 4 


(132.10) 


and regularizing the logarithm, we get 


lU) ; 


j- log^i 
47 t m 


In the Landau gauge, (132.10) is replaced by 

P 1 ™* -4-n-ai J {y A (ypi)y fl (ypi)yA - Piy M } d 4 p,/(p?) 3 (2t7) 4 . 

t To avoid misunderstandings in a comparison with the results of §117, we may note that in §117 the 
two electron ends of the diagram were assumed to be physical, whereas here we assume that 
p 2 >\k 2 \ > m 2 , and these two lines are therefore certainly non-physical. 
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Averaging over the directions of p i and reducing the matrices y , we find that this 
integral is zero and the logarithmic term in r^ (1) disappears.t 

In the second-order corrections (with respect to a) we take the diagram 


i 

j k=0 



The corresponding integral is 

r*® = -a 2 f y 4 G(p 2 )y p G(p l )y ,i G(p l )y p G(p 2 )y‘ T x 

x D vp (p 2 - Pi)DxAp - P 2 )d 4 pid 4 p 2 /( 2 Tr) 8 . 

In the ordinary gauge of the D functions, this integral includes a term in which the 
logarithm is squared, arising from the range of integration 

p? > pi> p 2 : (132.11) 

when p 2 is neglected in the argument of D vp (p 2 -p i), the integration over d 4 pi 
becomes the same as in (132.9) and gives log pi, and the subsequent integration 
over d 4 p 2 is likewise logarithmic, giving log \p\lm 2 ). When the Landau gauge is 
used for the D functions, however, the logarithmic terms disappear from both 
integrations. 

A similar situation occurs for all the other diagrams in the skeleton diagram 

i 

i 

(132.12) 


Diagrams of other types, with intersecting photon lines, for example those in the 
skeleton diagram 

i 


(132.13) 


t The corrections to G 1 in both gauges, as derived from the correction T (1) by means of the identity 
(108.8), are of course in agreement with the results of §119. 
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(cf. (106.11)), do not in any gauge contain terms involving the necessary power of 
the logarithm; there is no range of the variables in which the integral reduces to 
several successive logarithmic integrations. 

These arguments, and similar ones for the subsequent terms in the expansion of 
T in powers of k, confirm that in the Landau gauge there are no corrections to ^ 
and T involving the necessary powers of the logarithm; thus the expression (132.1) 
is in fact valid even if the condition (132.3) applies. 

The function 3)(k 2 ) which corresponds to the polarization operator (132.1) is 


3)(k ) 


2 \ = 


4tt 


1 


k 2 1-(a/37r)log(|k 2 |/m 2 )* 


(132.14) 


Because of the condition (132.3), there is no need to expand this expression in 
powers of a. 


§133. The relation between unrenormalized and actual charges 

The applicability of (132.14) is, however, limited on the side of large |k 2 |, 
because the denominator decreases. The derivation of that formula was based on 
neglecting the diagram (132.13), and others with even more intersecting thick photon 
lines, in comparison with (132.12). But each such added line brings into the diagram a 
factor e 2 3), with 3) the exact propagator. The small parameter is then not a = e 2 but 


1 — (a/3ir) log(|k 2 |/m 2 ) ^ 1- (133 ' 1} 

When |k 2 | increases and this quantity becomes comparable with unity, the small 
parameter essentially disappears from the theory. 

The resulting situation can be more clearly understood if the renormalization in 
the derivation of (132.14) is made not “en route” but through the use of an 
“intrinsic” electron charge e C9 which will here be chosen so as to give the correct 
value of the observed physical charge e (§110). If the integral is “cut off”, as was 
done previously, at some upper limit A 2 , the intrinsic charge is a function e c (A 2 ) and 
the limit A -> o° must finally be taken. 

With this treatment, the polarization operator is 

(the expression (132.8) with e c in place of e), and therefore 


® (k2) k 2 l + (e?/3ir)log(A 2 /|k 2 |)' 
Now determining the physical charge e from the condition 
e 2 c 3)(k 2 )->4Tre 2 lk 2 when k 2 -»~m 2 , 


(133.2) 
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we have 


or 


e 


2 

c 


1 + (e5/37r)log(A 2 /m 2 )’ 


(133.3) 


1 - (c 2 /3tt) log(A 2 /m 2 )* 


(133.4) 


If we formally take the limit A->o° in (133.3), then c 2 ->0 whatever the form of 
the function e?(A). This “zeroizing” of the charge means, of course, that no 
rigorous renormalization is possible. The limit cannot be taken, however, without 
violating the assumptions made in deriving (133.3). It is seen from (133.4) that, as A 
increases (for a given value of e 2 ), e 2 also increases; and the formulae cease to be 
valid even when e 2 ~ 1, since their derivation is based on the assumption that 


e? 1 


(133.5) 


as the condition for perturbation theory to be applicable to the “intrinsic” 
interaction. The failure of the inequality (133.5) to be satisfied as A increases is of 
fundamental significance. It shows that quantum electrodynamics is logically in¬ 
complete as a theory that is based on weak interaction. This essentially implies that the 
existing theory as a whole is logically incomplete, since its entire formalism is based on 
the possibility of treating the electromagnetic interaction as a weak perturbation. All 
the quantities calculated by the theory are found as series in powers of e 2 , which are in 
fact asymptotic series. In order for them to have a definite meaning when e\ is not 
small, further arguments would be needed which do not follow from the general 
principles of the existing theory. 

It must also be emphasized, however, that in quantum electrodynamics these 
difficulties cannot be more than theoretical ones. They arise at enormous energies 
that are of no practical significance.! We may expect that in reality the elec¬ 
tromagnetic interactions will very much sooner be “merged” with the weak and 
strong interactions, so that pure electrodynamics is no longer meaningful.! 

To conclude this section, we shall show how formulae (133.3) and (133.4) can be 
derived by simple arguments based on the significance of renormalization and on 
dimensional reasoning (M. Gell-Mann and F. E. Low, 1954). 

Let us consider the square of the unrenormalized charge as a function of the 
cut-off parameter, e 2 (A 2 ), and define a function d as the ratio of the values of e 2 c for 
two different arguments: e 2 c (Ai) = e 2 (A 2 ) d. When A?, A 2 >m , the function d is 
independent of m and, being dimensionless, can depend only on the likewise 

+ For example, the equation {a! it) log(e 2 /m 2 ) = 1 is satisfied when e ~ 10 93 m. 

t The opposite situation occurs in theories where the interaction between particles is mediated not 
by the electromagnetic field but by Yang-Mills fields. The relation between the renormalized and 
unrenormalized charges in such theories is given by an expression of the type (133.4), but with the 
opposite sign in the denominator, so that, for a given value of e 2 , the unrenormalized charge el 
decreases with increasing A. This is called asymptotic freedom of the theory. Such a theory is, of 
course, fundamentally different from the theory with zeroized charge. 
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dimensionless quantities e?(A 2 ) and All A]: 

e 2 c (Al) = e 2 c (A\) d[e 2 c ( A?), Ai/A?]. (133.6) 

From this functional relation, we can derive a differential equation, by writing it 
for infinitesimally close values of A] and A 2 . Denoting A] by £ and putting 
Aj = £ + we obtain for a c (£) = e?(A 2 ) the differential equation 

da c = <Ha c )d£l£, (133.7) 

with 

<t>(a c ) = a c [dd(a c , x)ldx] x=l ; (133.8) 

we have used the fact that d(a c , 1) = 1, from the definition (133.6). Integration of 
(133.7) from £ = A? to £ = A] gives 


«2( A 3) 

log(A|/Af) = f da/4>(a). (133.9) 


Throughout the range of integration, e 2 is small. We can therefore use for (f>(a) 
the expression corresponding to the first approximation of perturbation theory. The 
correction to the unrenormalized charge e\ is e?k 2 3P(k 2 ). Taking the first ap¬ 
proximation (132.1) for the polarization operator, we find 

d(a c , All A]) = 1 + (a c /377) log(Ai/A?), </>(a c ) = a?/3ir, 


and the integration in (133.9) then gives 


1 i A 2 


1 


1 


377 log Ai e?(A|) e 2 c (Aly 


(133.10) 


As A 2 -> ~ m 2 , the unrenormalized charge e c (A 2 ) tends to the actual charge e, and 
(133.10) then agrees with (133.3) and (133.4).t 


§ 134. Asymptotic form of the scattering amplitudes at 
high energies 

Let us consider the asymptotic form (at high energies) of the amplitudes and 
cross-sections for two-particle scattering processes (1 + 2 —> 3 + 4). For the basic 
electrodynamic processes in the first non-vanishing approximation (with respect to 
a), this problem can be solved by means of the specific formulae derived in the 
preceding chapters, which are valid at all energies. Here, however, we shall discuss 

t The renormalization group method based on the functional properties of propagators and vertex 
parts is systematically developed in the book by Bogoliubov and Shirkov cited at the end of § 112. 
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the question from a more general standpoint, which enables such asymptotic forms 
to be derived directly. 

As in §66, we use the invariants 

S = (P 1 + P 2 ) 2 , t = (P 1 -P 3 ) 2 , M = (P 1 -P 4 ) 2 , (134.1) 

with Pi + P 2 = P 3 + P 4 ; the notation corresponds to reactions in the s channel, which 
will be considered here. In the ultra-relativistic case, when the energies are much 
greater than the particle masses, the energies of the two particles in the centre-of- 
mass system are approximately equal. We denote by e the sum of the energies of 
the colliding particles, and then have, in the centre-of-mass system, pi = ( 2 e, Pi), 
P 2 = (\e 9 -pi), p 3 = (ie, p 3 ), p 4 = (le, ~p 3 ), Pi = p 3 = 4 e 2 , with 

s = s 2 , t = — 2 »s(l - cos 6 ), u = 2 (1 + cos 6 ), (134.2) 

0 being the angle between pi and p 3 . 

Let us first consider the asymptotic form of the reaction cross-section for a 
fixed value of the scattering angle 0. Then all three variables s, t and u are 
proportional, and tend to infinity together. In the ultra-relativistic case, the particle 
masses cannot appear in the result, and the only quantity having the dimensions of 
length is 1/e (=ftc/e). Hence it follows from dimensional arguments that the 
differential cross-section for two-particle reactions decreases with increasing 
energy in the asymptotic form 

dcr/do oc 1/s as s, |t|, \u \-»<». (134.3) 

If the cross-section is related not to the solid-angle element do but to the 
differential dt, we have, since do dt/s , 

dcr/dt 1 Is 2 . (134.4) 

The cross-section is expressed in terms of the scattering amplitude (in the ultra- 

relativistic case) as dcr/do \M fi \ 2 ls; see (64.22), (64.23). The law (134.3) therefore 
means that in the asymptotic limit the scattering amplitude is independent of s: 

M fi = constant. (134.5) 

It is clear from the manner of the derivation that these results apply not only to 
the first non-vanishing approximation of perturbation theory, but also to higher 
approximations (those taking account of radiative corrections), if logarithmic 
factors (of the form log s/m 2 ) are ignored; the dependence on dimensionless 
logarithms cannot, of course, be determined from dimensional arguments.! 

A different situation arises if s increases with t fixed, i.e. with a fixed square of 
the momentum transfer. This is scattering through small angles, which decrease as 

t The summation of series containing logarithmic corrections may lead to an exponential depen¬ 
dence on the logarithms, which changes the exponent in the power law. This change is, however, small if 
a is small. 
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the energy increases: 


s -»o°, \t \~ sO 2 = constant, 0 ~ (|f|/s)l (134.6) 

In such a case, dimensional arguments allow us to establish only that the combined 
power of 1 Is and 1 It in da/dt is 2, and in the amplitude M fi zero.t Hence, to find 
the part of the cross-section that decreases least rapidly with increasing s, we have to 
separate the factor that has the greatest power of 1 It. Such factors arise only if the 
Feynman diagram can be divided into two parts between the ends 1, 3 and 2,4 by 
cutting the lines of virtual particles. The total 4-momentum of such lines is p x -p 3 , 
and this leads to the factor that depends on t = (pi - p 3 ) 2 . Thus the asymptotic form 
of the diagram in the range (134.6) depends on the nature of the possible cuttings of 
diagrams in the t channel. 

Similarly, the asymptotic behaviour in the range 

s-»o°, \u | ~ s(tt - 0) 2 = constant, \tt - 0| ~ (\u\ls)\ (134.7) 

corresponding to scattering through angles close to 7r, is governed by the nature of 
the possible cuttings of diagrams in the u channel, i.e. between the ends 1,4 and 2, 3. 

The simplest example is electron-electron scattering, described by the two 
diagrams (73.13) and (73.14). The first of these allows cutting in the t channel at the 
virtual photon line, and it determines the asymptotic form of the scattering amplitude 
in the range (134.6). The virtual photon line corresponds to a D function that is 
proportional to 1 It. The asymptotic forms of the amplitude and the differential 
cross-section are 


<x sit, da cc dt/t 2 . (134.8) 

In the limit (134.7), close to the backward direction, the asymptotic form is deter¬ 
mined by the “exchange” diagram (73.14); in that limit, 

M/i oc slu , da du/u 2 . 

For mutual scattering of different particles (electron and muon), there is no 
exchange diagram, and so the cross-section for scattering through angles 6 ~ 7r 
decreases in accordance with (134.3) and (134.4).$ 

We shall show that these results for the asymptotic behaviour of electron- 
electron scattering are unaffected by the inclusion of radiative corrections. To do 
so, let us consider the corrections of various orders to the diagram (73.13). 

It has already been shown that the diagrams which are corrections to the 
internal D function (see (113.11)) or to the vertex parts (see (117.1)) lead only to 
logarithmic corrections in the amplitude; they do not alter the power law (134.8). 
We shall show that the same is true of the diagram allowing cutting at two (not one) 

t These arguments assume a constant \t\> m 2 . The results thus obtained remain valid, as regards the 
dependence on s (i.e. on the energy), even when |f| ~ m 2 . 

t All these statements are, of course, in accordance with the results of §81; see (81.11) and Problem 

6 . 


QE4 - NN 
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internal photon lines: 


P 3 P l + Q P l 

* I * I * 

W q ♦ * q (134.9) 

X " p 2 

The scattering amplitude corresponding to this diagram differs from that cor¬ 
responding to (73.13), in that the factor 1 It is replaced by 

(y(pi + q))(y(P2-g)) ,4 

(p 1 + qf(P 2 - qfq\p 3 - Pl - qf q9 

followed by integration over d 4 q. The important range of integration is the one 
which gives rise to the lowest power of 1 Is. For this, q must always be small in 
comparison with p x and p 2 . Rejecting the terms which are then small (and also the 
terms p\- p 2 = m 2 ), we can rewrite this expression as 

_ (ypiXypi) _ d 4 

(PiQ)(P2q)q 2 (P3-pi~q) 2 

The denominator does not contain 5 if q 0 and q x (with the x-axis along pi = -p 2 ) are 
oc 1/Vs; q y and q z may be V|t|; then the range of integration \/ s . The order of 
magnitude of the numerator is pip 2 <x s. Thus the replacement of one internal 
photon line in the diagram by two does not affect the dependence of the diagram on 
s (for a given t).t That is, the contribution of the diagram (134.9) to the scattering 
amplitude has the same asymptotic behaviour (134.8) as that of the principal 
diagram. The position is unaffected by adding other parallel internal photon lines in 
the diagram, and also by including corrections to the internal electron lines. 

This is a general result: any diagram which can be cut in the t or u channel into 
two parts across any number of internal photon lines corresponds to an amplitude 
contribution which has the asymptotic form M fi oc s/t with t constant or s/u with u 
constant (V. G. Gorshkov, V. N. Gribov, L. N. Lipatov and G. V. Frolov, 1967; H. 
Cheng and T. T. Wu, 1969). 

As a second example, let us consider Compton scattering described by the two 
diagrams (74.12). These do not allow cutting in the t channel, but the second 
diagram can be cut in the u channel at an internal electron line. In the notation of 
the present section, it is 


p -p 

i 


p 


(134.10) 


This means that the scattering is largely concentrated near the backward direction, as 

t Let us mention again that only power-law asymptotic forms are under consideration, and so we 
need not take account of logarithmic divergences in the integrations. Diagrams of the form (134.9) will 
be further studied in §137. 
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already noted at the end of §86; see (86.20). To find the asymptotic behaviour in 
this range, we note that the factor G corresponding to the internal line in (134.10) is 
in order of magnitude l/y(pi~P4) a 1/V|u|. Hence the scattering amplitude M fi 
a(sl\u\y; this includes a factor a because the diagram (134.10) is of the second 
order. The differential cross-section is therefore dcr/du a 2 l\u\s. The integral of this 
expression with respect to \u\ is governed by the range |u|<^s. The total cross- 
section then decreases with increasing energy as cr oc a 2 ls , or more exactly cr oc 
(a 2 ls) log(s/m 2 ); cf. (86.20).t 

For this process, however, radiative corrections alter the asymptotic behaviour. 
The change is due to sixth-order diagrams of the type 


(134.11) 



In the t channel, these allow a cut across two internal photon lines, and therefore 
contribute to the amplitude, with asymptotic form M fi oc a 3 slt ; the factor a 3 
corresponds to a sixth-order diagram. When s is sufficiently large, this part of the 
amplitude becomes the principal one, and the differential cross-section is 
then 


dcr/dt oc a 6 lt 2 . 

The integral of this expression with respect to t is governed by the range of small 
\t\ ~ m 2 , i.e. by the range of scattering angles 0 ~ mVs; note that the scattering is 
now mainly forward, not backward. The total cross-section then no longer 
decreases with increasing energy: 

cr oc a 6 /m 2 = a 4 r 2 e . ( 134 . 12 ) 

The decreasing part of the cross-section becomes comparable with this constant 
part when £=Vs« ml a 2 . 

A similar situation occurs for photon-photon scattering. In the first non¬ 
vanishing approximation, this is described by the “square” diagrams (127.1), which 
can be cut across two internal electron lines. Integration is carried out with respect 
to the 4-momentum of these lines in the diagram; momenta are important, 

and small values of t or u are not especially significant. The asymptotic form of 
these diagrams for any constant t or u is given by (134.5): M fi = constant oc a 2 . The 
total cross-section decreases with increasing energy: cr oc a 4 ls (cf. (127.23)); angles 
close to zero or ir have no special significance here. In the eighth order, however, 
there are diagrams which can be cut (in the t or u channel) across two internal 


t The exact form of the dependence of the cross-section on |u| or |t| when these are m 2 cannot, of 
course, be ascertained from the arguments given here. It is assumed that the integral with respect to |m| 
or |t| converges at values — ra 2 . This is in fact so for all processes except elastic scattering of charged 
particles. 
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photon lines, for example 

! i (134.13) 

These diagrams give an asymptotically constant cross-section: cr a 8 /m 2 when 
Vs > mla 2 . t 

The asymptotic constancy of the total cross-section is a characteristic property 
of scattering processes whose diagrams can be cut (in the t or u channel) across 
internal photon lines. It occurs even when more than two particles are present in 
the final state of the reaction. 


§135. Separation of the double-logarithmic terms in the 
vertex operator 

The corrections having the form ( aL) n (where L is the large logarithm) can 
become important only at enormous energies, as already mentioned at the end of 
§133, and therefore are of purely theoretical significance. But there are also much 
larger corrections, of the form (aL 2 ) n , in the amplitudes of actual scattering 
processes. Such terms, containing the square of the logarithm to the same power as a, 
are called double-logarithmic terms. 

The characteristic expansion parameter in the double-logarithmic corrections is 

(olItt) log 2 (e 2 /m 2 ), (135.1) 

where e denotes the energies occurring in the problem (for example, the total 
energy of the colliding particles in the centre-of-mass system). The condition for 
perturbation theory to be valid is that this quantity be small; it ceases to be satisfied 
at energies 

e ~ m exp gV(ir/a)] ~ 3 x 10 4 m. (135.2) 

Let us now try to avoid this limitation and derive formulae valid when 

(a/7r)log 2 (£ 2 /m 2 )< 1. (135.3) 

This clearly requires the summation of an infinite series of corrections in all powers 
(aL2)n - 

The double-logarithmic corrections occur in cases of two kinds. One in¬ 
cludes scattering through a fixed finite angle; as has been shown in §134, the 

t The cross-section for coherent scattering of a photon in the field of a nucleus is asymptotically 
constant even in the first non-vanishing approximation, described by “square” diagrams in which two 
ends are external-field lines; see (128.7). In reality, however, these diagrams would have to be 
represented in the form (134.11), the upper continuous line being the nucleus line. The external-field 
lines then become internal lines in the diagram, and the reason for the asymptotically constant form 
becomes evident. 
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cross-sections always decrease in the asymptotic high-energy range. In such cases, 
the double-logarithmic corrections are closely associated with the infra-red diver¬ 
gence. These cases include, in particular, elastic scattering of electrons in an 
external Coulomb field; the first double-logarithmic correction to the cross-section 
has been found in §122. The present section and §136 deal with the complete 
determination of these corrections, under the condition (135.3). 

The other class of cases includes reaction cross-sections which decrease with 
increasing energy for a given square of the momentum transfer, i.e. for scattering 
angles which asymptotically approach zero or rr; as shown in §134, this occurs for 
processes whose diagrams cannot be cut across internal photon lines in the t or u 
channel. Here, the double-logarithmic corrections are not connected with the 
infra-red divergence. As an example of this, we shall discuss in §137 the problem of 
backward (u = constant) electron-muon scattering. 

First of all, with the condition (135.3) the single-logarithmic corrections are 
~(a/7r) log(e 2 /m 2 ) ^ V(a/7r) 1 and can therefore be omitted. Since the double- 

logarithmic corrections do not appear in <§ and 3), the latter functions can now be 
taken as simply equal to their unperturbed values G and D. 

The calculation of the vertex operator T involves the summation of the 
double-logarithmic terms which arise from an infinite sequence of diagrams. This 
problem will be analysed in §136, but first a method will be described for separating 
the double-logarithmic terms in the various Feynman integrals before actually 
performing the integrations over all the variables in them (V. V. Sudakov, 1956). 

Let us consider the first-order correction (with respect to a) to the vertex 
operator, represented by the diagram (117.1), which is here conveniently taken 
(with a renaming of the variables) in the form 



or, analytically, 


r^\p 2 , Pl -q) = 


ie 2 f y”(yP 2 -yf + m)y , 1 (yp, -yf + m)y„d 4 f 
4 it 3 J [( p 2 - f) 2 -m 2 + <0][(pi -f) 2 -m 2 + i0][/ 2 + i0]' 

(135.5) 


We shall assume that 


\q 2 \>plp 2 2 ,m 2 , (135.6) 

and that the ends p b p 2 may be either physical or virtual. From (135.6) it follows 
that 


\ptP 2 \~ 2 \q 2 \>pi,pi, m 2 , 


( 135 . 7 ) 
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i.e. the 4-vectors p i and p 2 have large components but small squares; this is 
possible because the four-dimensional metric is pseudo-Euclidean. The double- 
logarithmic terms in fact occur when the conditions (135.6) are satisfied. 

We shall see below that relatively small values of f are important in the 
integration over d 4 f. We can therefore neglect / in the numerator of the integrand, 
and T (1) becomes 


r' 1<1) = -^3 7"(7P2+m)7 ,1 (7Pi + m)7„I 1 , 


(135.8) 


where 




d 4 f 


[(p 2 - ff~ m 2 + /0][( Pl - ff - m 2 + i0][/ 2 + m 


(135.9) 


The matrix factor in (135.8) can be simplified by using the fact that when T 
appears in diagrams it is always, in effect, multiplied by the matrices (yp 2 4- m) and 
(ypi + m): 


(yp 2 + m)T(ypi 4- m). (135.10) 

For, if the lines pi and p 2 are virtual, these factors come from G(p0 and G(p 2 ); if 
the lines correspond to real electrons, T is multiplied by ii 2 and u u and Dirac’s 
equations show that 


u 2 = u 2 


yp 2 4- m 
2 m 


ypi 4- m 
1 2m 


U 1. 


Interchanging the order of the matrix factors and neglecting at each stage, in 
accordance with (135.7), the squares p], p\ and m 2 in comparison with pi p 2 , we get 

i e 2 

(jPi + m)r ,l( 1 ) ( 7 Pi + m)« - (P 1 P 2 X 7 P 2 + m)y ,i (yp i + m)I,. 

IT 


We can therefore put T (1) in the final form 


r^ l) = (ie 2 l27r 3 )yni u (135.11) 

where 

t = q 2 ~ -2(p lP2 ). (135.12) 

The integral converges when f is large, and therefore need not be regularized. 

The main point of the subsequent calculations is the introduction of new and 
more convenient variables of integration. Let / be resolved into components 
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f = up l + vp 2 + f ± 

= /| + /x, (135.13) 

fiPi = fiP 2 = 0. (135.14) 

As new variables, we take the coefficients u and v and 

P = -fl 035.15) 

It is evident from the conditions (135.7) that the metric in the p x p 2 plane is 
pseudo-Euclidean. The time axis can therefore be taken in this plane, so that / ± is a 
space-like 4-vector and p > 0. 

Let the indices 0 and x temporarily denote the components of 4-vectors in the 
Pip 2 plane; y and z those in the normal plane. To transform the 4-volume element 

d 4 f = d 2 f ± d 2 f\\ 


to the new variables, we write 


d 2 f± = |f±| d|f±| d<fr 

= 2 dp d<t> 7 T dp 

(since the integrand in (135.9) is independent of the angle </>). Also 


d 2 /»= 


9(fo,fx) 

d(u, v) 


du dv 


= \PtoP2x “P20Pu| du dv 
~ ||q 2 | du dv. 


since pi is small, so that pl x = plo and 

(PwPlx — PloPlx ) 2 ~ (P10P20 — PlxPlx ) 2 
= (P1P2) 2 = (k 2 ) 2 - 


Thus 


d 4 f = i\t\ du dv d 2 / x 

->2Tr\t\ du dv dp. (135.16) 

The calculations now depend on the relation between p 2 , pi and m 2 ; two cases 
will be considered. 
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Let the momenta p x and p 2 correspond to virtual electrons, with 

\pi\,\pl\>m 2 . (135.17) 

We shall see that the most important range of integration, which leads to a 
double-logarithmic expression, is in this case given by the inequalities 

0 <p <\tu\, \tv\, 

\p 2 ilt\<\v\< 1, \pllt\<\u\< 1. (135.18) 

Accordingly, in the denominator of the integrand in (135.9) we can neglect m 2 , p\, 
p 2 and / 2 in comparison with (pj) and (p 2 /): 

‘‘-JmrSxFuor <l3519) 

The quantities pj , p 2 f and / 2 are given by 


Then 


/ 2 = (up 1 + vp 2 ) 2 - p ~ - tuv-p , 
2(pi/) = 2p\(up\ + up 2 )« - tr, 

2(p 2 /)« ~ tw. 


77 f dp du dv 

2\t\ J p + tui; - iO u i; 


(135.20) 


In accordance with the conditions (135.18), the integration over dp is taken from 
0 to the smaller of |lu| and |tu|; the result is 


min (|fw|, |ft>|) 

/ 


0 


dp 

p 4 - tuv — i 0 


=l0 « min {RPi} + { 


177 when tuv < 0, 
0 when tuv > 0. 


(135.21) 


The logarithmic integration over dv is taken from -1 to —|pi/f| and from \p]lt\ to 1 
(and similarly over du). When (135.21) is substituted in (135.20), the integral of the 
first term over du dv is zero, because the integrand is an odd function. The 
integration of the second term is carried over ranges of u and v having the same 
sign when t < 0 and opposite signs when t > 0. In either case the ranges v > 0 and 
v < 0 give the same contribution after integration over du, and the result is 


h = 


ITT 


It 



dv 1 * 77 2 . 

— = — log 

V t 


log 


(135.22) 


the sign being the same as that of t. 
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Finally, substituting in (135.11), we get 


Pu <?) = y 11 log 


log 


k 2 \>\p 2 i\,\pl\>m 2 . 


(135.23) 


Physical external electron lines 
Now let the momenta pi and p 2 correspond to real electrons, so that 

Pi = p\ — m 2 . (135.24) 

Then the important range of integration is 

0 < p <\tu\, \tv\, 

0 < |i;|, \u\ < 1. (135.25) 

Since p 2 - m 2 = pl~ m 2 = 0, we can neglect p\ and pi in comparison with p\f and 
p 2 /, and again bring the integral (135.9) to the form (135.19). To eliminate the 
infra-red divergence which then occurs, however, we must apply a finite photon 
mass A m in the photon propagator (cf. §117): 


h = 


j 


_ d*i _ 

2(Pi/)-2(p 2 /)(/ 2 -A 2 +iO)’ 


(135.26) 


In this case 

f 2 ~ - tuv - p, 
2pi/ ~ - tv 4- 2 m 2 u, 
2p 2 f ~ - tu + 2m 2 v, 

and hence 


7r f _ dp _ du dv 

2\t\ J p + tuv 4- A 2 - iO u - tv v - tu 9 


(135.27) 


where r = 2 m 2 lt < 1. 

After the integration over dp , similarly to (135.21), we obtain 

T _ _ f f du dv 
1 2|t| J J U - TV V - tu' 


the integration being subject to the condition fnu + A 2 <0. The ranges v>0 and 
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v <0 again make equal contributions, and the result of the integration over du is 


’•-Thin 


du 

— TV)(V ~ TU) 


t8 - v 2 dv 
’ (8 - tv 2 )(t — v) v 9 


(135.28) 


where 8 = A 2 t, | 8 | \t\, and we have used the inequality | t | 1 . 

In the integral (135.28), three ranges of v lead to double-logarithmic 
expressions: (I) | t |<^ i ;<^ 1 , (II) V(8/r) v <€ |r|, (III) V(r 8) < v <\/(8It). (We 

take the specific case \/(8/t)< | t |; the result does not depend on this assumption.) 
With the appropriate approximations in each range, we find 




Il= 2Fl lo8 ^ +41og ^ lo8 I 


(135.29) 


Finally, substituting in (135.11), we have 


r ft(1) (p2,Pi;q) : 


s i ''( lo8 ' l S +4lo8 S loe ? 


(135.30) 


\q 2 \>P 2 i = Pi = m 2 , 


in agreement with (117.21). 


§ 136. Double-logarithmic asymptotic form of the vertex 
operator 

When the corrections T (1) calculated in §135 become of the order of unity, the 
vertex operator has to be found by summation of the infinite sequence of double- 
logarithmic terms of all orders in a. This problem can be solved because such terms 
arise only from diagrams of a particular type, and the contributions from diagrams 
of different orders are related in a simple manner. As we shall see below, the 
double-logarithmic terms arise from all the diagrams that have the form 




§136 Double-logarithmic Asymptotic Form of the Vertex Operator 615 

etc., in which each photon line joins the two electron lines, and the photon lines 
themselves may intersect in any manner. 

Let the photon momenta /i, / 2 ,... be numbered in the sequence of, say, the 
right-hand ends of their lines. Then the various diagrams of a given order will differ 
in the sequence of the left-hand ends of the photon lines. In each Feynman integral, 
we neglect terms in the numerator and denominator as in (135.5), and then treat the 
numerator in the same way as in the derivation of (135.11). Then the sum of all the 
diagrams having n photon lines, giving the term ^ a n in T, is 


y»(iatl 27 T 3 ) n I n , 


(136.2) 


In = 



d 4 f 1... d 4 f n 

2(Pi/l) • 2(p \f , + Pl f 2 ) . . • 2(p,/! + • • ■ + Pl/n) • 2(p 2 /l) . . • 2 (p 2 fl +••'■+ P2fn)fifl . • • fV 


(136.3) 


where the sum is taken over all interchanges (permutations) of the subscripts k in 
the products p 2 f k ; the terms iO and A 2 in the denominators are omitted for brevity. 

It is clear that, if the subscripts k in the products pj k in the sum (136.3) are 
interchanged in any manner, this is simply equivalent to renaming the momenta and 
so does not affect the value of I n . We can therefore extend the summation in (136.3) 
to all interchanges of the factors f k in both p 2 fk and p J k , and divide the result by n !. 

We now make use of the important formula 


2 


_i_ 

d\(a\ 4- a 2 )... (a 1 + a 2 + • • • + a n ) 


1.1 

a 1 a 2 


On 


(136.4) 


where the sum is taken over interchanges of the subscripts 1, 2,... , n.t When this 
formula is twice applied to the sum of integrals, we obtain a product of n identical 
integrals of the form (135.19) (or (135.26)), so that 


T — 1 J n 
In ~ n\ Il ‘ 


(136.5) 


Substitution in (136.2) and summation of F (n) over all n = 0, 1,2,... gives finally 

r^(p 2 , Pi; q) = exp(ic 2 ti 1 /27r 3 ). (136.6) 

In particular, substitution of 1) from (135.22) gives the double-logarithmic 
asymptotic form of the vertex operator with virtual external electron lines: 


r*(P 2 > Pud) = r exp { ~ log |^| log |S||}, 
\q 2 \>\pl\pl\>m> 


(136.7) 


(V. V. Sudakov, 1956). 


t The formula is obviously true for n = 2, and can easily be proved by induction. 
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Substitution of I) from (135.29) gives the asymptotic form of the vertex operator 
for real external electron lines: 

r M (P 2 , P 1 ; <?) = T' 1 exp( - (log 2 + 4 log log y)j, (136.8) 

\q 2 \>p 2 = p 2 =m 2 . 

The factor which distinguishes this from its unperturbed value y* defines also 
the difference between the amplitude for electron scattering in the external field 
and its Born value. The scattering cross-section is therefore 

da = da B ex P (log 2 ^ + 4loglogy)}. (136.9) 

To eliminate the infra-red divergence, we still have to multiply this expression 
by the sum of the probabilities for the emission of various numbers of soft photons 
with energy not exceeding some small value co max , i.e. by the quantity (see (122.2)) 

w max “max “max “max 

1+ J dw^ + j | J dw W| j dw U2 + • • • = exp ( J dwvj. (136.10) 

0 0 0 0 

The integral in the exponential is given by (120.14) (as the expression which there 
multiplies dcr e i), and the final result is the following asymptotic formula for the 
cross-section for scattering of an electron with energy e at a high momentum 
transfer: 


da = da B exp( — — log log ——(136.11) 

l v m co max J 

\q 2 \ > m 2 , (a/lir) log 2 (e/m) ~ 1 

(A. A. Abrikosov, 1956). The first-order term (with respect to a) in the expansion of 
this expression is, of course, (122.12). 

Note that, if we put co max ~ e, one of the logarithms in (136.11) becomes of the 
order of unity; that is, the double-logarithmic corrections cancel in the cross- 
section for simultaneous emission of photons of any energy.! In the approximation 
used, the exponential factor in (136.11) then becomes unity, and the cross-section 
has its Born value, in agreement with the general statement at the end of §98. 

§ 137. Double-logarithmic asymptotic form of the 
electron-muon scattering amplitude 

As an example of the second kind, let us consider the scattering of an electron 
by a negative muon, taking only the case of scattering exactly backwards through an 

t For scattering through a finite angle, the condition formulated in §98 for the photon to be soft 
requires only that w ma x ^ e, and so the formulae derived here can be used with logarithmic accuracy 
even when w ma x ~ e. 
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angle 6 = tt (V. G. Gorshkov, V. N. Gribov, L. N. Lipatov and G. V. Frolov, 1967). 
This is a simple process in two respects. Firstly, exchange diagrams do not appear, 
because the two particles are not identical. Secondly, in back-scattering there is 
very little emission of soft photons, and therefore no infra-red divergence: accord¬ 
ing to (98.8) the soft-photon emission cross-section is 


dcr = a\( - V i + - t — 5 

L\l-Vg*n l-v^-n 1-^ 



dcodo n 

4tt 2 (o 


do-ei, 


(137.1) 


where \ e , and \' e , v/i. are the particle velocities before and after the collision; in 
the ultra-relativistic case equality of momenta implies equality of velocities, and to 
this accuracy, in the centre-of-mass system, for back-scattering, \ e = —\ tL = — v' g = 
v^, so that (137.1) is zero. 

If the scattering process considered corresponds to the s channel of the reaction, 
in the t channel it becomes the conversion of an electron-positron pair into a ja V 
pair. In this channel the condition 6 = tt signifies that the directions of motion of e~ 
and (and of e + and n + ) coincide. The elimination of the bremsstrahlung in this 
channel is particularly clear, since the direction of motion of the charge of each 
sign is unchanged. 

The cancelling of the leading terms in the emission cross-section has the result 
that its asymptotic form does not contain double-logarithmic corrections. Cor¬ 
respondingly, there is (with the same double-logarithmic accuracy) no infra-red 
divergence even on integration over the momenta of the virtual photons in the 
scattering amplitude. 

If the process is described by means of the invariants 

S=(Pe+ P^f, t = (p e -p'ef, U = (p e ~ ptf, 

the values corresponding to back-scattering in the ultra-relativistic case are 

s=-t>ml , w — 0. (137.2) 

In the first approximation (with respect to a) of perturbation theory, electron- 
muon scattering is represented by the diagram 


p e ' 


p ; 


---Pc 

I 

tPe-Pc 

I 

J ---Pf 


The corresponding amplitude is 

Mf = (u w 'y l 'u (li) )(u ,e), y„u (e) ). 


(137.3) 


(137.4) 


The value of this expression in the limit (137.2) is obtained by replacing the matrix 
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4-vector y v by its “projection” yi on a plane perpendicular to the p e p' e plane (or, 
equivalently, the p^p^ plane, since in ultra-relativistic back-scattering p e — p^ and 
Pe ~ P/li)- the components parallel to the p e p' e plane are the matrices 

(yPe + yp 9, ^ ('yp* - yv 9 

(the first being equal to y° and the second to n e • 7 , with n e a unit vector along p g ), 
and on using Dirac’s equations for the bispinors u (e) and u (tl \ we have 

(u^ )f ylu^)(u {e)f y 4 u (e) )~lls, 

so that these terms may be omitted. 

In the next approximation we add the diagram 


r 1 » 

f -P^ tPe-f 


and a diagram with the photon lines “crossed”, which is conveniently taken in a 
form which differs from (137.5) only as regards the direction of one of the 
continuous lines: 


Pe 

(137.5) 

•Pf 


Pe - —,-—-.- Pe 

fPe^ f 

I I 

P F -■-1-—-1-—-p^ 

P/l-Pe+f 


(137.6) 


An analysis of the corresponding integrals shows that in both diagrams we have 
double-logarithmic contributions from the regions of “soft” virtual photons: \(J— 
Pe) 2 \<m 2 e or \(J - p' e ) 2 \ < m\. These contributions arise from the infra-red diver¬ 
gences of the integrals and, according to the foregoing discussion, must certainly 
cancel here. In the diagram (137.6), however, there is a double-logarithmic con¬ 
tribution also from large momenta: \f 2 \>ml, and this contribution must be cal¬ 
culated. 

The diagram (137.6) corresponds to the integral 



[u (e), y , ’(yf + me)yxu {e) ][u (>l) 'y\yf 4- mj y v u w ] 
(Pe - /) 2 (/ 2 - m 2 e )(f 2 - m l)(p e - f) 2 


d 4 f, 


(137.7) 


where we we have already used the fact that p e * p^. We again put 


f=up e + vp' e + f ± 


(137.8) 


(cf. (135.13)). The double-logarithmic contribution comes from the range defined by 
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\su\, |su| > p > ml, } 

2/ | | |^i (137.9) 

mjs < \u\, \v\< 1, J 

where p = -fl. The 4-vector f L is defined so that f L p e = f ± p f e = 0; in the present case 
of back-scattering, it follows that fl = 0 in the centre-of-mass system, and so p = fi. 

In the numerator in (137.7) we can neglect m e and m^, as well as all terms 
containing u or v; the factors u and v there would cancel the corresponding poles 
in the denominator (see below), and so the required squares of logarithms would 
not occur. Since 


(P e /) 2 ~ tU « - SU, ( p e -f ) 2 ^ - SUV-p, 

we can transform the element of integration d 4 f in accordance with (135.16) and 
rewrite (137.7) as 


-g, 


/ 


[M (c N y (y/i)yxii (c) ][ii (/l)y y A (y/i)y y ii (/l) ] 
sw • sv(suv - p + iO) 2 


s du dv d 2 f L 


The numerator in the integrand is further transformed by averaging over the 
directions of f ± and replacing y v and y k by yi and yi (on the same principle as in 
(137.4)). A simple calculation gives 


Mf = M}p/ (1) , 

ia f p du dv dp 
47 r 2 J uv (suv - p + iO) 2 * 


(137.10) 


Finally, using in the numerator the identity p = (p - suv) + suv, we can omit the 
second term, which would cancel simple poles and therefore give no double- 
logarithmic contribution. Thus 


ia f du dv dp 
47r 2 J uv (p - suv - iO)' 


(137.11) 


This integral has the same form as (135.20), and the integration over dp can 
therefore be performed in the same manner, but since now p>m\ we have the 
condition suv > ml instead of suv > 0. The result is 


wj)_ a f du dv 

J = 2tt J uv 


(137.12) 


the range of integration being defined by the inequalities 

mils <u,v< 1, suv > ml; 

in the calculation with logarithmic accuracy, the strong inequalities > are replaced 
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by > simply. A straightforward calculation gives 


J (l) = -^log 2 -^- (137.13) 

47r 

In the higher approximations of perturbation theory, the desired terms 
~a n log 2n s arise from “ladder” diagrams similar to (137.6) but with a larger number 
of “rungs”. The complete double-logarithmic asymptotic form of the scattering 
amplitude is therefore given by the infinite sum 


! + ! ! + | ! j +~ (137.14) 

■ 1 — pa » 1 * 1 « — j - 1 - 


To determine the general form of the terms in this sum, let us consider the 
diagram for the third approximation (the third term in the series (137.14)). The 
corresponding integral may be written 


Mf = m}! } / (2) , 


J (2) = 


_a_\ 2 f du\ dv i du 2 dv 2 

,27 t) J U\V\(u\+ u 2 )(vi + v 2 y 


(137.15) 


with the range of integration 


mis < u u , v h2 < 1, su,\V\, su 2 v 2 > m 2 . 


The double-logarithmic term in this integral can be separated by applying to the 
variables of integration the further conditions 


Then 


V 2 >V \, U 2 > U 1 . 


(137.16) 




du\dv\du 2 dv 2 

U\U 2 V\V 2 

dt ;i dr/i d& dr/ 2 , 


where £ = log(sn,/m 2 ), tj, = -log v h and the range of integration is defined by the 
inequalities 

£\>Vu &>yi 2 , cr>£s T]2>0, or = log(s/m 2 ). 

Similarly, the nth term of the series can be written as M)f = M}P/ (n) , where 


j (n V) = fe)" / d ^ dr)i • • • d|ndT, ‘ 


( 137 . 17 ) 
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with the range of integration 

& > Vi (i = 1, 2,..., n), a > (•„, r) n >0. (137.18) 

The total scattering amplitude is 

M/i = Mf [l + 2 J°V)]. (137.19) 

To calculate this sum, we use auxiliary functions A (n) (£, tj), given by the same 
integrals (137.17) but with ranges of integration 

6>T)j(i = l,2,...,n), £>&> 0, tj > Tf n > 0 (137.20) 

(i.e. with different limits of integration with respect to and tj„, instead of uniform 
limits as in (137.18)). It is evident that M fi = A(cr, <r), where 


A(fc tj) = t tj), A <0) = 1. (137.21) 

n= 0 

The definition of the functions A (n) (£, tj) shows that they satisfy the recurrence 
relations 


A ( ">(fc T i) = £f VO, 

and summation of this equation with respect to n from 1 to <*> gives an integral equation 
for the function A(£, tj): 


A(& tj) = 1 J A(£i, 7] i) dgtdrjt, 

|l > Vb €>il>0, T)>T)1>0. 


(137.22) 


For the subsequent analysis it will be sufficient to consider A(£, 17 ) in the range 
| > rj. Then equation (137.22) can be written 


v £ 


A(|, T))=l+^J J A(ij h 171 ) dr),. 


(137.23) 


0 TJ! 

Differentiating this with respect to tj, we have 

M(6 




(137.24) 


QE4 - OO 
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and a further differentiation with respect to £ gives the differential equation 


d 2 A 
dr) d£ 


a 

2tt 


A = 0. 


This has to be solved with the boundary conditions 


(137.25) 


A(g, 0)=1, [dAldr) = 0, 137.26) 

which follow immediately from (137.23) and (137.24). 

The solution can be found by means of a Laplace transformation with respect 
to 

A(g, T,) = 2L | Q(p, V) dp, (137.27) 

c 


where the contour C in the complex p -plane is a closed curve around the point 
p = 0. Substituting (137.27) in (137.25) and equating the integrand to zero, we have 

pf^ = ^Q, Q = <t>(p)e ari,2 ” p , 

with 4>(p ) an arbitrary function. The first boundary condition (137.26) now gives 

<Mp) = ^ + 'Mp), 

with if/(p) an analytic function, having no singularity within C. The second 
condition (137.26) can be satisfied by putting if/(p) = -lirpla: then 




d_ 

dp 


e t(p+al2?rp) dp = Q 


Combination of these expressions with £ = r) = a gives 


A(cr, a) = 


i 2tt r 
2rri aa J 


P 


d_ 

dp 


e *(p+al2TTp) dp 


c 

Finally, integrating by parts and using the familiar formula 


c 

(where Ji(z) = -iJi(iz) is the Bessel function with imaginary argument), we find the 
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M< 




(137.28) 


The cross-section for scattering through 0 = it is correspondingly 


da = d<r (1) 


27T 


a lo g (slml) 
da {x) = {lira 2 Is 2 ) dt 


lUJ— log A 

\ v 7 r mi. 


(137.29) 


being the cross-section in the Born approximation in the ultra-relativistic case (see 
§81, Problem 6).t 


t References to further literature on double-logarithmic asymptotic forms are given in the review 
article by V. G. Gorshkov, Soviet Physics Uspekhi 16, 322. 1973. 
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ELECTRODYNAMICS OF HADRONS 


§ 138. Electromagnetic form factors of hadrons 

So far , we have been discussing in this book the quantum electrodynamics of 
particles not capable of strong interactions (electrons, positrons and muons). There 
are also many particles known as hadrons ,t which take part in strong interactions. 
These include, for example, protons and neutrons with spin pions with spin zero, 
and other particles. Atomic nuclei, which consist of protons and neutrons, are of 
course hadrons also. 

Present-day theory does not enable us to derive a complete electrodynamics of 
hadrons. It is clearly impossible to set up equations which determine the elec¬ 
tromagnetic interactions of hadrons without taking account of the considerably 
more powerful strong interactions. In particular, the latter must be included in 
order to obtain the explicit form of the hadron current, in order to describe the 
interactions in quantum electrodynamics. The hadron current will therefore be 
introduced as a phenomenological quantity whose structure is determined only by 
the general kinematic requirements independent of any assumption about the 
dynamics of the inter action s.t 

The electromagnetic interaction operator will again have the form 

e(JA), (138.1) 

where the current is now denoted by the capital letter J to distinguish it from the 
electron current j. Since the order of magnitude of this interaction is specified by 
the same elementary charge e , we can again use the methods of perturbation 
theory. § 

Let us first establish the form of the transition current between two states of a 
hadron in free motion (without any transformation of the hadron itself). This 
current occurs in the three-ended diagram 

I 

♦q 


J>2 


*Pj 


(138.2) 


t From the Greek hadros, “large, massive”. 

$ Topics of hadron electrodynamics which involve the quark model will not be discussed in this 
book. 

§ In this chapter, e (>0) denotes the unit charge. 
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which itself may be part of a more complex diagram (for example, that for elastic 
electron scattering by a hadron). The broken line in the diagram (138.2) represents a 
virtual photon; it cannot correspond to a real photon, since a free particle cannot 
absorb (or emit) such a photon; and 


q 2 = (P2-Pi) 2 <o. 


If we take first a hadron with spin zero, let U\ and u 2 be the wave amplitudes of 
the initial and final states of the hadron, in which its 4-momenta are pi and p 2 ; for a 
spin-zero particle these amplitudes are scalars (or pseudoscalars).t The hadron 
transition current J fi between these two states must be bilinear in U\ and u f. We 
can write it 


J fi = u1Tu x , (138.3) 

where the 4-vector T is an unknown vertex operator (the circle in the diagram 
(138.2)). If we put Mj = u 2 = 1, then J fi = T. 

The conservation of current is a universal property in electrodynamics, due to 
the gauge invariance of the theory. In the momentum representation, it is expressed 
by the orthogonality of the transition current and the photon 4-momentum q = 
P2~ Pi- 

qj fl — 0. (138.4) 

Here, this means that T must have the form 

T = PF(q\ (138.5) 

where P = p { + p 2 and F(q 2 ) is a scalar function of q 2 , which is the only invariant 
independent variable. Since the type of hadron is unchanged by the transition, 
Pi = Pi = M 2 , where M is the mass of the hadron, and hence Pq = 0. 

The matrix elements (138.3) with T given by (138.5), and therefore the operator 
J , are true 4-vectors. The interaction operator (138.1) is consequently a true scalar. 
Thus the electromagnetic interaction of spin-zero hadrons is necessarily P -in¬ 
variant. It is also T-invariant. Time reversal interchanges the initial and final 
4-momenta, leaving the sum P = pi + p 2 unaltered, and changes the sign of the 
space components of the 4-momenta but not the time components. This is also the 
way in which the components of the 4-potential A are transformed, so that the 
product JA is unaltered. 

The invariant function F(q 2 ) is called the electromagnetic form factor of the 
hadron. The explicit form of this quantity cannot, of course, be established in a 
phenomenological theory, but it is real (in the region q 2 <0 at present under 
consideration), as follows from the same arguments as were used in §116 for the 

t The plane wave is written in the form i //= [m/V( 2e)]e~ ipx . The normalization to one particle per 
unit volume corresponds (for spin-zero particles) to the normalization of the scalar by u*u = 1, and we 
can take simply u = 1 (§10). In the following we define the transition current with respect to the 
amplitudes u\, m, in accordance with the notation used in §64. 
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electron form factors: when q 2 <0 , there are no intermediate states which could 
appear on the right-hand side of the unitarity relation, and so the matrix M fi (and 
therefore J fi ) is Hermitian. 

If q = 0, the initial and final states are the same, and J fi becomes a diagonal 
matrix element. In particular, = eF( 0) is the charge density, which is 

equal to the total charge Ze of the particle because of the normalization to one 
particle per unit volume. 

For an electrically neutral particle, F(0) = 0, but it must be emphasized that this 
does not imply a strictly neutral particle. If a particle is strictly neutral and has a 
definite charge parity, F(q 2 ) = 0 for all q 2 ; since the current operator is charge-odd 
(§13), its matrix elements between two states of the same hadron are zero.t 

Let us now go on to hadrons with spin 2 . In this case the wave amplitudes u u u 2 
are bispinors, and the hadron current is 

Jfi = u 2 Tui. (138.6) 

From the bilinear combinations of u 2 and u\ and the 4-vectors p i and p 2 , both true 
4-vectors and pseudovectors (satisfying the condition (138.4)) can be constructed. 
Hence the condition of P invariance of the interaction is not necessarily satisfied, 
and must be imposed separately.4 As has been shown in §116, under this condition 
the vertex operator contains two independent and (if q 2 < 0) real form factors. We 
shall now write it as 

R = 2M(F e -F m )P + F mT ' i 

= (4 M 2 F e - q 2 F m ) (F e - F m )cr^, (138.7) 

where F e (q 2 ) and F m (q 2 ) are invariant form factors (M being the mass of the 
hadron). It is easily seen from the equation P 2 + q 2 = 4M 2 and (116.5) that the three 
expressions in (138.7) are equivalents 


t This does not, of course, mean that such a hadron has no interaction with an electromagnetic field. 
The product of two current operations, J(x)J(x'), is charge-even, and its matrix elements are non-zero 
for transitions between states having the same charge parity. Thus a strictly neutral hadron can scatter a 
photon or simultaneously emit two photons, i.e. can take part in processes of a higher order in a. 

£ We shall not consider possible violations of parity conservation in electromagnetic interactions in 
consequence of virtual weak interactions. 

§ The convenience of defining the form factors as in (138.7) (R. Sachs, 1962) will be shown below. In 
the literature, use is also made of form factors F\ and F 2 defined similarly to / and g in (116.6): 


T^ : 




These are related to F e and F m by 

Fe = F, + F 2 q 2 l4M\ F m = F, + F 2 . 
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The electromagnetic form factors are among the invariant amplitudes defined in 
§70. They may be regarded as the amplitudes of a “reaction” which is (in its 
annihilation channel) the decay of a virtual photon into a hadron and an antihadron. 
The virtual photon is a “particle” with spin 1. The fact that its decay into two 
particles with spin \ must be described by two independent amplitudes is easily 
seen by calculating the corresponding helicity amplitudes (Af,A c |S J |A a ) (see §69): the 
P invariance means that the four non-zero elements of the S-matrix must be equal 
in pairs: 


<H|s 1 |i> = <-i-i|s 1 |-D, 

<i-i|s 1 |o> = <-^|s 1 |o>. 

The requirement of T invariance (or C invariance in the annihilation channel) 
imposes no further relations between these elements. This is connected with the 
fact that the interaction described by the vertex operator (138.7) is necessarily 
T -invariant also (but this does not apply for particles with higher spins). 

When q -»0, the terms of zero and first order (in q ) in (138.7) are 

r* = Fe( Ob'* - 2 ^ [F m (0) - F e (Q)]a^q„. (138.8) 

Hence it follows (see §116) that F e (0) = Z is the electric charge of the particle (in 
units of e ), and F m (0) - F e ( 0) is its anomalous magnetic moment (in units of e/2M).t 

So far we have used only form factors in momentum space. This is, of course, 
sufficient to describe the observed phenomena. Purely as an illustration, however, 
we shall give a somewhat more intuitive interpretation of the form factors, 
regarding them as the Fourier transforms of certain functions of the coordinates. 
To do this, it is convenient to take a frame of reference in which P = p t + p 2 = 0 
(called the Breit frame); this is always possible, since p 2 > 4M 2 > 0. In this frame, 
ei = e 2 =e, so that P° = 2e, and the components of the 4-vector q are q° = 0, 
q — 2 p 2 = ~ 2 pi. 

For a spin-zero hadron, the transition current in the Breit frame has a particularly 
simple form: 


Jfi/2e = F(-q 2 ), J = 0. 

From this we see that F(-q 2 ) may be interpreted as the Fourier transform of a 
static distribution of charges with density 

«p(r) = e / F(~q 2 ) e i,r d 3 q. (138.9) 

In this sense, the particle is said to have a spatial electromagnetic structure: when 
F = constant = Z, we have p(r) = Z8(r), and the dependence of the form factor on q 

t For example, the proton has F e (0) = 1, F m (0) - F e (0) = 1.79; the neutron has F e (0) = 0, F m (0) = -1.91 
(the magnetic moment being entirely “anomalous”). 
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is interpreted as the difference between the charge distribution and a point charge. 
It must be stressed, however, that this interpretation is not to be taken literally. The 
function p(r) does not relate to any particular frame of reference, since there is a 
different frame for each value of q. 

The Breit frame is the same as the rest frame of the particle, and independent of 
q, only in the non-relativistic limit of small q 2 M 2 , when the change in the particle 
energy in scattering is negligible. The initial and final states of the particle are the 
same in this approximation, and so the transition current becomes a diagonal 
matrix element, with p(r) the actual spatial distribution of charges. For the 
elementary particles, however, the values of |q| for which the form factors vary 
considerably are only slightly less than M. In the non-relativistic limit for these 
particles, we can therefore replace F(-q 2 ) by F(0), i.e. regard the particle as a 
point. The situation is different for nuclei. The mass M of a nucleus is proportional 
to the number A of nucleons in it, and the typical value of |q| ~ 1/JR, i.e. is 
proportional to A -1/3 (JR being the radius of the nucleus). Hence, for sufficiently 
heavy nuclei, the typical q 2 <^M 2 , and so the non-relativistic treatment is per¬ 
missible throughout the significant range. Thus the concept of the electromagnetic 
structure of the nucleus becomes a quite definite one. 

For a spin -2 particle, (138.7) gives in the Breit frame 

J° fi = (F e - F m )™ (a 2 u,) + F m (a 2 y°u,) 

= F e (u 2 y°Ui), (138.10) 

Jfi = 2 ^F m iqX(u 2 Xu,), (138.11) 

where X is the three-dimensional spin operator (matrix) (21.21), and in (138.10) the 
equation 


e(u 2 y°U\) = M(u 2 Ui) 

has been used; this is easily verified by means of Dirac’s equations for u\ and u 2 
with pi = -p 2 . 

The time component of the transition current (138.10) differs from the 
expression for a “point particle” (an electron) by a factor F e (- q 2 ). We can therefore 
say that the form factor F e (called the electric form factor) describes the “spatial 
distribution of charge” in accordance with (138.9). 

Similarly, the three-dimensional vector (138.11) can be correlated with the 
“spatial distribution” of the current density ej(r) = curl p,(r), where 

Kr) = 2^2jF m (-q 2 ) e i - r d 3 q 

is the “magnetic moment density”. Thus the magnetic form factor F m may be 
interpreted as the magnetic moment spatial distribution density, of course with the 
same reservations as were expressed above with regard to the charge distribution. 
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F m includes both the “normal” Dirac magnetic moment and the “anomalous” 
magnetic moment specific to the hadron, the “density” of the latter corresponding 
to the difference F m - F e . 

It is reasonable to suppose that the singular points of the hadron electromag¬ 
netic form factors, like those of the electron form factors, occur at real positive 
values of the argument t = q 2 = -q 2 . From this we can derive certain conclusions 
as to the asymptotic behaviour of the distribution p(r) (and |x(r)) as r-» oo. The same 
transformation of the integral (138.9) as was applied in §114 to derive (114.4) from 
(114.3) gives the following result for large r: 


p(r) oc e K ° r , 


where kI is the abscissa of the first singularity of the form factor F(q 2 ); cf. the 
footnote to §114. If the nearest singularity is given by the threshold for the 
production of a pair of hadrons (each with mass M 0 ) by the virtual photon, then 
ko = 2M 0 . 


§ 139. Electron-hadron scattering 

The formulae derived in §138 can be applied to the elastic scattering of an 
electron by a hadron. Let the initial and final 4-momenta of the hadron be p h and 
ph , and those of the electron p e and p ' e ; then 


Pe F Ph PeFph. 


The process is represented by the diagram 



(139.1) 


(139.2) 


The emission of a virtual photon by the electron corresponds to the ordinary vertex 
operator y, and its absorption by the hadron corresponds to the operator T. 

Let us take the most interesting case, that of a hadron with spin \ (for example, 
the scattering of an electron by a proton or neutron). The diagram (139.2) cor¬ 
responds to the scattering amplitude 


Mf, = -4-n-e 2 (u’ e y»u e )(u’ h r ,*«/,); (139.3) 

in this chapter, the electron charge is —e. The calculation of the cross-section from 
this amplitude is essentially the same as the calculations in §81; the operator T is 
conveniently taken in the form of the first expression (138.7). 
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For the scattering of unpolarized particles, the result is 

. __ Tra 2 dt _ 

[s - (M + m) 2 ][s - (M - m) 2 ]t 2 (l - t/4M 2 ) 

x |f 2 [(s - u) 2 + (4M 2 - Of] - F 2 m [(s - h) 2 - (4M 2 - t)(4m 2 + t)]}, (139.4) 

where M is the hadron mass and m the electron mass, 

s = (Pe + Phf, t = q 2 = ( p e -p’ef, U = (p e ~p' h ) 2 , 

s + t + u = 2 m 2 + 2 M 2 . 

The following are some limiting cases. 

For the scattering of an electron by a heavy nucleus, an important case is that in 
which the momentum transfer |q| from the electron to the nucleus is small 
compared with the mass of the nucleus, but not small compared with 1 /JR (where R 
is the radius of the nucleus), so that the nucleus cannot be regarded as a point. In 
this case, the centre-of-mass system approximately coincides with the rest frame of 
the nucleus, the recoil of the nucleus may be neglected, and the electron energy is 
unchanged. Then 

— t = q 2 M 2 , 7r|df | = p \do' e , 

s — M 2 ~ M 2 — w ~ 2Me g , 

and formula (139.4) becomes 

do- = (4e 2 — q 2 )F 2 (—q 2 ). (139.5) 

4 

In this approximation, the cross-section has only the term containing the electric 
form factor, and (139.5) corresponds to formula (80.5), which applies to the 
scattering of an electron by a static charge distribution. 

In the scattering of an electron by a neutron at rest, in the same limiting case 
e e <M (where M is the mass of the neutron), the form factors can be replaced by 
their values for q = 0, since, as already mentioned, for a single nucleon the 
characteristic “radius” of the charge distribution is comparable with 1/M.t Since 
the neutron is electrically neutral, F e ( 0) = 0, and the cross-section becomes 

<kr - apt’ [— ’ > + l] 

- an’lcosec' Id + 1) doi (139.6) 

where ijl = (e/2M)F m (0) is the magnetic moment of the neutron and d is the 

t The empirical value of the r.m.s. “radius” of the nucleon is about 3.5/M ~ ll2m v (where is the 
pion mass). 
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scattering angle. This formula corresponds to the scattering of an electron by a 
point magnetic moment at rest. 

Finally, we shall give the cross-section for the scattering of an ultra-relativistic 
electron by a nucleon, with |q| > m. As before, q 2 denotes the square of the 
momentum transfer in the centre-of-mass system, and hence the invariant t = -q 2 . 
In the rest frame of the original nucleon (the laboratory system), we have 


- t ^2 (p e Pe) = 2e e ee(l - cos d), 

where e e and e' e are the initial and final energies of the electron, and d is the 
scattering angle in this system. In the ultra-relativistic case, e' e is related to d by the 
same formula as in the scattering of a photon (cf. (86.8)): 


e'e 


z = s< 1 - cos ®>- 


Hence 


4e 2 sin 2 yd 
1 + (2eJM) sin* id’ 


(139.7) 


Trd\t\ = 


_ e 2 e do'e 

[1 + (2eJM) sin 2 \ xl] 2 ’ 


(139.8) 


where do' e = 2 tt sin ddd. In formula (139.4), we can everywhere omit the electron 
mass m; expressing all quantities in terms of t and s - M 2 = 2Me g , we have 




(4 Me e +1) 2 
4M 2 - t 


+ t 


1 f (4 Ms e + Q 2 

4 M 2 -t 


4 M 


?Fm(t) P 


-']}• 


(139.9) 


or, using (139.7) and (139.8), 


, , , a 2 cos 2 | -d 

da = do - 


1 


4e 2 sin 4 1 + (2 eJM) sinT^ 


F 2 -(t/4M 2 )F 2 t 




t/4M 2 


2M' 


F ™ tan 2 




(139.10) 


(M. N. Rosenbluth, 1950). 

Note that the form factors F e and F m contribute independently to the cross- 
section, and there are no interference terms between them. This shows that the 
form factors have been appropriately chosen. 



632 


Electrodynamics of Hadrons 
PROBLEM 


§140 


Find the cross-section for scattering of an electron by a hadron with spin zero. 
Solution. Using (138.5), we have instead of (139.3) 

4ire 2 


M f , = --^-<u'e(yP„)u e )F(q 2 ). 


The cross-section is found to be 


= w 2 d([(s-«) 2 + (4M 2 -On F 2 m 

[s - (M + m) 2 ][s - (M - m) 2 ]( 2 K 
with the same notation as in (139.4). When |t| S> m 2 , 

, _ a 2 cos 2 2 $ F 2 (t) 

(l(T — do e~i — 7 —;— 4 ”! ■“ ~' -— : — TTTT 

4£e Sin 2$ 1 + (2 £e/M) Sin 2$ 


with the same notation as in (139.10). 


§ 140. The low-energy theorem for bremsstrahlung 

In §98 we have investigated the emission of a photon in a collision of particles, 
in the limit of zero photon frequency, and found that the amplitude of the process 
is inversely proportional to co and can be simply expressed in terms of the 
amplitude for the same collision without emission of a soft photon; the latter will 
again be conventionally referred to below as the amplitude for “elastic” scattering 
and denoted by In the next approximation with respect to w, 

M fi = M\j l) + M ( H\ (140.1) 

where a correction term independent of w (w 0 ) has been added to the principal 
term (oc a) -1 ). We shall see that this correction term also, like the principal term, 
can be expressed in terms of M ( f f\ and that this is true whatever the detailed 
electromagnetic structure of the hadron. This result is called the low-energy 
theorem for bremsstrahlung (F. E. Low, 1958). 

We have seen in §98 that the main contribution to the amplitude for emission of 
a soft photon (corresponding to the first term in (140.1)) arises from diagrams in 
which the photon is emitted by the initial or final particle. These are diagrams of 
the form 



(140.2) 
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(140.3) 


where the photon line comes from the internal parts of the diagram. A charac¬ 
teristic feature of the diagrams (140.2) is that they can be divided into two parts by 
cutting only one (initial or final) virtual-hadron line. Thus they illustrate an 
important property: there exists a one-particle intermediate state with one hadron. 
We have seen in §79 that, because of the unitarity conditions, this property 
necessarily causes a pole singularity of the amplitude. 

Let us assume for simplicity that only one (denoted by the subscript 1) of two 
colliding hadrons has an electric charge and therefore can radiate, and that neither 
hadron has any spin. The wave amplitudes u of such hadrons are scalars, which 
will be taken as unity. Then the contribution of the pole part of the diagram 
(140.2a) to the amplitude is 


iMf = V(4ir)e*(2pf - k*) eF 


1 

(Pi -kf-M 2 


»T. 


(140.4) 


The first factor corresponds to the photon k ( e^ being its polarization 4-vector). The 
second factor corresponds to the electromagnetic hadron vertex (the black dot in 
the diagram), and is written in the form (138.5), with F the hadron form factor. The 
third factor is the propagator of the virtual hadron p\~k (M being its mass). 
Finally, the factor iT denotes the whole remaining section. This differs from the 
amplitude of the elastic process 



(140.5) 


in that the real hadron p\ is replaced by the virtual hadron p\-k. 

The first few terms in the expansion of (140.4) in powers of o) include (1) terms 
inversely proportional to w, (2) terms independent of a) but depending on the 
direction of k, (3) terms independent of both co and k. The terms of the third kind 
only are given also by non-singular diagrams of the type (140.3), which do not have 
a pole singularity, and by the non-pole parts of the diagrams (140.2). We shall see 
that all such terms of this sort are jointly and unambiguously given by the terms of 
the first and second kinds when the condition of gauge invariance is applied, so that 
no separate calculation of these terms is necessary. 

The amplitude of the elastic process (140.5) depends only on two invariants: 

s = (Pl + P 2 ) 2 = (Pi + P 2 ) 2 , 
t = (P 2 P 2 ) 2 * 


(140.6) 
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The replacement of p x by p x - k not only changes s into (p x - k + p 2 ) 2 but also brings 
in a dependence on a further variable, 

(p x - k) 2 - M 2 = - 2p x k, 


which represents the “non-physicalness” of the momentum p x -k. But the first 
term in the expansion in powers of this new variable (a small quantity) already 
eliminates the singularity in the amplitude (140.4), and therefore can yield in this 
amplitude only terms independent of k, which according to the foregoing discussion 
are not yet relevant. Thus we reach the important conclusion that T in (140.4) can 
be replaced by the physical amplitude M}f } (s, t ) with the change 


s ->■ (Pi + P 2 - k 2 ) = s - 2k(pi + p 2 ). 


(140.7) 


The first terms in its expansion are given by 

r -> M}f(s, t) - 2(kp x + kp 2 )(dMflds) t . 

For a similar reason, it is unimportant that the electromagnetic form factor F 
here relates to a vertex at which only one of the two external hadron lines (pi and 
Pi - k) is physical. The form factor can therefore be replaced by the one described 
in §138, for a vertex with two physical external lines; since the photon k is then a 
real photon, we have F(k 2 ) = F(0) = Z u where eZ\ is the hadron charge. 

Thus (140.4) gives 

Mf = Z,eV(4ir) - Z,eV(4ir) 2 (e*p,) 2 (p 2 k) +■■■, (140.8) 


where the dots represent terms independent of k (whereas the second term in 
(140.8) depends on the direction of k). Similarly, we find that the contribution to M fi 
from the diagram (140.2b) differs from (140.8) in that p u p 2 and k are replaced by 
pi, p 2 and -k. The leading term in the expansion is the already familiar expression 
(cf. (98.5)) 


Mjf 1} = Z x e 




(140.9) 


The terms independent of k can be found from the condition for the amplitude 
as a whole to be gauge-invariant: it must be unaffected by the change e*->e* + 
constant x k, i.e. must have the form M fi = with kj* =0. It is easy to see 
that, for this to be so, we must add to (140.8) the term independent of k 

-2ZieV(47r)(p 2 e*), 


and similarly for the diagram (140.2b). The final result is 

M(? - 2ZieV(4n)e* [pf p! +„!' Pi'] 


(140.10) 
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The problem can be solved by means of this formula, which may be more 
compactly written by using the identity 

2 p 2 ”fc) t = (aFr) Pi . P2 . Pi 

and similarly for d/dpj, and the differential operators 

a _ Ply uv d_ d _ 

(ptk) dp \ dpt 

and similarly for d[^ Then 

Mf = Zi«V( 4 ir) e*(dt + df) Mf 

The cross-section is given by |M/i| 2 ; to the appropriate accuracy, 

|M/,-| 2 = + 2 re (140.13) 

The second term gives the required correction to the emission cross-section. 
Summation over the polarizations of the photon gives as the value of this cor¬ 
rection 


(140.11) 


(140.12) 


-4ir(Zie) 2 (dl + lWMf | 2 . (140.14) 

Thus the correction to the emission cross-section is expressed in terms of the 
cross-section for the elastic process and its derivative with respect to s. 

If the charged hadron has spin i the calculations are unchanged in principle; 
only the specific form of the vertices and propagators is altered. It is found that 
formula (140.14) remains valid after averaging over the polarizations of the hadrons 
and the photon (T. H. Burnett and N. M. Kroll, 1968). 


§141. The low-energy theorem for photon-hadron scattering 

In the limit of low frequencies, the cross-section for the scattering of a photon 
by any charged particle at rest tends to its classical value given by Thomson’s 
formula. This limit corresponds to an amplitude independent of the photon 
frequency w, which we denote by It is found, however, that not only the first 
term in the expansion of the amplitude in powers of co, 

M fi = Mf + M? i ) . (141.1) 

but also the next term (M (1) ~ co), are independent of the specific electromagnetic 
structure of the hadron for photon scattering, as well as for the bremsstrahlung 
discussed in §140 (F. E. Low, 1954; M. Gell-Mann and M. L. Goldberger, 1954). 
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This process is represented by diagrams of three types: 



\ / 
\ / 


/k' k' 


P' 



(141.2) 


of which the first two again have a one-particle intermediate state, and therefore a 
pole singularity. 

The analysis and the principle of the calculations are the same as in §140. In 
practice, we need only determine the contribution from the pole parts of the 
diagrams (141.2a) and (141.2b), expressing their electromagnetic vertices in terms 
of the static form factors (the charge Ze and the anomalous magnetic moment ji an ), 
as in (140.15). 

Unlike the bremsstrahlung case, however, the corrections to the Compton- 
effect cross-section are important only for particles that have spin. This is because, 
for bremsstrahlung, as well as the spin-dependent corrections, there are corrections 
arising from the energy dependence of the amplitude of the “elastic” process. In 
photon scattering, this amplitude is replaced by form factors which, for “physical 
external lines”, are constants independent of the energy, and therefore the cor- 
reactions arise only from the magnetic moment, which is zero for spinless particles. 
We shall discuss the scattering of a photon by a spin -2 hadron. 

If Mfi denotes the contribution of the pole diagrams to the scattering amplitude, 
then (cf. (86.3), (86.4)) 

Mfi = -47 T(Ze) 2 e^e v (UQ^u) 9 (141.3) 

where 


Q" = (7 m + {r _ s ,) + (y - _ s") yp--. 7 k ^- 2 M iy » + S '»), 

s = (p + k) 2 = (p' + k') 2 , u = (p-k') 2 = (p’-k) 2 . 


(141.4) 


and for brevity we have put 


fintr^h = ZeS», Man o^ki = ZcS'\ (141.5) 

By interchanging the operators yp + M and using the equations u'(yp' - M) = 
(yp — M)u = 0, we can transform (141.4) to 


= \ ( * . ™ dvk)y''+2p* y’(yk)-2p" 
w ’ 2 pk 2p'k 



y^yk') + 2p'^ g„ y»(yk')-2 P n 

2p'k' * 2 pk’ J 

yp + yk + M _ yp -yk' + M 
2pk * * 2 pk' 


(141.6) 
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This form, and the corresponding one with k and k' interchanged, clearly show that 
(141.3) is gauge-invariant; the relevant condition is 

K{u' Q» v u) = ( u’Q» v u)k v = 0, (141.7) 

in verifying which it must be remembered that ( yk)(yk ) = 0, kS = k’S f = 0. 

Since the pole part of the scattering amplitude is thus gauge-invariant by itself, 
so must be the regular part of the amplitude (which includes the contribution of the 
diagram (141.2c)). Hence in turn it follows that the expansion of this part in powers 
of k and k' must begin with quadratic terms; cf. the similar comment relating to the 
condition (127.5). That is, the regular part of the amplitude includes only terms 
starting with those proportional to coco'-co 2 , and makes no contribution to the 
terms concerned here, which are proportional to oj° and a) 1 . These are therefore 
included in (141.3). 

To calculate the terms in question, we use the laboratory system, in which the 
initial hadron is at rest. For the photons, we take a three-dimensionally transverse 
gauge, in which e () = el) = 0. Then pe = 0, pV* ~ |p'| ~ oj, and from (141.6) it is 
obvious that the leading terms in the expansion of M fi will be proportional to co°, 
and that the terms in /x an will contribute only to the oj 1 terms. 

The wave amplitudes of the initial and final hadrons in the laboratory system 
are, with the necessary accuracy, 

u = V(2M) ^), u' = V(2M) [ w '*>~f^(k-k') • crj, 

where w and w' are three-dimensional spinors. 

A straightforward calculation gives the result 

Mf = -Si r(Ze) 2 (e'* • e)(w'* w), (141.8) 

Mf = - 16t riM/x 2 n w(w'* aw) • (n' x e'*) x (n x e) - 

- 4iriZeix^ n a)(w ,:¥ aw) • {n(n x e • e'*) + 

+ (n x e)n • e'* - n'(n' x e'* • e) - 

- (n' x e'*)n • e - 2e'* x e}, (141.9) 

where n = k/co, n' = k'/co'. 

The scattering cross-section is 

<14U0) 

see (64.19). For scattering by a charged particle, both and Mff are non-zero. 
The accuracy used allows us to retain in |M/i| 2 the terms |M^ } | 2 and re(M^ ) M/| ) *). 
The first of these gives the Thomson scattering. The second becomes zero on 
averaging over the polarizations of the photons and hadrons. In scattering by a 


QE4 - PP 
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charged hadron, therefore, the corrections under consideration occur only in the 
polarization effects. 

For scattering by an electrically neutral hadron, Mj? } = 0 and the cross-section is 
determined by |M}j } | 2 . After averaging over the polarizations of the final particles 
and summing over those of the initial particles, it is (in ordinary units) 

= + (141.11) 

where is the photon scattering angle and the anomalous magnetic moment is 
equal to the total moment \x. The angle dependence of this cross-section is the 
same as for antisymmetric scattering (see §60, Problem 2). 

§ 142. Multipole moments of hadrons 

Let us now consider the transition current corresponding to a diagram of the 
same kind as (138.2): 

lk 

i 

4 

(142.1) 

but with the lines p\ and p 2 pertaining to different particles (masses Mi and M 2 ); the 
photon line k = p\-p 2 will be more conveniently represented here as leaving the 
vertex. The photon may be either virtual or real, the only necessary condition being 
k 2 < (Mi - M 2 ) 2 , so that the value k 2 = 0 is permissible. Thus the applications of this 
diagram include, in particular, processes of photon emission in transformations of 
nuclei as well as other particles (for nuclei, the initial and final particles are the 
same nucleus in different states). 

The most interesting case here is that in which the wavelength of the photon is 
large compared with the characteristic “dimensions” of the particle (i.e. those 
which appear in its form factors, equal to the “radius” in the case of a nucleus). 
Then the transition current can be expanded in powers of k.t 
Note first of all that we must have 

Jfi = 0 when k = 0, (142.2) 

since the limit k -»0 corresponds to a potential constant in space and time, but such 
a potential has no physical significance and cannot give rise to real processes. The 
same conclusion can be reached by a more formal argument: the currents discussed 
in §138 were non-zero for k = 0 on account of the terms proportional to the 
4-vector P = pi + p 2 , but when M } t* M 2 the product Pk^O, and such terms are 
therefore forbidden by the condition for the current to be transverse. 



f The following treatment is due to V. B. Berestetskii (1948). 
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§ 142 Multipole Moments of Hadrons 

This condition for the current J fi = (p fh J/,) is, in three-dimensional form, 

k • J/i = (op fi , (142.3) 

and can be satisfied in two ways: 

Jfi = cov(k, co), pfi = k • v(k, oj) (142.4) 

or 

J fi = kx a (k,o>), p fi = 0. (142.5) 

Here v is a polar vector and a an axial vector. The current is said to be of the 
electric and magnetic type respectively. According to (142.2), v and a are finite or 
zero when k, co -» 0. 

Let the photon energy co <M\. Then the recoil may be neglected, and the final 
particle M 2 also may be regarded as being at rest (in the rest frame of Mi); 
a) = M] - M 2 is given quantity. The states of the particles Mi and M 2 at rest are 
specified by three-dimensional spinors uq and w 2 of ranks 2si and 2s 2 , where si and 
s 2 are the spins of the particles. The transition current must be a bilinear com¬ 
bination of Wi and wf. From the products of the components of these spinors, we 
can form irreducible tensors with ranks l = si + s 2 ,..., \s { - s 2 |; for a given /, they 
are true tensors or pseudotensors according to the internal parities of the particles 
Mi and M 2 . Apart from these tensors, we have available only the vector k. In order 
to obtain the first term in the expansion of the current in powers of k, we must 
form from these quantities a vector of the lowest possible power of k. This is done 
by taking the tensor of lowest rank and contracting it / - 1 times with the vector k. 
This will give the polar vector v or the axial vector a. 

Let Qim be the spherical components of the tensor formed from the wave 
amplitudes of the particles. The spherical components of the tensor of rank l - 1 
formed from the components of k are \k\ l ~ l Yi-i, m (n), where n = klco. From the general 
rule for the addition of spherical tensors (see QM, (107.3)), the spherical components 
of the vector v may be written 




l-l 
A + m 


1 

-A 


Q/,-m Yj-ix+m (n), 


where A takes the values 0 and ±1; the choice of the common factor is explained 
below. Using formulae (7.16), we can express v in terms of spherical harmonic 
vectors: 

V = fl (21 -V)MV[ I K2|'+ 1)1 ? + l)YK(n) +VlYffi(n)]. (142.6) 

Substitution in (142.4) gives the El transition current: 

J fl = (21 ^ly.lVuai + 1)] ? C-l)'“ m QS. e) m [V0 + DYlftn) + VlYffi(n)], (142.7) 


(142.8) 
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|k| and oj are distinguished in each formula, with a view to possible applications to 
real photons and also virtual photons, for which the two quantities are not equal. 

In (142.7) and (142.8) it is assumed that the spherical tensor Q /m (here denoted 
by Q/m) is a true tensor. If it is a pseudotensor (denoted by Qffl), then (142.6) defines 
the pseudovector a, and substitution in (142.5) gives the Ml transition current: 

J/i = 1 ‘ (21- l)W/(2/ + l) l k l f ? (-1) ' . (142.9) 

p fi = 0. 

The quantities Q\]% and Q^ } are the hadron electric and magnetic multipole 
transition moments. Their role in hadron electrodynamics is exactly analogous to that 
of the corresponding quantities in electron electrodynamics. However, for electron 
systems these moments can in principle be calculated from the wave functions (as the 
matrix elements of the corresponding operators), whereas in hadron electrodynamics 
they occur as phenomenological quantities whose values are determined from 
experiment. 

The normalization of these quantities in (142.7)-(142.9) is chosen so as to agree 
with their definition in §46. This can be verified by regarding the currents (142.7)- 
(142.9) as Fourier components of the transition current in the coordinate represen¬ 
tation. For example, expanding the factor e~ lk r in the integral 

P/i (k) = f Pfi (r)e lk r d 3 x (142.10) 


by means of (46.3), we get 

P/i (k) = 4m 1 2 Y m (n) f P/i (r) Yt m (r/r)g,(|k|r) d 3 x. 

I, m J 

Retaining the term with the smallest value of l such that the integral is non-zero, 
and replacing g t (|k| r) for |k|r <11 by the first term in its expansion (46.5), we return 
to (142.9), with 

Q\m = / r l Pf.(r)Y lm (rlr)d 3 x, (142.11) 

in agreement with the definition (46.7). 

It can also be shown that, when applied to the emission of a real photon, the 
formulae derived above give results already known. The amplitude of a transition 
with emission of a photon having momentum k= con and polarization e = (0, e) is 

M /f = - e V(4ir)e* • J /f . (142.12) 

If the nucleus has definite values of the angular-momentum component Mi and M f 
in the initial and final states, only one term remains in each sum over m in 
(142.7)-(142.9), namely that with m=M/-M/. Since, from (16.23), the products 
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Y\% • e (A) * and • e (A) * (where A = ± 1 is the helicity of the photon, and e (A) ±n) are 
proportional to D[ m , we obtain again the formulae given in §48. 

The differential emission probability ist 

dw = 2 it8[(d - (Ei ~ E f )]\M fi \ 2 d 3 kl2(o(2Tr)\ (142.13) 

where E f and E f are the initial and final energies of the nucleus. The total 
probability is found by summation over the polarizations and integration over d 3 k. 
Substituting (142.7) or (142.9) in (142.12) and thence in (142.13), and performing the 
operations just mentioned, we again obtain (46.9) or (47.2). 

Formulae (142.7)-( 142.9) include all possible cases of the emission of a real 
photon. For virtual photons, there is another possible case which they do not 
include (R. H. Fowler, 1930). 

If the spins and parities of the initial and final states of the nucleus are the 
same, we can obtain from their wave amplitudes a scalar Q 0 , and from this a 
transition current of the form 

pfi = Qok 2 , J f i = Q 0 wk. (142.14) 

Qo is called the monopole (E0) transition moment. The corresponding transition 
amplitude for the emission of a real photon is zero, since e* • k = 0. The monopole 
current, however, may give rise to transitions involving the emission of a virtual 
photon. It is, moreover, the only such source when Si = s 2 = 0 and all the multipole 
moments are zero. 

The monopole current (142.14) is analogous to the electric quadrupole 
current as regards its dependence on oj and k. Accordingly, the moment Q 0 also is a 
quantity of the same order as the quadrupole moment. The same conclusion can be 
reached by regarding (142.14) as the Fourier components of the current in the 
coordinate representation. Using in (142.10) the expansion of e~ lk r in powers of 
k • r and assuming that p/,(r) is spherically symmetrical, we get 

P/i(k) = -|k 2 J p fi (r)r 2 d 3 x. 

Comparison with (142.14) shows that 

Qo= ~if p fi (r)r 2 d 3 x. (142.15) 

The similarity to the quadrupole moment is obvious. 


PROBLEMS 

Problem 1. Find the probability of ionization of an atom from the K shell because of the 
excitation energy co of the nucleus (called internal conversion of y-rays), in an Ml nuclear transition, 

t The factor 2rr8 in this formula, replacing (2 tt) 4 S (4) in (64.11), arises because momentum is not 
conserved when the recoil of the nucleus is neglected, and so only the conservation of energy remains. 
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neglecting the binding energy of the electron in the atom and the influence of the nuclear field on the 
wave functions of the nucleus.! 

Solution. The process is described by the diagram 



P 



P. 


( 1 ) 


where p i and p 2 pertain to the nucleus at rest in different states, and p = (m, 0) and p' = (m +a), p') are 
the 4-momenta of the initial and final electrons. This diagram corresponds to the amplitude 

Mfi = -e 2 ~r u(p')(yj fi )u(p), 

where Jy is the transition current of the nucleus. After summation over the final polarizations of the 
electron, and averaging over its initial polarizations, we get 

i \M„l 2 =e 4 ^{q 2 (J f Jf,) + 4(J fi p)(ff iP )}, 

using the fact that J fl q = 0 and therefore Jyp = Jyp'. The conversion probability is calculated from 

dWconv = 2|i//,(0)| 2 dcr) , 

\m /p^o 

where dcr is the cross-section for the scattering process represented by the diagram (1) with p = (e, p), 
and i//, is the wave function of the atomic electron; for a K electron |i//,(0)| 2 = (Zamflrr. The factor 2 
takes account of the two electrons in the K shell of the atom. The cross-section dcr is 

da = 2irHe + «-e')\M n \ 2 2]pl . % 2 «f 


cf. the last footnote. 

For Ml transitions, the current Jy must be taken from (142.9). The integration of dw conv over de' 
removes the delta function, and the integration over do ' replaces |Y}^ ) | 2 by unity. The conversion 
probability is thus expressed in terms of |Qi,-!n| 2 . But, according to (46.9), the probability w 7 for the 
spontaneous emission of a photon in the same nuclear transition can be expressed in terms of the same 
quantity. The final result is 


Wconv 

W 7 


= 2 a{Zaf™ 

(X) 



this ratio being called the conversion coefficient. 


Problem 2. The same as Problem 1, but for an El nuclear transition. 


Solution. By the same method, with the transition current given by (142.7) and (142.8), we obtain 


Wconv 

W 7 




f This approximation implies that the nuclear charge is small and the excitation energies to are 
sufficiently large (but 1/to is assumed large compared with the dimensions of the nucleus). In practice, 
the approximation is somewhat unsatisfactory, and a more precise calculation has to take into account 
the Coulomb field of the nucleus. 
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Problem 3. The same as Problem 1, but for a monopole nuclear transition. 
Solution. With the transition current given by (142.14), the result is 

/ ? m \ 3 ^ 2 

Wconv = 16a 2 (Za) 3 m V ( 1 |Qo| 2 . 

Since monopole emission of a photon is impossible, |Qo | 2 cannot be eliminated. 


§ 143. Inelastic electron-hadron scattering 

Elastic electron-hadron scattering has been discussed in §139. The problem of 
inelastic scattering may be formulated similarly. The only difference is that the final 
hadron state now corresponds to another hadron or several hadrons. The law of 
conservation of momentum (139.1) remains valid if ph denotes the 4-momentum of 
the final hadron or the total 4-momentum of the group of hadrons formed in the 
scattering process. We thus have now p' h 2 ^p\ — M 2 , where M is the mass of the 
initial hadron. 

With this difference, the inelastic scattering process is described by the same 
diagram (139.2). The lower vertex of the diagram is denoted by J fi as in §138. 
However, in contrast to (138.3) or (138.6), we shall not express the transition 
current in terms of the vertex operator and the amplitudes of the states, in order 
not to specify in advance the nature of the final hadron state. 

We can now write the scattering amplitude in a form analogous to (139.3): 

M fl = - rn 4 ” e *. 2 (u^u e )J? i; (143.1) 

\Pe P e) 

a similar amplitude has already been used in §142, Problem 1, where energy 
transfer to an electron was considered, and the amplitude has a similar structure in 
the problem of the excitation of nuclei by electrons. 

We shall assume that the initial electron energy is so high that many hadrons 
can be formed in the final state, and consider the “inclusive” cross-section, for 
which only the electron momentum in the final state is fixed, with summation over 
all the hadron states. This differential cross-section is written as follows, in 
accordance with the formulae of §64: 

da = Alible’, ? +P'»-Pe~P 31 | 2 . (143.2) 

The inclusive cross-section can depend only on three kinematic invariants, 
which may be determined by measurements on electrons only. The three invariants 
are 


t = q 2 = (Pe-Pe) 2 , S=(p e +p h ) 2 , (143.3) 


and p’h 2 . The need to include the third invariant arises because, in contrast to the 
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case of elastic scattering, p ' h 2 , the “mass” of the final hadron state, is now 
unspecified. Instead of it, however, another invariant is more convenient, namely 

v = qp h . (143.4) 

The relation between v and p ' h 2 follows from p' h = p h + q: 

Ph= M 2 + t + 2v. (143.5) 

If the initial hadron is stable (for instance, a proton), the rest energy of the final 
state exceeds M, i.e. p' h 2 ^M 2 , and from (143.5), since t < 0, we have 

(143.6) 

the equality occurring for elastic scattering. 

The kinematic invariants can be expressed in terms of the electron energies s e 
and s' e in the initial and final states and the scattering angle 6. We shall assume the 
electron to be ultra-relativistic ( e e > m, e' e > m), and neglect its mass. Then, in the 
rest frame of the initial hadron (the laboratory system), 

t = -4e e £e sin 2 ^ 0, v = M(e e - e' e ), s - M 2 = 2Me. (143.7) 

Substituting (143.1) in (143.2) and summing as usual over the electron polariza¬ 
tions, we obtain the scattering cross-section for unpolarized electrons, which we 
write as 


or 


where 


dcr = 


d 3 p’ e 


(q ) 2 (2 tt) • 8Me c e 




(143.8) 


_ a 2 dtdv 

~W) 2 4(p hPe y 




(143.9) 


wv„ = 4 p^p’e, - 2{p etl q v + p c ,q„) + q z g )lv , (143.10) 

W^ = ^(2rr) 4 S w (p' h -p h -q)JfiJh*- (143.11) 


The tensor W^ v of course depends essentially on the properties of the hadron 
currents, and in general we can only pose the problem of its phenomenological 
structure, similarly to the problem of hadron form factors. We first use the fact that 
the tensor structure of W* v must be determined only by the 4-vectors relating to 
the lower vertex of the diagram (139.2), i.e. p h and q. From these (and the metric 
tensor g^ v ) five independent tensors can be constructed. The requirement of 
invariance under time reversal means that the tensor must be symmetrical, and 
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there are four such. Lastly, the condition of current conservation, i.e. 

W» v q v = 0, - 0, 

reduces the number of independent tensors to two. These may be taken as 

T a, = _ gfm T © = (p^ _ vq j t )(p hv - vqjt), (143.12) 

and be written as 

W» v = 4 irMWtr™ + (4ir/M) W 2 t®. (143.13) 

Substituting (143.10) and (143.13) in (143.8), we put the cross-section in the form 
da = (W 2 + 2 Wx tan 2 l0)delda ch (143.14) 

where 


dcr ei = 


a 2 cos 2 ifl 
4s 2 sin 4 20 


do' 


is the cross-section for scattering of an ultra-relativistic electron in a Coulomb 
field; cf. (80.7). 

We see that the cross-section is determined by two structure functions which 
depend on the two invariants t and v. If the physics of hadrons at high energies 
does not contain characteristic quantities having the dimensions of mass (the 
hypothesis of scale invariance), we may expect that the structure functions 
depend, at high energies, on the only dimensionless parameter, t\v. Then the 
functions W i, W 2 must be functions of one variable: 

W x = ( Mlv)F { (tlv ), W 2 - ( Mlv)F 2 (tlv ); (143.15) 

the ratio M/v is independent of M. 


§ 144. Hadron formation from an electron-positron pair 

Let us now consider the transformation of an electron-positron pair into 
hadrons. We denote the 4-momenta of the electron and positron by p_ and p +, and 
the (total) 4-momentum of the hadrons formed by p h , with p_ + p+ = p h . The process 
is represented by the diagram 
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The lower vertex here corresponds to the transition current from the vacuum to a 
hadron state |n), which we denote by (n|J|0) as in §104. 

The diagram (144.1) corresponds to the scattering amplitude 

M„ = -(4'n-a/q 2 )M(-p+)7 fi M(P-)K<«|J’' 1 |°)- (144.2) 

We shall consider the total cross-section cr h for annihilation into hadrons, i.e. sum 

over all final states | n). Then, in accordance with (64.18), 

cr„ = -j 2 |M„| 2 (2tt) 4 S (4) (p„ - q), (144.3) 

where q = p + p+. The mass of the electron will henceforward be neglected; then 

q 2 = 2(p-p+), I = iq 2 - 

As in §143, we write the cross-section in the form 

a h = (4Tr) 2 w^WJ2t\ (144.4) 

where 

= a(p~q v + p2q» - 2p?p5 -IqV”), (144.5) 

^ = (2ir) 4 S <4) (p„ - q)(0| J„\n)(n | JjO) (144.6) 


and t = q 2 > 0. 

Note that t is the only kinematic invariant in this problem, with the three-ended 
diagram (144.1), and q is the only 4-vector on which W^ v can depend. Hence, by 
the requirement of current conservation, the tensor W^ v may be written 

^ = (144.7) 

where p h (t) is the only invariant function, depending on the properties of the 
hadron current and determining the annihilation cross-section. Substitution of 
(144.5)-( 144.7) in (144.4) gives 


a h =(4ir 2 alt 2 )p h (t). (144.8) 

Note that the function ph(t)= ~ 3 W£ is exactly the same as p(t) defined in 
(104.9) if the currents in the latter equation are taken to be hadron currents. 
Moreover, p(t ) is the spectral density of the self-energy function 11(0: 

im 11(0 = - Trp(t). 

In the lowest approximation with respect to a, which is being considered here, the 
function n is the same as the polarization operator ( 3 > . In this approximation, 
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therefore, ph(t ) is also the spectral density of the hadron contribution to the 
polarization operator: 


im &h(t) = —irph(t). (144.9) 

Using the dispersion relation (111.13) and expressing p h in terms of cr h by (144.8), 
we get 


0>h(O = 


f 2 f a h (t') df 

4ir 2 a J t'-t-iO’ 
0 


(144.10) 


which expresses the hadron contribution to the polarization of the vacuum in terms 
of the measured cross-section for annihilation into hadrons. 

Note that we could, in exactly the same way, solve the problem of electron- 
positron pair annihilation to form a muon pair (in the first approximation with 
respect to a, only one such pair is formed). Corresponding to the formula (144.8), 
the result is 


ov = (4TT 2 a/t 2 ) Pfl (0, (144.11) 

where p^(t) is the spectral density of the muon polarization of the vacuum. It 
differs from the electron polarization only in that the electron mass m is replaced 
by the muon mass pu 9 and, from (113.8), it is 

p,(t) = (a/3ir)(t + 2/Lt 2 )V(l - 4 p 2 lt). 

Substitution in (144.11) brings us back to the result already derived in §81, Problem 

8 . 
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multipole moments of 640 
Heisenberg representation 10, 284 n., 456-8 
Helicity 25, 55 
scattering amplitudes 265-78 
states 55 
spherical 56 

Hydrogen atom 126-8, 192-7, 208-11 


Infra-red 

catastrophe 436 
divergence 519, 541 
Interaction representation 283, 456-8 
Intrinsic electron charge 489, 601-3 
Invariant 

amplitudes 274-8 
kinematic 256-8 
perturbation theory 283-316 
Inversion 
combined 47 


four-dimensional 39 
of spinors 68-74, 104 
three-dimensional 17, 44-5 
Ionization losses of fast particles 330-6 
Irreducible vertex part 474 


Kallen-Lehmann expansion 495 
Kinematic invariants 256-8 
Klein-Nishina formula 356 


“Ladder” diagram 556, 620 
Lagrangian operator 36 n., 94 
Lamb shift 128, 544 
Landau gauge 302 
Light cone 286 n. 

Line width 240-4 
Logarithmic 
approximation 405 
corrections 504 
Lorentz group 39 
extended 44 n. 
proper 44 n. 

Low-energy theorem 
for bremsstrahlung 632 
for photon-hadron scattering 635 


Magnetic moment 
anomalous 152, 157 
of electron 517, 521-4 
of muon 523-4 

Magnetic multipole radiation 171-3, 186-8 
Majorana scattering 80, 99 
Mandelstam 
plane 260 
representation 561 
Mass 

operator 496, 484, 524-9 
surface 512 

Measurement in the relativistic case 1-4 
Mesic-atom levels, radiative shift of 551-2 
Metric tensor xiii 
Molecules 

radiation from 197-204 
scattering by 231-40 
M0ller scattering 323 
Monopole transition moment 641 
Multipole 

moments of hadrons 640 
radiation 166-73 


Natural width of spectral lines 240-4 

Neutrino 113-15 

Neutron scattering 157-8 

Normal product 10 n., 305 

Notation xiii-xv 

Nuclei, radiation from 205-7 
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Observables in the relativistic case 3 
Occupation numbers 9 
Optical theorem 280 
Oscillator expansion of field 6 


Pair 

annihilation 368-76 
production 371, 386-8, 410-9, 443-9 
Parametrization method 538, 592 
Parity 
charge 46 
internal 44, 99-101 
orbital 44 
of photons 17-18 
of spinors 68-70 
of term 198 
total 44 

Partial polarization 26-9,106-11 
Particles 

and antiparticles 38, 93, 99-101 
in an external field 118-58 
polarization 252-6, 326-8, 359-68 
in the relativistic case 33 
scalar 34 
strictly neutral 42 
vector 50, 304, 530 
Pauli 

equation 123 
matrices 66, 74 
Perturbation theory 283-316 
Photodisintegration of the deuteron 216-20 
Photoelectric effect 207-16 
Photons 11-32, 159-220, 354-455; see also Parti¬ 
cles 

angular momentum 17-18 
electric ( Ej ) 18 

equivalent 438^f4 
finite mass 519, 524, 530 
magnetic (Mj) 18 
parity 17-18 

polarization 24-9, 173-81, 255-6, 359-68, 370-1, 
405-6 

propagation function (propagator) 287, 300-4 
scattering 221-82, 292-5, 354-68, 566-75 
soft 529-34 
splitting 585-92 
wave functions 19-24 
Physical regions 261 
Plane waves 84-7, 148-51 
Polarizability tensor 227 
Polarization 

density matrix 26-9, 52, 106, 114 
moments 178 
operator 463, 501-4, 508-13 
partial 26-9, 106-11 
of particles 252-6, 326-8, 359-68 
of photons 24-9, 173-81, 255-6, 359-68, 370-1, 
405-6 

vacuum 484 

Pole diagrams 313, 490, 636 


Positron, see Antiparticles; Electron; Pair 
Positronium 101, 343-7, 371-6, 552-9 
Propagation functions (propagators) 287, 294-304 
bare photon 459 
exact electron 468-72, 529 
in external field 481-7 
renormalization of 488-93 
exact photon 459-65, 597-601 
analytical properties of 493-6 
renormalization of 487-8 
free electron 469 
free photon 459 
of scalar field 299 
of vector particles 304 
Proper part of diagram 463 


Quantization of electromagnetic field 5-32 
Quasi-momentum 450 


Radiation, see Photons 
length 408 
Radiative 

corrections 456, 501-96 
shift of atomic levels 544-52 
Raman scattering 221 
induced 229 

Rarita-Schwinger equation 116 
Rayleigh scattering 221 
Reaction channels 257 
Reducible vertex part 474 
Regularization of Feynman integral 498, 524 
Relativistically conjugate function 77 
Renormalizability 499 
Renormalization 489-500 
group method 603 n. 

Representation 
Furry 482 

Heisenberg 10, 284 n., 456-8 
interaction 283, 456-8 
Majorana 80, 99, 100 n. 

Mandelstam 561 
Schrodinger 456 
standard 79 

Resonance fluorescence 244-6 
Retardation, effective 332 


Scattering 

amplitude 247, 265 
helicity 265-78 
coherent 225 
diagram 291 
of electrons 286-92 
in external field 317-43, 534-44 
electron-hadron 629-32, 643-5 
electron-muon 616-23 
induced 229 
matrix, see S-matrix 
of neutrons 157-8 
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Scattering —Continued 
of particles 247-82 
in centrally symmetric field 140-8 
of photons 221-82, 292-5, 354-68 
photon-hadron 635-8 
photon-nucleus 573-5 
photon-photon 566-73 
scalar 232 
tensor 223 

Schrodinger representation 456 
Schwinger terms 468 n. 

Screening of nucleus 406-7 
Self-energy function of photon 465-8 
Self-energy part 
electron 469 
photon 463 
Sign of level 198 
Skeleton diagrams 474 n. 

S -matrix 3, 247 
unitarity 278 
Soft photons 529-34 
Spectral density 
of amplitude, double 561 
of photon self-energy 468 
Spence’s function 407, 520, 596 
Spherical 

harmonic spinors 88 
harmonic vectors 19-21 
helicity states 56 
unit vectors 23 
waves 87-91 
Spin and statistics 91-4 
Spin in external field 151-7 
Spinors 62-117 
Spin-zero particles 34-50 
Standard representation 79 
Stark effect 191, 195 
Stokes 
case 221 
parameters 26 
Strictly neutral particles 42 
Synchrotron radiation 376-86 


Thomas half 126 n., 156 n. 
Time reversal 27, 46-9 
of spinors 96-9, 103-4 


Transition 
current 160 
line strength 182 
moments 168, 172, 640, 641 
Transversality condition 5 
four-dimensional 13 

Two-photon system 29-32, 228-30, 368-76 


Uncertainty principle in the relativistic case 1-4 
Unitarity 278 

Unrenormalized charge see Intrinsic charge 


Vacuum 

polarization 484 
state 10 

Vector particle 50, 304, 530 
Vertex 290 
function 473 
operator 473 

double-logarithmic asymptotic form 614-16 
part 473-81 
Virtual 
particle 312 
photon 290 
state 312 


Ward’s identity 479 
Wave equation 

for higher-integral-spin particle 53-5 
for photon 12 
for spin-0 particle 35 
for spin -2 particle 74 
for spin-1 particle 50-3 
for spin-i particle 115-17 
see also Dirac’s equation; Pauli’s equation 
Weizsacker-Williams method 439 
Wick’s theorem 305 


Zeeman effect 189, 344 
“Zeroizing” of charge 602 



